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ABSTRACT 

The expressions for the propagation characteristics, such as, the radial propa- 
gation constants (K), the axial propagation constant ( fir ), the guided wavelength 
( X2 ), and the cut-off conditions for a circular, cylindrical, anisotropic dielectric 
rod waveguidc excited by the symmetric electric (Min) and symmetric magnetic 
(TED') modes have been derived. Numerical calculation of these characteristics 
(K.ry• kg) as a function of the diameter (d) and the dielectri cconstant Ed of the 
guide have been completed and the results are presented graphically. 	The 
electric and the magnetic field distributions inside and outside the waveguide as a 
function of a diameter (ci) are also given. 

I. 1NTROUCTION 

The propagation characteristics of surface waves on different structures 
have been discussed in an illuminating manner by Barlow and Brown (1962) 
and others. Several authors have studied the surface wave structures in the 
form of corrugated, circular, cylindrical guide. Barlow and Karbowiak (1954) 
did the experimental investigations of surface waves on corrugated, circular, 
cylindrical metal rods. Simon and Weill (1952) have used a limiting form of 
the corrugated conducting cylinder excited in the dipole mode, consisting of 
an array of conducting disks normal to the axis and spaced at regular, periodic 
intervals. Piefke (1959) has studied the corrugated structure excited in the 
/W u  mode. The object of this paper is to present the theoretical investiga- 
tions on the propagation of microwaves through an anisotropic dielectric rod 
waveguide excited in T4 1  and Tfrioi  modes 

2. FIELD COMPONENTS 

The field components inside and outside the waveguide (Figure 0 when 
excited in the TE01  and TA/01  modes have been derived from the Maxwell's 

* My attention has been drawn to a previous paper on the same subject by P. R. Longaker 
appearing in IEEE Transactions on MTT, Vol 11, November 1963. I wish to state that I was 
aware of this particular paper in question and I havc corresponded with Dr. Longaker wherein 
I had pointed out certain discrepancies in his paper, which have been acknowledged by him. 
In view of this, this previous publication does not in any way detract the value of this 
communication. 
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Equations by solving the wave collation and are given below. A harmonic 
time dependence of the field components has been assumed and is omitted in 
the expressions for the sake of convenience. The anisotropic dielectric rod 
waveguide and the surrounding medium (Figure 1), are assumed to be lossless 
and have the same permeability, ist. Therefore, the propagation constant, 

y a ig atclA g, Ag being the wavelength of the guided wave. The dielectric 

constant, e l  , of the waveguide is a tensor and is represented as follows, 

E p 0 Of 

E i  =2 0 E p  0 

0 0 E z  

OUTER MLDUM, MR  
6 , P 

2 

FIG. I 

The Co-ordinate system (P, 4 z) in the anisotropic dielectric rod wave-guide 

2.1 TE0 1  Mode 

Inside the waveguide, p < r , radius of the guide, 

Hz'  =3 A Jr, (Kr p) exP 	Yf 2 ) 

Hpt 	p (A gl AO)2 1 1 -1 	(Kf p). exP- . ( —  yf 

Etti1= — IA [AO [E P (A0Ajt i  -11 (Kr 1 3 ) • exp. (— Yr z) 

[21 

Outside the waveguide, p> r, 

1112 a= B110(1)  (Kfp) . exp ( — ycz) 

14 2  a 113 [Ad A or — lr i  HP )  (K h) . exp. ( — yf z) t31 

n 111  [J2/El' b — (Ad A g)21 -1 	(K p) . exp. ( — yfz) 

The variation of 4  and 4  in the axial direction is considered as 

exp. ( — yEz). 
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2.2 TMoi— Mode 

Inside the waveguide, p < r, 

EA  =ICJ° (Ki i  p) . exP 	y7 2) 

E p i  MI  IC [;Z I1P1 	(AgI A02 	(KrP) • exp. 	)4' z) 
	

[41 

[E/,u} 1 	(AolA8)2 .tilipr tri (Ktip). exp. 	v v z) 

Outside the waveguide, p> r, 

Ez2 Sla  D 	( KM • exp. (— )41  z) 

E 2  i DRAP0) 2  Ir i  HP )  (rli  p) . exp. 	 [5] 

1102 I D [€/ 44 	(AolAR) 21 -1  H1 1)  (Ki t  P) exc.- (— 	r) 
The variation of y7 and yY in the axial direction is considered as 

exp. ( 

In the equations (2) to (5) 

= Radial propagation constant inside the guide for TE mode 

[(vf)2 +102,42E,1 3/4  (21t/A0) tea; (A0 1 A021 4 	 [6] 

Kr a Radial propagation constant inside the guide for TM mode 

niscrlf )2 + cli2epil;z1;01 1 =(2triA0)1;:— 000 2  (;);,,)]' 	[7] 

K2 = Radial propagation constant outside the waveguide 

=b2  (IPA°  a (244) [ 1  — 00Y] 1 	 [8] 

4.-EZ = [EZIE1 9;P = kid 	 [91 

3. CHARACTERISTIC EQUATIONS 

The characteristic equations for both the modes as obtained by matching 
the field components at the boundary surface, p a= r, are given as follows : 

3.1 TEo i  Mode 

	

Jo ( 1 ) 	HP1)  (X2) 
sm 	 [10 X1 

ill  VI)  t 	2 

	

Where, x l  =Krr and x2  a Kfr 	 [11] 

• 
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From equations (6) and (8), we have 

{ + (X2 2 1 lin  (Trdko) 2  re- p - ii 	 112j 

3.2 TAfoi Mode 

A 63  - Hom  (y2 ) 
31 	, , iscs Ez Y2 	 [131 

il (3%) 	Ili" )  (Y2) 

where, y i  a Klir and y2  a K2Hr 	 [14] 

From equations [7] and [8], we have, 

[Y2  + Y2/0 2  Cd-zi-c- p)] (irdiA02 	Gzilp)j 	 [11 

4. SOLUTION OF THE CHARACTERISTIC EQUATIONS 

In solving these equations, we 
Thus, f 2  and hence la will be real. 
meats of the Hankel functions must 
imaginary and so, K i  is real. Now, 
nary, the characteristic equations are 

assume that there is no dielectric loss. 
To have a non-radiating mode, the argu- 
be imaginary. Therefore, K2 must be 

given that K 1  is real and K2 is imagi- 
solved graphically. 

4.1 Guided Wavelength 

The expressions for the guided wavelength can be determined from the 
equations [6] and [8], and [7] and [8] for the TE and TM waves, respectively, 
and are given as follows : 

(a) TE01  Mode : 

From equations [6] and [8], we have on putting x 1 = Krr and x2  Kf r, 

[AgIA0] 2  cc [I — (x2 Aorrid)2] - ' 	rip — (x1 Aolir d)21 - ' 

The results calculated as a function of (1/A 0) and 	are shown graphi- 
cally in Figure II and Figure III, respectively. 

(b) TMoi  Mode : 

From equations [7] and [8], we have on putting y i  Krr and y2  

lAglA012  =11 — (Y2 A011 1602 1 -1  

co [casl;;] fez (Y AolTrd)21-1 	 [17] 
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FIG. VI  

Variation of ( Xs  / X 0) with (c// X 0 ) for 171/01—mode ( X 0 =3.2 cms. 74  / 7p= 3.0) 

ci/Ao 
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Variation of (X, / X0) with (41/ X9) for TM01—mode ( X=3.2 cms. -ic  / I'p = 4.0) 
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FIG. VIII 
Variation of( A,/  X 0) with 74  for Mfol emode (d I X o las0.8, X 0 =3.2 cms.) 

The radial propagation constants (K 1  and KO are calculated from 
equationsIII l and [14] for TEGI  and TMoi  modes, respectively. The variation 
of K1  and K2 as a function of (c//A0) for —E p  we 1.5, 2.6, 4.0, 10.0, 20.0 are 
plotted in Fig. IX and as a function of "-fp with WO t=g 0.8 in Figure X for 
TE01  mode. For TMoi  mode, these are plotted as a function of (d/A 0) for 
e z  =31.0, 1.5, 2.6, 4,0, 6.0, 10.0 with rere pl ranging from 0.25 to 4.0 in 
Figure XI, XII XIII and XIV and as a function of Ez  for WO eci 0.8 with 
[. €,I EA ranging from 0.25 to 4.0 in Figure XV. 

4.3 Axial Propagation Constants 

The axial propagation constants (y) are calculated from equations [61 
and [7] for TE01  and TA/01  modes, respectively. The variation of (y/y0) with 

These are calculated as a function of (d/A and 1;., for different values of 

4.2 Radial Propagation Constants 

■ I - 

i EziEpj ranging from 0.25 to 4.0 and are shown graphically in Figures IV, V, 
VI, VII and VIII. 

It will be seen, however, that for a dielectric medium of infinite extent, 
that is, (00 tending to infinity, we have in the limiting case, (A g/Ao) a [ Eprt- 
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FIG. IX 

Variation of the radial propagation eonstants, Kr and 

4 with dl Xo  . ( x0 =3.2 cms.) for TEvi  mode (As K2 is imaginary K2  I i has been plotted) 

respect to (d/A() and ; 13 for TEm  mode are shown in Figures XVI and XVII, 
respectively. For TAfoi  mode, these are plotted as a function of (A) for 
e z  -= 1.0, 1.5, 2.6, 4.0, 6.0, 10.0 with riz i f,j ranging from 0.25 to 4.0 in 
Figures XVIII, XIX, XX and XXI and as a function of 	for (c//A 0) 0.8 with 
Rripi ranging from 0.25 to 4.0 in Figure XXII. 

4.4 Field Configurations 

The electric and the magnetic field distributions inside and outside the 
anisotropic dielectric rod waveguide have been calculated from equations [2], 
[3], [4] and [51 for (d/A 0) =08. These are shown in in Figures XXIII, XXIV, 
XXV and in Figures XXVI, XXVII, XXVIII for TE01  and TMoi  modes, 
respectively. The values of the field components have been normalised with 
respect to their values at the surface, p r, of the guide. 
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FIG. XI 
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RELATIVE DIELECTRIC CONSTANT, Z z  OF THE GUIDE ALONG AXIAL DIRECTION 

FIG. XXII 
Variation of the axial propagation constant, 

7H/10 with Tz  (d/ X0=--0.8, ,t 0 =3.2 cms.) for TMotemode 

4.5 Cut-off Conditions 

It is seen from the solutions of the characteristic equations [10], [14 [131 
and [141 that for the axially symmetric modes. propagation along the guide 
is not possible without radial loss of energy for waveguide diameters less than 
a limiting diameter and for wavelengths greater than a corresponding limiting 
wavelength depending on the dielectric constants and the permittivities of the 
medium. This is the cut-off phenomenon for these modes. Immediately 
above this limiting value, A g 'A--; A0 and only a smaller part of the energy flows 
inside the guide. 

For values of (0 0) greater than the limiting value, the guided wave- 
length becomes smaller and smaller and approaches [A 0  Wa ll and power flow 
tends rapidly to be confined totally within the rod. Or, in other words, at 
(AgiAo) ?fi 1 and with real arguments of Hankel functions, solution of the 
characteristic equation yields a minimum value of (c//A 0), vtihich we define as 
the condition of eut-off. They are given as, 

„ — ,— — 

1S 

	 -I 
[ (c ric p ) 	for TIti0,, waves 

((into cut-off 	IT 	. 
sn  — 	1 

	

--... [ e  p  __. 11— 	 for TE0,, waves 
1T 
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where, .9„= value of the argument of J0  (x) for J0' (x)ia= 0 and, n =-- 1, 2, 3, 4 
• • • indicating dominant and higher order mode configurations. 
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RADIAL DISTANCE, P/A0  FROM THE AXIS OF 

THE ROD IN CM 

FIG. XXIV 
Variation of the field components, H9, H+ with the radial distance, P Xe, outside 

the guide for TEet mode ( p c2.6, diXo=0.8, X 0 =3.2 cms.) (Hp, .E4) have been 

normalised with respect to their vales IP p and EI4, respectively on the surface of 

waveguide, Pr) 

RADIAL DISTANCE ,P/A0  FROM INC AXIS OF THE ROD 

FIG. XXV 
Variation of the field component 14 4  with the radial distance p I X9 outside 

guide for TED , mode (71).2.6, cil x o r-0.8, x 0 .93.2 ans.) (1-1 4  has been 

normalised with respect to its value. 11: at the surface of the waveguide, 
P r) 
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For dominant modes, S„ n 2.405 and cut-off conditions are plotted as a 
function of Ep for Moi  mode and as a function of E 2 with [ijc p} ranging from 
0.25 to 4.0 for 771/ 01  mode in the Figures XXIX and XXX, respectively. 

5. CONCLUSION 

It is observed from the graphs of' the guided-wavelength that Ag decreases 
with an increase in the dielectric constants, Ez , E p. The decrease of Ag with 
an increase in the diameter of the guide may be due to the increase in the 
axial propagation constant, as an increase in y is, for a loss-less waveguide, 
reduces the phase velocity of the propagating wave. in the case of TM- 
waves, Ag increases with an increase of I.  e zi E l)] for any cze 

From the curves of radial and axial propagation constants it will be seen 
that IC decreases and K2 and y increase with larger diameter of the guide, and 
with an increase in the dielectric constants, Ex, E p all the three constants, 
Ki , K2 and y increase. However, the rate of increase of K 1  with increase of 
dielectric constants is less compared to those of K2 and y. This accounts for 
the reduction in the radial-field spread for such wave-guides having larger 
diameters and higher dielectric constants. 

It will be evident from equation (3) that on substituting [ ecznp] —1, the 
propagation characteristics for TM 0 1  mode in an isotropic dielectric rod wave- 
guide (Kiely, 1953) are obtained. For the TL' oi  mode, however, the solutions 

o 	  
T E - MODE 1 

O. 

0-2 

0 
0 	2 	 4 	 6 	 a 	10 	12 

REL AT IVE DIELECTRIC CONSTANT , Z p  OF THE GUIDE 
ALONG RADIAL DIRECTION 

FIG. XXIX 
Variation of the cutoff condition, Gil X0) cutoff with ep Xo = 3.2 cims.) for 

TE01—mode. 
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4.0 
TMoi  —MODE 

1.0 

to 

g r  As, 

0.2 

0 
0 4 10 12 

RELATIVE DIELECTRIC CONSTANT, E z  OF THE GUIDE 
ALONG AXIAL DIRECTION 

FIG. XXX 
Variation of the cutoff condition, (d/x0) cutoff with c c  (x0=--  3.2 cms. for 

'Mel —mode. 

are similar to those for the isotropic wave-guides as 	only is involved due 
to the nature of the field configurations. 

For the circularly symmetrical TMot  mode and (c//A0) = 0.8, = 6.0, the 
propagation characteristics of surface waves through an isotropic dielectric 
rod waveguide have been compared with those for an isotropic dielectric rod 
guide in Table I. 

TABLE I 
Comparative Study of the Propagation Characteristics 

4.0 3.0 1.0 0.25 

0.258 

2.95 

0.511 0 810 10.943 
	• 

289 

7.39 3.32 

[Yin] 

[diAo1 
cutoff 

2.47 

0.697 	, 
	 _ 

1.04 383 	1.93 

0 320 	0.347 0.443 	0.544 1 

I 
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From the above it is quite clear that 
guide, the fields get more and more c< 1 Ez 
ing anisotropicity, i e., 	--=.-- tending 

c P  
relative advantages over its isotropic 
longer distance along the guide. 

for any anisotropic dielectric rod wave. 
mcentrated inside the guide with decreasm 

to lower values. This results into the 

counterpart in transmitting power over a 
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Lin OF SYMBOLS 

Electric field vector. 

Magnetic field vector. 

Permeability of the outer medium, air. 

Dielectric constant of the outer medium, air. 

El 
	 Dielectric constant of the anisotropic dielectric rod. 
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Tensor component of € 1  in the radial direction. ep 

Ez 	 Tensor component of E i  in the longitudinal direction. 
E E 	 Axial propagation constants inside and outside the wave- y i  ))2 

guide respectively, for TE01  mode. 
H ,H 	 Axial propagation constants inside and outside the waveguide Yto 12 

respectively, for TMoi  mode. 

Ag 	 Guided wave-length, cm. 

Ao 	 Wavelength in free-space, 3.2 cm. 

Diameter of the waveguide, cm. 

Kf, Kf 	Radial propagation constants inside and outside the wave- 
guide respectively, for TE oi  mode. 

Kt !  , Kç 	Radial propagation constants inside and outside the wave- 
guide respectively, for i'Moi  mode. 

A, B, C, D 	Constants to be determined from boundary conditions. 

./0  (4, 141)  CO 	Zero-order Bessel and Hankel functions of the first kind, 
respectively. 

Ji (x), HP )  (x) 	First-order Bessel and Hankel functions of the first kind, 
respectively. 


