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ABSTRACT

Razumakhin-Liapunov theorem for functional differential equations is modified
to increase its range of applicability. In the form presented here, it is more readily
applicable to integral equations.

1. . INTRODUCTION
Let .
yO =1 )]

represent a vector functional differential equation of the retarded type, as
defined in [1]. yy in the argument of f indicates the dependence of fon y (s),
t— T(t) <s <t where T() >0 and ¢ — T (¢) is nondecreasing for 2= 0.
Interval [t — T'(¢), 1) will be represented by I(£). Let ||y | represent Eucli-
dean norm in R"™. Let y =0 be a solution of equation (1). If ¥ (¥, »)
is a Liapunov function, Razumikin-Liapunov theorem requires that for
all y () within a region, | y| < Ho,

Vi, y)<—w<0, for all 1 > 0, i ()
Vi, y()<V({t,y, @))+8, 5¢l(®); &> 0.

It is shown here that it is enough if condition (2) is satisfied only for H, (¢)
<yl < Hy (t), where H; (z) 0. For example consider,

YO=—3@+de-tly(tm 1)+ 3 (t— D)) @

One normally uses a Liapunov function, ¥ (), such that condition (1)
of the theorem stated below is satisfied. Forsuch a ¥V (y), with y scalar,
there is a 8> O such that

dv
75)%2 > 0, for y* < 3 ) @
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1t is seen from equation (3) that if

Y2(s) =2 (), s e I(®) s N )
we have
B0, for 2 < @t 1) %

1t follows from relations (4) and (5) that, if

V@) =VE@), s<d@) {6)
we have

V() > 0, for p* < (2e8 — 1) < §

Hence, Razumikhin-Liapunov theorem cannot establish asymptotic ste-
bility with any ¥. However, the theorem stated below establishes attractivity
Also, relaxation of condition (2) renders the theorem more readily applicable
to integral equation. Although, Razumikhin-Liapunov theorem has been
applied to integral equations[2'], the proposed theorem is expected to lead
to weaker conditions on the structure of the sysiem to ensure asymptiotic
stability.
2. THEOREM

2. Theorem—Let u(s) andv (s5)-be continuous and non-decreasing
for 0<Cs<H,, with 0 <u(s) <v(s) for s> 0and u(0)=v(0)=0.

Suppose, there exist scalar continuous functions ¥ (¢, y) and H (¢, 70) t=1
> 0, such that,

OulyD<VE »<oyl)
for 0 <l yl| < Hy, 1> — T(0).

@G () V (1, y) is differentiable with respect to z and 21l elements, ¥i

of the vector y ; and 8V)y#;, 3V/Sy; are coutinuous for
t>1, and ||yl <H,.

; SH (t, 1) . .
®) H{, 1) E——ért—“") is continuous for ¢ %,

(i) For any continuous vector p(#) of order’n, with continuous p (f)
@ p SV(t P
e T 2 S pd <H@ 1)
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if p(z) Is such that for all 4, >0
VE, p)=H(, 1); Vs, p(s)) <H(s 1), sel(t),
1>,
i) H(t, 1) < H, for 124, —TE) = —TO)
(v) Limit H(, f,) =0, for all #, =0
1300
Then ¥V (¢, ¥) —0 bounded by H(#, t) as ¢t —oo, provided in the initial
period
Vi) 0KV (s, y(s)) << H(ty, 1) < Hy, for sel(t), s =1,
Lemma.—Let f(¢) end g () be two differcntiable, continuous functions
with continuous derivatives. If

F@O) > g@), for tp <1 <1y €y
and

f) =gty 12y
then

4f_‘(£_1.) < ﬂ%ﬁ) (L3)

Proof—Suppose, there exist on e> 0, such that
drf (¢ dg (t
_[_gt_l) e %"'Q (14

For a small increment & > 0

Ftr = 8) = £ (1) — 5 (1) + 8¢, (9) (L5
and

gt —8) =g (1) — 3 () + 8, (8) (L6)
where ¢ and ¢, tend to zero with 8 [3]. From relations (L4), (L5) and (L6).

U~ B —f(t,— 8 =5(c+ & (®)— o (®) (L7

For any given ¢, we can choose 2 sufficiently small 8 such that e -+ ¢ — ¢ > 0-
Hence, there exist a 8> 0 such that

gh—8)~flty— >0 (L8)
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Sirce inequalities (L1) and (L8) are contradictory, essumption (14) is no
true. Hence, insquality (L3) must be true.

Proof of the theorem.—From condition (vi)
V(ty, ¥ (t)) < H (t0, 1) (P1)
Suppose, there exist a f,, such that 7 is the smallest ¢ > t, such that

Vi, y)=H(n, 1) (2)

where y () satisfies equation (1). Then by definition of #
VL yOI<H( 1), for to <1< fy (B3)

It follows from the Lemma that
Vit y(W)] 2 H, to) (P4

However, from relations (P2), (P4) and conditions (iii) and (vi), it follows
ihat for 1=1

Vi, y (0} < H(, to) ®5)

Since, inequalities (P4) and (P5) are contradictory, assumption (P2) is not
true. Hence, if conditions ()~(vi) are satisfied V[z, y ()] <H( 1) for
all 1> t,. Since, H(Z, t,) tends to zero, V' (¢, y) also tends to zero.

3. EXAMPLES
Example 1.—Consider equation (3). Choose H as follows ;

for—T<t<£1

ls
H f )= {EXP [~ 2a(t— )}, forr> 1, 0

where 0 <a <1, 1,>0. Let

Vo) =y* ®

It is seen that if

U—-ayzeit,

®
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all conditions of the above theorem are met. Hence,
V()< H(G typ a)y,fort>0,0<a<l—e"h (10)
Define Hp (¢) for t >0 as
Hn (= min [H(, log (1 —a)7, )] ay

Then ¥ (r) tends to zero bounded by Hap ().
Example 2.—Consider the stability of the solution y =0 of the

equation

YO =—g0 O+ —fE)dr (12

where g (0) =0. Choose
H() =42, 5> 0, 42> y2(0) 13
V) =y*@) (14)

For V(1)=H(r) and V(s) < H(s), 0 <s<t, we have

H— V> — 24%0t £ 24P — g (£ Aeb?)]

+ [ deb 0| £y ar (15)

Let us define x as

x = Ade~bt (16)
From inequelity (15) it is seen that condition (iii) requires that for asymptotic
stability of equation (12)

1 l‘b‘ log Atw
EED by | ey |ar, (x| <4 a”n
o0 X

For exemple, if

f@t)=Be~c* cos wt, a>0 asy
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condition (17) leads to

g(Ex) 2 2T (v 40 (!7_:9)_3_ "

—:E'J‘c-— >b+ Blw -+ (& a)?]F (x/4) / wi(h = a)e (19)
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