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Abstract

Similarity analyses of the governing equations of three types of turbulent wall et :
Wall Jet, the Plane Wall Jet and one that is referred to as the Spherical Wall Jetli—-‘laite :123::::;:]
The analyses indicate how self-preserving flow can obtain in all the three cases. The Radial Wall Jet
and the Plane Wall Jet have been investigated extensively and are reported to possess self-prese;ving
fiow. Inthe present case, alarge number of mean velocity measurements have been taken in the
fully developed region of turbulent Spherical ;Wall Jets. Some of these velocity  profiles
are presented here and are seen to exhibit similarity.

1. Introduction

The turbulent wall jets that develop on plane surfaces when a jet of fluid impinges
on them have been studied extensively. In particular, two types of wall jet have
received great attention; one, usually called the Radial Wall Jet, is the flow that deve-
lops on a plane surface against which a small circular jet of fluid impinges normally
and, the other, usually calied the Plane Wall Jet, is the flow that develops over a plane
surface which is placed parallel to a narrow slot from which a two-dimensional fluid
jet emerges. In both cases, it has been observed that the velocity profiles in the fully
developed regions of the wall jet are ‘self-preserving > and are geometrically similar at
stations beyond a short development region.!?

In the following, an attempt has been made to extend the study to th_e a‘xisy.mmetric
wall jet that develops on a spherical surface when a small circular fluid jet impinges on
it radially. This will be referred to as the Spherical Wall Jet. The study 1s c?nﬁn_ed
to cases where the diameter of the spherical surface is large compared to the jet dia-
meter so that the equations of motion can be simplified with the boundary-layer appro;u-
mations. First, a simple similarity analysis is presented for fully developed.ﬂowwor
each of the three cases, the Radial Wall Jet, the Planc Wall Jet and Ehe Spherical 131”
Jet. The analysis brings out certain requirements for each case in order th}a} Cti:
velocity profiles are self-preserving. The results of a large number of mean vetoCit)

measurements in Spherical Wall Jets are then presented.
35
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2. Similarity analysis*

Fig. | shows a typical « self-preserving > velocity profiles in a wall jet. Region (a)
:n which the velocity increases from zero at tl}e su.rface to U, the maximum vahie
at that section, has been compared to a two-dlme-nswnal boundary layer in g unifor
stream by some authors and may l_ae called the inner layer. Region (%) where the
velocity decreases from U to zero n the free boyndgry asymptotically may be cop,.
pared to a free jet and called the outer layer. It.lS difficult to define ¢Xactly the thick.
ness of the outer layer and, consequently, the thickness of the wall jet itself. Wwe may
arbitrarily define the thickness & of the wall jet at any location as the distance frop,
the surface at which the velocity u has decreased to one half of U, the maximum velo-

city at that section as indicated in Fig. I.

2.1. The radial wall jet

We now consider the fully developed region of flow in a turbulent Radial Walj Jet
with self-preserving velocity profiles. Assuming steady, incompressible flow apg
introducing the boundary layer approximations, the governing equations can be
written, with the usual notation, as:

0 - :

o (xu) + :%(xv) = { Continuity equation
cu )

U= + v éfz = -a% (g) Momentum equation
Y Y

F -“-ﬂ-..
ah ~ F1G. 2

x AP .
A similarity analysis for Wl jets Ve sime % g
However, when the authors evojved Y siMiar to the one developed here is presented in ref. 3.

this analysis, ref. 8 had not yet been published.
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where w and v arc the mean velocities in the streamwise (x) and the transvers
directions respectively. sverse (y)

Now,
T du s
- = V-a'— — U v
P A4

where ' and v’ are instantaneous fluctuations in v and v. Near the solid boundary, the
turbulent fluctuations die down and molecular diffusion of momentum prcdomii:ates
over turbulent diffusion. As one moves away from the solid boundary, the contri-
bution of turbulent diffusion increases very rapidly until, at a small distanée away from
the wall, molecular diffusion can be neglected completely. If &, is the thickness of
the layer beyond which molecular diffusion is negligible, then 3

0, * u*
v

~ 60.

However, the thickness of the layer in which the shear stress is constant (and equal to
that at the wall) is very much more than this. One may therefore substitute 7/p =

— u’ v’ from the edge of the constant shear layer to the wall and thus for the entire
boundary layer so that the momentum equation can be written as:

" (-
. 0x oy oy

We now seek a similarity solution of these equations by introducing the following:

1. Power law variation for the wall jet thickness ¢ and the maximum velocity at
any section U given by:

U= Ax*; 6= Bx°

x being measured from a ‘virtual origin " not necessarily coincident with the
stagnation point on the surface.

2. A similarity parameter 7 = y[0 = y[Bx®.
3. The self-preserving velocity profile u/U =f ().

4. Representation of the Reynolds Stresses as w' v = U2. h(n)

The continuity equation 18 eliminated by introducing the stream function ¥ such

that
1 o __ 1.9
u=;"5}",’ v="5% ox e
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The stream function at any scction X is then:

7
y __ A N | .d} = AB-x'i_b‘il ’ F(’?);

where

Fn) = j’ £ (n). dn.

With these substitutions, the momentum equation turns out as:

rr A2 d. !
Lol F2—A(a+ b+ )X FF = — 5 - x* =% A

where the primes indicate differentiation with respect to .

For similarity, therefore, b = 1.

To evaluate the index a, let us consider the Momentum-Integral equation of the
Radial Wall Jet. Referring to Fig. 2, this equation can be written as:

o0

2 2 -dr-;-@x=0.
dxfu x - dy + =

0

which integrates to:

f wxdy + f ng x dx = Constant,
0

0

or, with the present substitutions,

g——

o0 z -
A*Bx2+¥1 [ F2 dn — A2 h(0) J x2° . dx = Constant
0 0

This equation is equivalent to: Momentum flow/unit time at any section x + Wall

shear force retarding the flow up to that section = Constant = Momentum/unit time
added to the flow by the impinging jet.

In Free Jets where the mean velocity profiles are self-preserving, the momentum of
the jet fluid is conserved at all sections. This is not so in the case Sf wall jets because
of loss of momentum at the solid boundary. However, one is forced to neglect this
if one hopes to complete the similarity analyses. It may be noted that the ratio
of the momentum loss to the total momentum of the jet fluid will be of the order of 107%

The analyses will, therefore, be inaccurate to this extent and can be expected to predict
the gross features of these flows rather than their finer details.
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If we neglect, thercfore. the sccond term on the L.H.S. of the Momentum

relation, we sce that: -Integral
2a+b+1=0
or,
a= —1.
The momentum equation simplifies then to: ?
Ft4 FF" —% =0 |
B (1)

with the boundary conditions:
7]=0: F—-_—O, F'=0;
n—o00:F =0,

2.2. The plane wall jet

The governing equations are:

s + ™ Continuity equation
ox 0y ¥ €d

au au ———— .
U + 20— = - u' v’ Momentum equation.

The stream function at any section x is now ¥ = [ u.dy and we introduce the same
substitutions as before to transform the momentum equation to:

2
A2 axgu_l - FI2 o, A2 (-{I e b) xzd--l . FF” - 'AB . xzn.-h - b

For similarity, again, b = 1.
The momentum-integral equation 1S NOw

W
- d " T
.i ‘d +—-—.—-—
dxfu Y P

L

which integrates to:

oo 4
10
o @ . dx = Constant.
f u? - dy + f 5
0 \
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or,
i W
— . dx = Constant.
A*B . X7 f F2.dn+ f > dx
0 0
In this case, therefore, )+ b=0 or a=—13.

The momentum equation simplifies to:

2h '
F2 4 FF"——§=0 )

with the same boundary conditions as for equation (1).

These values of @ and b obtained for the two types of wall jet from the present analysis
are compared with their experimental values reported in literature? in the table below

i m—
e i

Radial Wall Jat Plane Wall Jat
Present Analysis Reported Present Analysis Reported
a —1-0 —1-12 —0-5 —0-355
b - 1-0 0-94 1-0 1-0

——

2.3. The spherical wall jet

Assuming that the diameter of the circular jet impinging on the “sphere is small

compared .to the sphere diameter (so that the thickness of the resultin o wall jet is small),
we can write the governing equations as (with reference to Fig. 3):

%) G,
P (ur) + 5} (vr) =0 Continuity equation

- __t?_l_i_ > du 0 [t
Ox y 3y (5) Momenmm*equation.

th?eesszz:? llng;’;duce substitutions similar to those that were introduced earlier with
1a ¢rence that, in the present ca : : o s1arity transfore
mations so that: - P se, r replaces x in the similarity

U= Ar,
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0 = Br’
ry.-—..y/5=nyr°,
e ___l_'Olll_ . I oy
H——Uf('f)—r ay*v‘—"';."‘(’)"_;:

b= ABre+*+1 [ f (1) - dn = ABriv1 - F(y)

Further, we now write the shear force term in the momentum equation as:
_ 5(7)_8_3211___(8 0
Yo \p) T T e e G

where ¢ is the “eddy viscosity * at any section and ¢, is its value at the stagnation point
0 = 0. This substitution, though artificial and highly contrived, is essential for simi-
larity. It implies that the shear stress vanishes at 0 = 90°. This may be true of the
wall shear stress 7, as the wall jet appears to leave the surface at 0 = 90°. There is no
wstification a priori for this substitution; it can only be defended, a posteriori, from

the similarity trend shown by the velocity profiles in the developed region of the
Spherical Wall Jet.

With these substitutions, the momentum equation transforms to:
A?ar**-1 - F'%2cos 0 — A2 (@ + b + 1) r**1 - FF"”cos 0

%2 - r28-2 " 005 8

=En'

The Momentum-Integral relation indicates 2a + b + 1 = 0. These result in values
for a and b of — 1 and 1 respectively and the momentum equation simplifies to:

9 te 80 - 3
F? + F +(AB2)F 0 3)

with the same boundary conditions as for equations (1) and (2).

3. Numerical Solution

The three equations, (1), (2) and (3) can be integrated by stanﬁiard numerical methods.
Before this is done, however, in equations (1) and (2), the function # (r;{) used to represen}
the Reynolds Stress distribution has to be connected with the funct.xon F anr:i its de.rx-
vatives by invoking some theory of turbulent diﬂ"usiox_l. In equation (3) wn'h whlgh
we are now primarily concerned, the variation of &, 'f”’th. y (and hc.nce n) will aIgalp
depend on the particular hypothesis of turbulent difTusion ﬂ:mt 1$ assun:ted. t IdS
also likely that different empirical hypotheses mn-y be appropriate fo:_' thf:‘ mr;er] an

the outer layers of the wall jet. This is becausc, in the outer Jayer, dlﬂUS{On y] arege
eddies (as in free jets) may predominate, whereas, in the highly sheared mner layer,

velocity gradients and small eddies may control diffusion.
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In the present instance, for purposes of illustration, €, has bcen assumed constapy
and equation (3) has been written as

F24+ FF'+ CF'"=0 [C = Constant] "

and numerically integrated by the Runge-Kutta method,

The shape of the velocity distribution curve (F’) that results by integrating equatjop (4)
can be varied by (@) varying the value of the constant C and (&) varying F ()
[(6u/dy),=o), the velocity gradient at the surface specified at the start of the numerica|
integration process. No attempt was made 10 incorporate the other classical theorjes
of turbulent diffusion as all are of dubious validity.

4, Experimental results

The present set of experiments was confined mainly to the Spherical Wall Jet as
the other two types have been investigated extensively.!»®5-7 The Spherical Wali Jet
was produced by a small circular air jet striking a large spherical surface radially. A
rotary compressor supplied the air to the jet nozzle through a large reservoir to mini-
mise pressure fluctuations. Mean velocities at different locations were measured by

a if;m.all flattened pitot tube 0-2 mm thick and a projection manometer with an accuracy
of 0-1 mm.

Fig. 3
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L A jet nozzle of 12:7 mm (0-5"") diameter (d) was used i
: ; S used in th -
meters varied were (with reference to Fig. 3): ' the experiments.  The para-

(@) The sphere diameter D,

(b) The distance between the nozzle and the sphere Zy and

(c) The jet exit Reynolds number Re,= -....__.Uf d
Vv
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Some of the results are presented in Figs. 4, 5 and 6 in the form suggested by the
similarity analysis. As can be seen, the velocity profiles do exhibit similarty and
seem to be little affected by the variation in the three parameters cited atove.

_ The curve shown in broken line in each of these figures was obtained by numerical
tntegration of equation (4) with

(@) F”(0)=7-8 and C=0-015 in the inner layer and

(b) C=0-36 in the outer layer.
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