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Abstract 

Theory of s-, be and a-profiles which simulates a co-sinusoidally mcdvlzted dielectric medium by a 
non-uniformly corrugated ciicular cylindiical metallic stiucture excited in Eon de is &leek rcd; the 
spacing, and radius of the discs and the radius of the central rod being denoted by s, b and a respec- 
tively. 
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I. Introduction 

The pioneering work of Lewin' on electrical constants of spherical conducting 
particles in a dielectric, and Kock2  on artificial dielectric followed by the development 
of artificial microwave optics3  in Germany, extensive work on metallic delay media 

, by Cohn,4-6  application of Lorentz static field theory by Brown and Jackson, 7  electro- 
static solution applied to a simple artificial anisotropic dielectric medium by Collin, 8  
transmission-line approach for metallic-disc medium by Macfarlane,' Brown" and 
by Chatterjee et a4u-'8  conformal mapping solution for strip artificial dielectric 
medium by Kolettis, 14  study of reflection and phase-shift properties of 14 1-wave on 
transmission through a parallel-plate medium by Carlson and Heins's by applying 
Wiener Hopff technique and experimental studies of parallel-plate medium by Chat- 
tel:lee et al16  using interferometric method, optical approach in the case of an uni- 
formly corrugated dielectric rod by Chatterjee et aP7-2° have contributed significantly 

to our knowledge in the field of microwave analogue of dielectric medium. Various 
types of artificial dielectrics in the form of two-dimensional array of rods and strips, 

three-dimensional array of spheres and discs, etc., have found useful applications for 
microwave work. It appears that so far no attempt has been made to study metal discs 
on rod structure as an artificial dielectric medium, though surface wave and radiation 

characteristics of a uniformly corrugated metal structure have been studied by Chat- 

terjee et al.21 	The present work has been motivated by recentstudies 26-3°  on 

surface-wave characteristics of a conductor coated with multilayer dielectrics having 

47 
I.I.Sc-6 



48 	 S. K. CHATTERJEI3 AND T. S. RUKMINI 

various types of dielectric constant profiles in the direction transverse to the direction 

of propagation. 

The paper presents a report of the theoretical study made to derive 0) an equivalent 

dielectric constant e of a uniformly corrugated circular cylindrical metallic rod excited 

in En-mode as a function of the spacing (s) and radius (b) of discs and radius (a) of 
the, central rod, and (ii) the profiles s (z), b (z) and a (z) of a non-uniformly corrugated 
circular cylindrical metallic rod corresponding to co-sinusoidal modulation C (z) = 

0 
s (1 --(5 cos (2 nz]11) of the dielectric constant 8 in the direction of propagation z where a 

and L denote the modulation index and the period of modulation respectively. 

2. Formulation of the problem 

The field components outside the uniformly corrugated rod (Fig. 1) excited in En- 
wave are given by 

00 

E?)  = E C1, fit )  (iYiriP) exP (-0„.z) 

oo 

sc-00 

42). *5' C.& if? )  (htsP) exP ( —Az) ks  
sizr.-00 

00 

k 2 	) = 	C. 	0 	(i (j ymp)exp (—Ariz) collo Yin 
a ct.-00 

p 	b 	(1) 

which take into account the existence of spatial harmonics appearing due to the periodic 
nature of the structure. 
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Pte. 1. Uniformly corrugated metal rod cxcited in Eormode. 
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The axial Phase constant /3 and radial propagation constant 7. for different spatial 
harmonics are related to each other 

1-  “ 3 2  = 71 2  
(2) 

where ko denotes the free-space wave number for plane waves. The axial phase constant 
p., for backward (m = — 1, — 2, ...) and forward (inr--- + I, + 2 ...) spatial har- 

' monics is related to the propagation constant fl (in = 0) for the fundamental harmonic 
by 

tp  , 2nm 

*00) 	1 	 (3) 

If the spacing s of the 
circuited (at p --= a) trai 
region (p < b, p > 

E12) (— 1200)) 
k o  

discs is small, each groove can he considered as a radial short- 
Ismission line. Hence, the field components in each grooved 
are given by 

[A l. (k op) + A 2 y (k o  p)] exp (—Aid) 

fir = [A1 J1 0P) ± A 2 YJ (k 	exP (-00n/) 	 (4) 

same as the components of T-wave in a radial transmission line. 

r  The axial field component E, which varies over the mouth of the groove at p = b 

should satisfy the boundary conditions as well as the singularity condition at the edge 
of the discs and is assumed to have the form for J z. < 42 at the n" groove. 

(5) exP Ee — 	
(2ZabOi ti 2  

where Z. --= Z n1 and equal to zero for 

I zs 	al—; • 

Equating the two expressions for E, at p = b in equations (1) and (5), multiplying both 
/ 

sides by exp (0.4) and integrating with respect to z, from 	to + , the following 

equation is obtained 
+512 

cm  
f exp  (—jfl o/) exp (Az.)  dz.  

HP (be, b) exp U13„,(z„ z)) d;= B 
--$12 	r i 	( --Z4C "  IJ 
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which yields the relation between C,,, and B as follows: 

tsB .1 (442) 
144  ( j ymb) (6) 

Matching the average value of 
+1 1 2 

E (  p b) = 	f 

-.12 

e at p =b 

exp (-001) 
[ (22 dz. 

w i th E; (?) at p b and simplifying, the relation ..between the amplitude constants 

A and B is obtained as follows: 

gl3 	1 _  
2 F. (k oh) 	 (7)  

where 

F (k ob) = J 0  oa) Y o  (kob) 	(k 0a) J (k ob) . 

The problem for simulating the corrugated structure as an equivalent artificial 
dielectric medium can be formulated by matching the average value of the component 
Hu) at p b 0 

00 	 +4 2 
k 02 	6) • 141.9)  (i) — b) Is: 	C (olio km-  Hi (Onsb) f exP 	film z) dz 

with 
112 

(11) = j A (c) F1  (k 0b) exP (— a/ft onl) 
co 

in the groove at p = b, where 

(k ob) =--: (k oa) 1'1  (kob) 	Y 0 (k oa) (k ob). 

The matching of the azimuthal components of the magnetic field at the mouth of the 
groove (p = b) yields the following relation.t: 

-Foo 
(kob) 	2ke Jo Om 42) sin Om  sa)  K1  i(y„, b) 	 (8) (k obi 	L finYsi 	Kof 	b) m=-00 
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where the Hankel functions have been transformed to second kind modified Bessel 
functions in order to make the arguments real by using the following relations: 

2 
1.41)  (hmb) = jK0  (yne b) 7r 

The propagation characteristics of E 01 -wave in the corrugated rod are determined by 
solving eq. (8) for 13„, or y„, which are inter-related and involve the phase consant 
go for the fundamental harmonic. Equation (8) can be simplified if the contribution 
of the fundamental harmonic is more predominant than that of higher order spatial 
harmonics. Or in other words if the relative amplitudes of higher order spatial har- 
monics with respect to the amplitude of the fundamental harmonic are very small, then 
the problem can be formulated only in terms of the fundamental harmonic. 

The relative amplitudes of the spatial harmonics with respect to the 	fundamental 
harmonic amplitude A, are given by the following relation: 

A0, — 1 J o  (fl 0s12) i K 0  (y„,b) 'co  (Yo P) 
A ° 	J i 	o  (fl „ss 12) 1  k 0  (y 0b) I c 0 (y ap) 

which is obtained from equations (1) and (6) and considering the axial component E, 
and replacing the function II0 (" by K o . The ratio 	1 depending on the rela- 
tive values of /1 0  ind f3„, ard hence of y. and y o , s being <P.I. 0/2. The factor 

:

:° (y „,b) K 0  (y ob)  < 
K 0  (7;h) K o (Y neP) > 

according as y„, 	y o. Hence A. § A °  according to /3,,, .>‹* fl o . 
Since ta t? = • 13  02  — k 02, ro  is real for fib 	k o . That is the phase velocity of the funda- 

mental component v t, < C and hence A„, < A o  and the surface wave character of the 

wave can be maintained. But if fl o  < k o , then 17, > C and hence 29 > 2°  arm y 0  is 

imaginary which amounts to the surface wave being transformed to radiated wave. 
For a strongly bound surface wave, it is necessary that v, should be low. 

The inequality A„,1 if °  *.I accoraing as fl,„ffi o 	1 signifies that the harmonic of 

highest amplitude has the highest phase velocity. Hence when spatial harmonic ampli- 
tudes are great,r than the fundamental amplitude, the spatial harmonics become more 
loosely bound and depending on the order of 1v,, may be lost by radiation. Further 
it can be shown that the attenuation suffered by higher order harmonics is much greater 
than the fundamental. Moreover, as the problem is concerned with establishing the 
equivalence or simulation of the corrugated structure as a uniform homogeneous 
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dielectric, the effect of the spatial harmonics can be ignored and the problem cau 
formulated in terms of only the fundamental (in rz.-- 0) component of the wave as folio' s:  

2k0 U3 0 42) sin (/3 0  42) Ki (Yob) 	(k oh) 

7s. 	# o y 	Ko(Yob) 	Fo(kob) o 	
(9a; 

3. Equivalent dielectric Constant 
• 	R az 

The equivalent dielectric constant e defined by e z=r1-* can be found by solv ing  

eq. (9) for the fundamental phase constant /3 0. Assuming s such that (fl42) <1,  
eq. (9) can be transformed to the following quadratic equation in /3 0 2 : 

S5  002) 2  - 40 ss /102  + 

 

C=O 

 

(10) 

which on solving yields the equivalent 
* 
 — 

20s ± (00 s2  — sC)112 
e  

s3  142  
where 

dielectric constant e as 

 

	

N 	fro  Ko (Yok) Fi  (kb)] 
C = — 768 I– + 

	

2 	2/ K1  (Yob) Fo  (kobn 

The following cases depending on the nature and magnitude of the arguments of 

the functions involved in the expression for € may he of interest, the arguments 
being considered to be real 

Case (i) 	k oa < 1 

Case (ii) 	k oa < 1 

Case (iii) 	koa < 1 

Case (iv) 	k oa < 1 

k ob > 1 
	

yob > ! 
 

k ob < 	yob > 

kob < 1 
	

yob < 
k ob > I 
	

Yob < 1. 

At X-band ko  is of the order of 1-98 radians per cm and for practical surface wave 
structures, a ). 0.25 cm. Hence k oa is always < 1. So far as the other inequalities 
are concerned, it depends on the values of T o  and b. For a very strongly bound sur- 
face wave y ob .><" 1 depending only on the value of b. The inequality koh •><.1 at 
X-band depends also only on the value of b the disc radius. 

Case (i).—The argument approximations k oa < 1, k ob > I , yob >1 lead to 
(Appendix A.1) 

1 	k 0b , 	ea c„\ 
\in 	u  .°//) F. (lc 	Ki  (Yob) 	a 	 In lila 
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Hence eq. (10) reduces to the following quadratic equation 

40 n  2 	X n 	384 n  
If° 	k 0  35 " 	S 4 	u 	 • 	(12) 

0 
which yields the following solutions for e 

° It 	e2  4 y f 2  
= 	 2k0 	 (13) 

e 
€3,4 = [ 	21C9 

where y = 	+ B + b /3 which is obtained by considering only the real roots and 
ignoring the imaginary conjugate roots 

e 	f 2 1÷4 

2 
je + e 
'V 4 27 

B=- — 0\11-2  + 2 	P3- 4 27 

p =-44 — b 2I3 - 
8bd 	2b3  

q  = 3 ____27 

b = 40/,s 2  
384 d 	- - 
S4 

1 	k ob 	k oa 	crn) 

x =-- —384 //cob T 2 	II  2 -r  
In b a 

Case (ii) Similarly in this case 

Ki  (70b) F1  (k ob) 
K 9  (y 0b) F0  (kJ)) 

k oa 	477  
sin (14 — 21) 	cos @c ob — L-41 (in 

 it 

x)( 	.577) 
sin (k ob "in) 	cos (VC°b  4 \ 2 

+  
 it 

Since 

Ki  (yob) 	1  
K0  (yob) 

for r ob >1. 

t. 

ea. 
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Hence eq. (10) reduces to 

pois 7.40 flo2 	flo  3_4.584 . 0  
Ic es 	 (14) 

which yields the same type of solutions for e 1 , 2  and e where all the symbols are th e  
same except 

r  - X — - koS5  

2 	
2 

k oa (cos k ob + sin k ob) + - (cos k ob - sin k ob) (In 	+ .577) z  f= 3841 -- 2 
(sin k ob - cos kob) -

rr 
(cos k ob + sin kph) (In k---ta 	. 577) 

7 
(14 a) 

Case (iii)—in this case 

I 	k ob f, k oa 
K0(706) .Fx (kJ)) 	

j, 
a  &b 1-  2-  kin  -±- + 0.577) 

[ 
lc (Yob) Fo  (k ob) 	 - In Ma 

Hence eq. (10) reduces to 

(1362)3  + a(ft2)2  + 0302  + v -0 

which yields for the real root 

• 1 
/B— 43] ko2  

yb In (0 .89 7b). 

(15) 

(16) 

where 

a -  - 40 - sb  ko2  - Al 

55  • 

b=  40 k — 2  384 s - 40 sa + B 1  _ 

S5  

384 s ke — 384s  C T 55 

At =-- cc log 0.89 b + a 

B' 	k 02  log 0.89 b + 2 ot k o2  + x — log0.89 b 
C =--- 2A. 04  log 0.89 b + alto' + k 	ak - log 0-89 b 

lb 	r  
a rat 214Tribra  Lk ob 

kobt, k oa  
0 6 577)] 
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A = 	+ \le if 
2 	4 	27 - 

B g - VF
- 

—4:19  
2 	4 	fs-7 

p =-- b a2 /3 

a b , 2a3  
q 	 2-1.  • 

Case (iv) : 

y I K (yob)  F 04) 	it 0  0    k"1304  + B" se + 2k0 	(Yob) I7  (U')flo2 	k02 + I 

Hence, eq. (10) reduces to 

. OLT ± (fl02) 2  b' 002  + C' =0 

which considering only the real root yields 

3e• 	I
2 { 	 a' = 

k
-

0 	+ 	— ••• 
3 

(17) 

(18) 

where 

q2  ps 

	

A 	+ . + 
2 	4 	27 

	

B 	Vt1.2  + P2- 
2 	4 	27 

— (67 

a' b' 	2 (a')3  
q = 

3 	27 

	

t 	s5  — 40 s3  s5  ko2  +  768 x" a   
s6  

b' 40 k 2  $3  - 384 s — 40 s8  + 768 B: 

384 s k o2  — 384 s + 768 "C" 

A" =I + log 0 .89 b 

13" = log0-89 b 21e02  log 0 • 89 b 2142  — I 
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C" — 	+ ke + k 04  log O• 89h — ke log 0* 89b 

2  

2303 	

k a 
(cos ko  b + sin k ob) + 3  (cos oh shi k ob) (In ---t + 0.577) 1/4  

. 	bl 2e . 2 
(sin k ob — cos k ob) ir  (cos k 	sin k ob) (In 	+ 0-577) 

lit all the four cases c= f (s, b, a). Hence positive real values of c can be found by 

a judicious selection of the three structure parameters s, b and a. Preliminary campus  
tations show that some of the roots are imaginary and some are negative. We will 

consider only the positive real roots of e. It is, however, to be noted that there are 

forbidden bands for /3 as I (s, b, a) and hence for c. 

4. Modulation of the dielectric constant of the artificial dielectric medium 

Modulation of the artificial dielectric medium can be achieved by varying s, b Or a, 
keeping the other two parameters constant in the direction (z) of propagation. The 
degree of modulation is controlled by the modulation index 6 which can be defined by 

= Amax emiakemax Stnin) < 1. The primary aim with which the present problem 
has been initiated is to study the propagation characteristics of E orwave in a co-sinusoi- 
daily modulated artificial dielectric medium which involves essentially the determinaticn 
of fi =-- p  (z) for different values of (5 so as to gain an insight into the conditions of mode 
stability which is inherent in such problems. In order to verify the theory of propa- 
gation in a modulated artificial dielectric medium which will be published elsewhere 
it will be necessary to construct non-uniformly corrugated 1-tructures with s = 
Li = b (z) or a r- a (z) which will be termed hereafter as s-, b- or a-profiles. So as to 

correspond to a structure with E (z) = at ( 1 — ö cos 
2  irz

L ) • The profile equations for 

the different cases under which e has been determined are given in the following 
sections. 

S. The s-profiles 

The s-profiles are derived i 
to cases (i)- (iv) respectively 

Case (i) 

terms of c (z) from equations (12-17) corresponding 
and are given by 

82  we  s5  40 c (z)  3  384 	x 
k o2 s 	s — ro4  (Z) = 0 

Case (ii) 

82 (z) 	„. 40 (2) 3 	384  
ke S 	 •—• 	-I 

k042S k 4 V 8  (z) = 0. 

(19) 
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Case (iii) 

40 40 [83 (z) Ei  (z ) 22  (z)] s5  [ E2 s2  (z) 7-2 (Z) + e s (01 . k 

A' —[ 384 (z) 	+ 
384 	384 . 

s [ —2 E2  (z) + 
B' 
774  C (Z) `-od 0 k 	ko 	ko 	 kk 	K 0 

Case (iv) 

(21) 

1I 	 40 [c3  (z) + 	 [E 	40   

r 384384 384 
E (z) 	k -04- 

 +koj. s 

[768kx Aff  :  82  (z) +7681B"  c (z) 768 xff 	0  
(22) 

where b and a are maintained constants. 

6. The b-profiles 	 S. 

The b-profiles for the four cases have been similarly derived assuming 2 < b c o and 
are given by 

Case (0 

= —B' ±  (B 1)2  — 4A 1  C' 
b (z)  2A' 

(23) 

where 

A' = 4A ko  kos a- 084b k 02  

B' = — k o  + 4A k 0  ln a 

C'= - 4 

A = I 	k04  is  384 ± s3  40 c (z)  sic E2  
384 1 e (z) L 	ko2  

Case (ii) 
s  Z.  ( in  lie + 0 .577 )1 

k 	2 	a 
+ 0.577)} 

1 
k0  

• 
tan - ' (D 	1)11 

a 	 2 (. icoa 
D {1 	ln -s2  + 0.570} + 11 + 	2  

(24) 

where 

D =-- 	kg— { 4s (z) 

40, , , 384 3 1 1 
s5 82 tzl 

k 
kz) 5— k o4 S  3841 ' o  
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Case (iii) 

b (z) = 44V4 + B 
ce 5 	

(25) 

where 

q 	+ P± 
A — 2 • 	4 	27 

q 
B  = — 2 — IV 4 27 

cat; 

q=i— cfjel_± 20(3 
3 	27 

= L 	= 6  
a" 	a' 

k a 
= 11 c (in 	+ 0-577) 

/3 = 4 ke — /yk o 2  (In 	+ 0.577) 

y = 4k02  0' — 4k 0 2  0 — 4k 02  0 log a — 24/i 

a = lik t,2  0' + 0 1  log a + 24 

if, 	2.67 e2  (z) 	5.34 e (z) 	0.89 e (z) 	2-67 ± 0.89 
k 02 	m 	k02 	k 04 	k02 + k 04  

3 e (z) 82 (4 +  1 	3 
= c 	c 02 k 02  E4  

= 0.89 (Ass + Bs3  Cs) 

= 	0-89 	 • 

A = (z) + 
E2 ( z) 
 s 2  (z) 

40 	40 B = 	g 2  (zi 	• 	40 
To  2 	-G2  E k2) —. 8  (z) 

k od  

384 384 = 384 e ( ) — 

k 	1 c + 
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Case (iv) 

1 
b(z) = arc tan 

Hk o  b +  G 
Jk o  b (26) 

where 

H = :rob — . by 	• 

!_? 
G k o (Db + gb) 

= 13.  

K= k 0 (16 — ig) 

b = [A 	B s3  Cs] 
  1 -78 ko   

2303! 

= [A ss — Ass — dis]
2 
	2k°  

-303 / 

1=1  
ir 	2 

	

o 	 2f k oa 
— I 

	

c 	1 	n 
ir 	2 

+ -577 ) 

+ 0.577) 

-= 2 .67 k i,4  22 (z) + 089 k0 2 e (z) — 5 .34 k oa (z) + 2 -67 k o4  — 0 . 89 ko2  

= k 	(z) 2k 04  (z) + 31‘ 02  e (z) + 1co4  —3 k02  

A k  
768 

k 06  
B B 

768 

° 	kos 
C --= C 

768 

B2  (z) 
A = €3  (z) + ko2 	(Z)  

40 9 	 40 	40 ,
z 

 , 
(z) 	") (z) n 	0 k 02 	t 

• 

384 
C 	s (z) 

k o4  

3804 	384 
k t,4  
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where s and a are constant in all the cases. 

r  

7. The a-profiles 

Case (1) 

— Ks ± as 2  4 K6 
a (z) 	 (27) 

2K4   

where 

K4 — 
(2.303)2  k0K2  

2 

2-303 k 0/ K2 	 14 
Ks —I 	 In b — 2-303 K1  + (2-303)2  K2 ± (2-303)2  - 

2 	 2 

Ks = ^ K3 

K2 = Kahl b + 2-303 Ki 2 • 303 K2 In b (2-303)2  K2 

384keb e(z — li — 
K = 	 77 

2 	ko4  2 2 e (z) 

_ s  40 , 2  384 : 384 / re (z)_ n 	+ 0-577 kob  
E2  8 kZ) 	icV 7" Ty 2 is  (z) k ob 	2 

Case (ii) 

2 	I 	Ke — K 7  
a (z) = Eantilog 3 K11 Kie+ K8

] 	
(28)  

where• 

= COS keb (I + 

2 
Kg = cos kob 

It 

1-154 
n 

2 
. sin kob 

It 

sin k ob (1 i'154 
It 

Ka = sin. k ob — 1-15-5) — cos kob + 154) 
7r 

2 	2 K10  = — cos kob 	sin k ob 7r 

768 SiK1 1  = k  04 	r 

	

mgn 	40 
82  (Z)416 T'

.rs  
8 	— 

2k04 6 

Case (iii) 

bi I 	1  (Kis  In), 1-1-6  —0 • 577 k-L-jb) + K12 4. IS/I j 
a(z) = 

v 	ko'b 	 1n 2-303 -r 47; 
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where 

40 
	

768 : 1  2kos [82 (z) sic  — 	e (z) ss 
K12  = [6 (z) — lb {1n al; 89 b) 	in k 02 	ln je (z) 13} 

Case (iv) 

2 	1  K t  a (z) = k--0  antilog 	ka, 	 (30) 

where 	 a 

K, [ (z‘  ss  40 
 k 

s3 e  (z)  768s) 	2k 03  
o2 	24' I 768 lb fa (z) - 1] 

1 
ln. (0 -89 b) I In k 02 ln [c (z) 	

Id X (sin k - cos 10 

1 *154 cos k ob 	154 sin k ob  )1 
2t 	 it 

+ 	k + sin k ob 
1 '154 cos k ob  1 154 sin k 06  1 

it 	 It 
[cos  

=He (z) s 5  — 1740s' 8  krZ) —726  k8  fa} 

/ 

	

2k 03  
768 lb fe (z) 	11 
	 1 	 

in 
ln (0 •89 b) 	2 

— (z) 	i] 

2 	2 
— 1 x (-7E cos k ob — sin k ob) 

7t 

where in all the cases s and b are kept constant. 

Numerical computations of the profiles for different 
progress and will be reported later. 

degrees of modulation are in 

& Appendix A- 1 

In deriving the relations for and the profiles the following argument approximations 
have been used appropriately for the four cases : 

x < 1 

2 K, (x) 27,d — in (0.89 x) 
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2 
SX 

X2  
••Ma 'a' 4-  • • 

22  

A, (X) 

2 
(x) 

2 	x 
Y„ (x) 	(in 	0 . 577) 

the general relations being 

X  
MX) 	y ( v 1) 

y (1) = 1  
y (2) --= 

2' y (v) 
X 

41 a  (x) 	
2 	

( 	
n 

cos x 
ax 	2 4 

it) (x) f-2  cos (x 
4 

Yo (x) 	sin (x Lc ) 4 

(x) /1-7r-x  sin (x Letr) 

Ko  (x)/K1  (x) =-- I 

derived from the relations 

2  tfs (x) 	cos ( It 

	

..x. 	— irx 	- 

Ye (x) VI sin  (x  n 7I 
7tX 	 -5 

K.(x) eqL(7.- x) 
42–irx • 
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Besides the above argument approximations, the following series expansions have also 
been used appropriately. 

(a + x)n =-- a" + ne -1  x n (17 1)  an-2 x2 + 

In x 2.302 log x = 2.302 { {xx 	 I; ± 13 ex  ...±1:35 	: 
A  7 I  ; 7 x > 0 

In x 	7 '302 log = 2.302 [2 (x 	(x 	1)2 	.. 
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