Simulation of co-sinusoidally modulated dielectric medium by artificial
dielectric at microwave frequencies

S. K. CHATTERIJEE Anp T. S. RUKMINI
Department of Electrical Communication Engineering, Indian Institute of Scielice, Bangalore 560 012

Received on November 24, 1976 ; Revised on Novembey 2, 1977

Abstract

Theory of s-, b- and a-profiles which simulates a co-sinvsoidally medvizted dielectric medivm by a
non-uniformly corrugated ciicular cylindiical metallic stivctuse excited in Eq-rede is develcped; the
spacing, and radius of the discs and the radius of the central rod being denoted by s, b and a respec-

tively.
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1. Introduction

The pioneering work of Lewin! on electrical constants of spherical conducting
particles in a dielectric, and Kock? on artificial dielectric followed by the development
of artificial microwave optics® in Germany, extensive work on metallic delay media
by Cohn,*-® application of Lorentz static field theory by Brown and Jackson,” electro-
, static solution applied to a simple artificial anisotropic dielectric medium by Collin,’
transmission-line approach for metallic-disc medium by Macfarlane,” Brown'® and
by Chatterjee et al*-1® conformal mapping solution for strip artificial dielectric
medium by Kolettis,}* study of reflection and phase-shift properties of H,-wave on
transmission through a parallel-plate medium by Carlson and Heins®® by applying
Wiener Hopff technique and experimental studiesof parallel-plate medium by Chat-
terjee et al'® using interferometric method, optical approach in th'e case of an uni-
formly corrugated dielectric rod by Chatterjec ef all”-2 have contributed significantly

to our knowledge in the field of microwave analogue of dielectric medium. Various

in the form of two-dimensional array of rods and Strips,

types of artificial dielectrics
ypes of artificial diele cations for

three-dimensional arrayof spheresand discs, etc., have found useful appli

microwave work. It appears that so far no attempt has been made to study metal .dl‘SCS
um, though surface wave and radiation

on rod structure as an artificial dielectric medi _
b structure have been studied by Chai-

characteristics of a uniformly corrugated metal stn L by £
terjee ef al21-25 The present work has been motivated by recent studll_es i on

) [ ] L] "
surface-wave characteristics of a conductor coated with multilayer dielectrics having
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various types of dielectric constant profiles in the direction transverse to the directiop

of propagation.

The paper presents a report of the theoretical study mad:.: to derive (i) an equivalent
dielectric constant &° of a uniformly corrugated circular cylindrical metallic rod exciteq
in E,-mode as a function of the spacing (s) and radius (b) of discs and radius (a) of
the central rod, and (ii) the profiles 5(2), b (2) and a (z) of a non-uniformly corrugated
circular cylindrical metallic rod corresponding to co-sinusoidal modulation &(z) =

£ (1 =8 cos [2rz)/L) of the dielectric constant & in the direction of propagation z where §
and L denote the modulation index and the period of modulation respectively.

2. Formulation of the problem

The field components outside the uniformly corrugated rod (Fig. 1) excited in E,,-
wave are given by

-Eff’= Z  Cu HE (jymp) exp (— jBa2)

(1) ﬁm { . .
Ep ' = Zﬂ e 5 H3 (jymp) exp (—/Bm2)

= =]

1 ; Kot (), - .
o = Z Co ot H1V0 V) €XP (— jBaz) p2b (1)

" = —O0

which take into account the ex; : %
xistence of spatial harmonics appeari eriodic
nature of the structure, ppearing due to the p

A
4

—a MEDIUM ¢4

|
L=0 . !

" Fi0. 1. Unj
Uniformiy Corrugated metal rod excited in Ey~-mode
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The axial phase constant §,, and radial
harmonics are related to each other

B> = VTu- + K

propagation constant y,, for different spatial

@)

where &, denotes the free-space wave number tor plane waves. The axial phase constant
B.. f?_r l?ackward (m=—1, —2,...) and forward (m=+1, + 2...) spatial har-
' monics is related to the propagation constant Bm (m = 0) for the fundamental harmonic
by
2nm

L 3)

If the spacing s of the discs is small, each groove can he considered as a radial short-
circuited (at p = @) transmission line. Hence, the field components in each grooved
region (p < b, p > a) are given by

ED = (522 i (kop) + A3 74 (ko p)] exp (— Bl

H? — [41J; (Rop) + Ag py (kop)] exp (— jBonl) (4)
same as the components of 7-wave in a radial transmission line.

" The axial field component E, which varies over the mouth of the groove at p = b
should satisfy the boundary conditions as well as the singularity c?ndxtlon at the edge
of the discs and is assumed to have the form for |z, | < 5/2 at the n*" groove.

B =
[l — (2z./5)"2

(5)

Er_ €Xp ("'"jﬁﬂ nl)

where Z, =Z — nl and equal to zero for

I s
"22‘2.[?«—2‘.

Equating the two expressions for £, at p = b in equations (1) and (5), multiplying both
' —1

/ 5
sides by exp (jBaZs) and integrating with respect to z, from 5 to + 5 - the following

equation i1s obtained
4812

| exp (—JBd!) exp (buZa) ;.
Cm ng (j?l‘l b) €Xp [jﬁm (Z,, - Z)] dz, = B f [1 _ (E" )2 ]lﬂ
' -8z <
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which yields the re

nsB J 0 (ﬁms/ 2)4
Co =27 H (J 1mb) ©

lation between C,, and B as follows :

Matching the average value of E® at p =b

22

B ok
Dp=ty=; [ =F (o) e,

—ate _[l - (% )2]"2

with E. @tat p =5 and simplifying, the relation -between the amplitude constants
4 and B is obtained as follows:

a8 1
A= 5 Fkab) U

where

Folkob) = Jo (ko) Yo (kob) — Yo (ko) Jo (Kob) .

The problem for simulating the corrugated structure as an equivalent artificial
dielectric medium can be formulated by matching the average value of the component
HY at p == b

O +8i2
1 Ko’ 0
Hgo(p — b) == z o ot B H;" (jym b) f exp (— jbn 2) dz
m=—0 —gf

with

@ _ f\172 | ‘ s
He' =jA (g; £ (kob) exp (— jBonl) :

in the groove at p = b, where

Fy (kb)) = Jo (koa) Y, (kob) — Y, (koa) Jy (kob).

The matching of _the azimuthal components of the magnetic field at the mouth of the
groove (p = b) yields the following relation2!

+00

Fy (kob) _ z 2k Jo (Bm $/2) sin (B, 5/2) K, ((ym b)
Fy (kob) I Batw K o' (Ym B) .

m=—00



Sl

where the Hankel functions have be
_ tn transformed to seco ‘
: nd kind mod;
functions 1n order to make the arguments reaj by using the fo]lowi:lgdre];‘fllﬁed Bessel
10ns :

HP) (J?mb) = _"an ('}’,. b) ‘27;

HY (jyab) = —K, (7., b)%

The propagation characteristics of E,-wave in the corrugated rod are determi

solving eq. (8) for B, or y, which are inter-related and involve the heaemmml n
B, for the fundamental harmonic. Equation (8) can be simplified if thg cc::srct(Egmf:urlt
of the fundamental harmonic is more predominant than that of higher cn-d::-lrn~um')n
harmonics. Or in other words if the relative amplitudes of higher order s ati::lp iﬂal
monics with respect to the amplitude of the fundamental harmonic are very sp;nall thar-
the problem can be formulated only in terms of the fundamental harmonic. N

The I:elative amplitudes of the spatial harmonics with respect to the fundamental
harmonic amplitude A4, are given by the following relation:

i‘" | Jo (Bos2) Ko (Ymb) ko (70 P)
A, |7, Bus2) Ko (78) ko (7o) m 70 )

which is obtained from equations (1) and (6) and considering the axial component E,
and replacing the function H,"? by K,. The ratio 4,/4, ?E 1 depending on the rela-
tive values of 8, and B, ard hence of y,, and 7,, 5 being <'4,/2. The factor

_](U (?mb) Ku (?ob) <
Ko (60) Ko (3mp)

according as 7, > y,. Hence 4,, £ A, according t0 fu Z Bo.

Since rgf = B2 — kg2, r, is real for o = ko. That is the phase velocity of the funda-
mental component v, < C and hence 4, < 4, and the surface wave character of the
wave can be majntained. But if B¢ < ko, then v, > C and hence /7, > 4, ana 7, is
imaginary which amounts to the surface wave being transformed to radiated wave.

For a strongly bound surface wave, it is necessary that v, should be low.

The inequality A, /4. $ 1 accoraing as PmfBo Z 1 signifies that the harm‘onic c{f
Hence when spatial harmonic ampli-

highest amplitude has the highest phase velocity.

tudes are great.r than the fundamental amplitude, the spatial harmonics become more
r of v, may be lost by radiation. Further

loos : n the orde ;
ely bound and depending o by higher order harmonics is much greater

it ¢ uation suffered ; e
an be shown that the atten < concerned with establishing the

Moreover, as the problem i .
’ d structure as a uniform homogenéous
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the effect of the spatial harmonics can be ignored and the problem ¢y be

B rms of only the fundamental (m = 0) component of the wave as foliows.

formulated 1 te

1 05/2 K ('}’nb) _ ___F (kn[{)
%né(ﬁeﬂzg’ji(ﬁ S/ <) K: = F:, (kog) 0

3. Equivalent dielectric constant

02

The equivalent dielectric constant € defined by € = Y can be found by solving

eq. (9) for the fundamental phase constant f,. Assuming s s_uch that Bos2) < 1

eq. (9) can be transformed to the following quadratic equation in f42:
sSS(BDHE—40s2B2+ C=0 (10

which on solving yields the equivalent dielectric constant € as

o 205 £+ (400 52 — sC)12
€ (-;5 ko (1)

where

C = — 768 [_3_ 4 .IL*!'_ K_‘L(_?_ﬁe) {‘l(k_"b)]

2 2k, K, (75) Fo (b (g

The following cases depending on the nature and magnitude of the arguments of

the functions involved in the expression for € may be of interest, the arguments
being considered to be real

Case (1) ka<1 kpb>1 Yob > 1
Case (i) ka<1l kb<] Yob > 1
Case (iii) ka<1 kb <] Yob < 1
Case (iv) k,a < 1 kob > 1 Yol < 1.

At X-band k, is of the order of 1-98 radians per cm and for practical surface wave
structures, g }'0-25 ¢cm. Hence ko is always < 1. So far as the other inequalities
are concerned, it depends on the values of 7o and b. For a very strongly bound sur-

> ;
face wave y,b 2 | depending only on the value of 5. The inequality kb <1 at
X-band depends also only on the value of b the disc radius.

Case (i).—The argument approximati (0
(Appendix A.1) - ons koa <1, kb >1, 7p,b >1 lead

] kb k
Fy (k) Ky (38) __iegh + 3 (1075 +0-577)
Fy (ko) K, (7,0) Inbja
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Hence eq. (10) reduces to the following quadratic equation
40 X 4 T
iU R2 . _ -
Ao 52 Bo ko s*"ﬁ" @ U . (12)
which yields the following solutions for e
€0 = ["_:'-' Je—ady—1) ]2
’ 2k, (13)
o= [SEEVEZAAY -]
3,1 — Zk“

where y = /A4 + v'B + b/3 which is obtained by considering only the real roots and
ignoring the imaginary conjugate roots

B
E’——\/A f 2\/

_ 9 1 . P
A=—3% A7 T

__qa_ [ P
B3 a2
p=—4d — b3

8bd o 2b3
§=—= —C— 33

384

b= —40/st C=—ylkes’, d=—"4

Case (ii)—Similarly in this case

K, (7:b) Fy (Ko b)
K ('}'ob) Fo(k ob)

3m _ )(1 "“+0 577
sin (kob — ‘;E) B _'COS (k i )

NS, W Jeoa
= _ oYk 4o, 577)
<ii (k.,b Z?') — COS ((k‘ b 4) ( n—

Since

K, (7:9) _ 4 for rb > 1.
Ko (v:0) —
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Hence eq. (10) reduces to

0., 2 L g
Bt — Bt — s Bo = 70 (18

which yields the same type of solutions for €, , and &, 4 where all the symbols are the
same except

W
€= ks
(cos kob + sinkyb) + %(LOSk b — sin kyb) (ln & . 577)
y = 3841 - 5

(Slnkb-—t.oqk b)—-*;r(co*;kb + sin k,b) (In + .577) (14 a)

Case (ii1)}—in this case

| Kb (1 e
Lo (2:0) -Ft(knb)..._[@_’_Jr 2 \" 73 + 037, bin(0.89 ;
K, (00) Fo (kob) In bla ¥0n(0-89 7b) .

Hence eq. (10) reduces to
B+ a(BRP + bpe? + =0 1)

which yields for the real root

é=é2['f”:4+ VB — af3] -
where
a= s* — 40 s —iss“k.“ — A
b= 40 5% kg? — _3_3_?:_408’ + B
_384sk?— 384s — ¢

— —

o
A" = 2l0g0.89 6 + o

B'=2ukilog0.89 b + 20ke + o — o log0.89 6
C=akys'log0-.89 b + thot + o ko — okt 2 — log0-89 6

= L 1 keby, k
"7 2K, Tog bja [m + 5 (m ke 0.577)]
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Case (iv) :
vl Ko (reb) Fy (kob) o
Zku Kl (}!“b) Fti (kob) o ﬁ“2 —_ kuﬁ b [A ﬁn + B ﬁnz + C”].

Hence, eq. (10) reduces to
(Be*)? + a (B2 + b’ B+ C' =0

which considering only the real root yields

® 1 a:
E=k—oa[3\/A + 3\/3—5]

where
_ _ 4 q: P’
oo s 2 o sl
2 +‘\/4 T 5
B=_41_ [ P
2 '\/4 5
— @)
p b 3
., ab | 2(a)
9=C"= 27
g £ 405 — ket + 768 x" A"
35
40k s — 3845 —405° + 768 " B’
| “ s®
cr— 384 sk —384s + 768 r C

Sﬁ
A" =1 + log0-89 b
B = log 0-89 b — 2kslog0-89 b — 2k¢* — 1

35

(17)

(18)
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C" = ko‘ -+ kuz + kn“ log 0'89b -— knﬂ IOg 0‘89b
: i keod) (1n 22 4 0.51)
103 bl (cos ko b + sin keb) + = (cos kob — sin kob) { In =~ + ,577)
2: o
rr — 3 - . k
X 2k, (sin kb — cos Kob) — % (cos kob + sin kob) (ln __%{I 4 0'577)

fn all the four cases & =f (s, b, @). Hence positive real values of & can be founq py

a judicious selection of the three structure parameters s, b and a. Preliminary comp.
tations show that some of the roots are imaginary and some are negative. We wj|

consider only the positive real roots of . It is, however, to be noted that there

forbidden bands for B as f (s, b,a) and hence for e,

4. Modulation of the dielectric constant of the artificial dielectric medium

Modulation of the artificial dielectric medium can be achieved by varying s, b or g
keeping the other two parameters constant in the direction (z) of propagation. The
degree of modulation is controlled by the modulation index ¢ which can be defined by

(6 = (uux — £ats)/(Emx + gxn) < 1. The primary aim with which the present problem
has been initiated is to study the propagation characteristics of £y -wave in a co-sinusoj
dally modulated artificial dielectric medium which involves essentially the determinaticn
of B = B (2) for different values of 4 so as to gain an insight into the conditions of mode
stability which is inherent in such problems. In order to verify the theory of propa
gation in a modulated artificial dielectric medium which will be published elsewhere
it will be necessary to construct non-uniformly corrugated Structures with s = s(2),

b= b(z) or a = a(z) which will be termed hereafter as s-, b- or a-profiles. So asto

correspond to a structure with £ (2) = ::( 1 — ocos -2%-2) . The profile equations for

the different cases under which ¢ has been determined are given in the following
sections.

5. The s-profiles

The s-prof.iles. are derived in terms of ¢ (z2) from equations (12-17) corresponding
to cases (i)-(iv) respectively and are given by

Case (i)
& (2). 58 @kiﬂ(‘?) §3 %%‘El' — %;4 \/8 () = 0 (19)
Case (ii)

384 < ¥ - _ (20)
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Case (iii)

[83 (2) + -10-2 g2 (z) — g2 (z)] 54 [40

I 2 e* (2) — kzs(z)+ 3(2)]

384 384 L 384 B’ '
= e(z) - ] [k 282 + 7 8(2) - kf] 0 Q1)

Case (1v)

[0+ @ -20]. ¢ -[Hro-Teo + 2] .o

384 384 384
[-— £(z) — ] S
kn
768 " A" 768 " B"e¢(2) 768 y%" C”
+[ ko e ko + ko® ] = (22)

where b and a are maintained constants.

6. The b-profiles

The b-profiles for the four cases have been similarly derived assuming 2 < b < 0 and
are given by
Case (1) ~

— B+ JJ(B) —4A4' C’
bs) = =B £ V(E) - - (23)

where
A = 44 ko —-ko’a-- 084b k‘-"z
B =—44Ak, + 44 koIna

C'=—4
1 o [ 384  s%40(2) o8 g2 (z)]
_ -, T =
A=341 Je@ L ke T kS
Case (11) ' ,
(an= (D + 1 f1+% (ln +0 577)} o

=k 1 _2 (0 5" + - 0- 577)} + { 5 (‘“‘z’“ +0.577)}

384 1
k.‘ [s e2(z) — 1—{—:— e (2) f Eo‘ "a] 384/ °
z
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Case (ii1)

where
q 7, P
- -$+afF+ 5
g [, P
B=—3 «/4 7
o it
p=F—7
o =; 2 3
._ﬁ © ? ﬂ=é‘.
Ct—-?. ﬂ—- a” 6 a!
— Ikl (1 k;“ +0- 577)
B—4k2O — Iyk,® (ln Ko +0-577)

y=4k2 O’ —~ 4k*© — 4k2O loga — 21y
= Hk,2O' + O’'loga + 2ly

2-672%(2) 5 348( 0:-8%¢(z 267 0 89
Yy =~ ik e e E ) k8 ) k2 T
_3¢e(2) a”(z 3

PE RS TR ko kot
© = 089 (4s® + Bs® — Cs)
=0 /089 .

1=2@+ 59 ~ o
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5
Case (iv)
_ L Hkob + G
b(2) = - arc tan T BT R o
where
H=Db—bJ

K = ko (EC — gb)

* 1-78 k

_ 5__ B oS 0
=[As"—Bs"~Cs 153031
- s 3 ___ 0
E=[4s—Bs — Clyamy

b

1+?:-(1 Kot +0577)
T 2

i - (ln il -+ 0-577)
T 2

Ry
il

f = 267 kot e2(z) + 0:89 ko2e(2) — 534 ko' e(2) + 2:67 ko' — 089 k.2

g = kAet(z) — 2kot £ (2) + Skote(2) + kot — 3 kot

6

Ad_ g4k
A768
u_ knﬁ
B“Bms
. _ ko
et 768

B = 4-2'82(2)—4-—0*8(2)4' 8(2)
ko®
384 384 384
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where s and a are constant in all the cases.

il

7. The a-profiles

Case (i)
— K5 + JK2—4K, K,
@)= =0, 27
where
2+303) koK
K, = @OV kK,

K. = — [2..3032kuIK; In b—2-303 K, + (2-303)2 K, + (2 303): I_c___l_’_{z]

Ks= _Ka
K, = K, lnb + 2-303 K; — 2303 K, Inb — (2-303%2 K,

384kb[s(z)—1J

Ke = 12 220 |
40 384s 3841 e(z)—l][_]__ 0-577 k,b
K1=3(3)55_fc?. g(2)s® x + = e [2\/8(2) b + 5 ]
Case (ii)
_ 2 1 Ky Ky — K?]
a(z) = . antilog [2 303 —rKH_I_ X, (28)
where
K, = cos kb (1 4+ - 154)-!— sin kb(l ! 154)

2
Ke = g OB kob — %: . sin Kob

- k"b(l N 154)—-coskub (l + — 154

2
Ko = —-COS kb + %Sin kb

Kot 1 40 3 768 s
\/8 (Z) 384 / [ & (Z)S P2 4 (Z) —_— —iknz-].

Case (iii)

-— {1 1 kb b
e ko*b {2'303(K1’ Inb 0-577 ..l-).l_ Koo 4 I_C_lli__}
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where
. 2R [82 (2) s*— 1023(2) §* = ;isf]
BT @ =11 {In(0°88) + J k7 + 3 In[s () =]}
Case (iv)
1 K
a(z)_... ko antllogz -303 K:
‘where
. s 40 768 5) 2k
' o [{a(”)s 2 50 '2k.,*} 768 b [s () — 11

1
ln(O 89b)+~}1nk2+}ln[e(z)—l]

_1-154cos k.,_@ 1-154 sin _knb ]
T i T

} X (sin kob — cos kob

1-154cos kob  1:154 sin koi]
(4 7t

- [ {s (z2)s° t;COf g (2) 726 ffoi}

o [ 2k " 3
76810 @) =117 15089 8) + 5 e () — 1]

[coskb+s kb + -

< AR
— 1] X (%tcoskob —_ ‘;:Slllkob)

where in all the cases s and b are kept constant.

61

(30)

Numerical computations of the profiles for different degrees of modulation are 1n

progress and will be reported later.

8. Appendix A.1

In deriving the relations for e and the profiles the following argument a
have been used appropriately for the four cases:

x <1

Ky (1) = — 2 in (0-89 )

pproximations
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2
K, (x) e o

x!
Jo(x) =1 -—2,-!- A N
.
4 (x)_-"—'-’_-i-
2
hide 3

. X
Y.(x)g%—t (1[1 5’ + 0'577)

the general relations being

_ x”
Al ey R
y(1)=1
y(2) =1

Jo (x) f‘“'-;\/%rcoa x n; f)
J,(x),.._\/' cos(x—--—-
2 . 7
Y, )~ . /2 7
(x) ,\/ﬂxsm (x 4)
Y(x)*“-,\/—-* Sin x—-—-)

KU (‘x)/KI (x) = ]

derived from the relations

Ia (x)m.‘\/__ Cos mr Z?E)

Y(x)“'»\/——&ln x—-@_a’f

Ko () ~ expz(nx. x).
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Besides the above argument approximations. th :

. e followin : :
been used appropriately. ’ & SEnes expansions have also
P g n(n—1

@+xr=a +nix i O g,

fnx = 2:302 o x=2-302[2{i€_":_1 .!.(x-l 3] fx — 1\
g f"3 +'("——~) +.’.:]

X+ 1 x:l—_l S5 \x + 1
. % g
Inx=2302log.x =2-302[2(x — 1) —+(x =12+ ...]

23 x>0
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