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Abstract | In this paper we treat several topics regarding numerical Weierstrass
semigroups and the theory of Algebraic Geometric Codes associated to a pair (X; P),
where X is a projective curve defined over the algebraic closure of the finite field F_and
Pisa Fq- rational point of X. First we show how to evaluate the Feng-Rao Order Bound

on the question to recognize the Weierstrass semigroups over fields of characteristic
0. After surveying the main tools (deformations and smoothability of monomial curves)
we prove that the semigroups of embedding dimension four generated by an arithmetic
sequence are Weierstrass.

Introduction

The paper is divided into two parts. In the first one we describe some bounds of the
minimum distance of AG codes, while in the second one we deal with the problem to
characterize the Weierstrass semigroups.

In the first part IF will denote the algebraic closure of the finite field with g elements F;
X will be a smooth projective algebraic curve of genus g defined over F,,.

To a pair (X, P), where P € X is a F-rational point can be associated a family of Algebraic
Geometric Codes C;, i € N and a numerical semigroup S. For i large enough, the minimum
distance d(C;) of such codes can be bounded by the Feng-Rao order bound d,,,;(C;) which
depends only on the semigroup S (see [10]). When § is non-ordinary, it is called the
Weierstrass semigroup of X at P. Evaluations or estimates of the order bound are given
by several authors, either in general or in particular cases (see, e.g., [1], [22]). In the first
part of this paper we give a survey of these results and we state a conjecture (2.C) on the
behaviour of the sequence {d,,4(C;) }ien, for i > c+d — e — g, where c¢,d, e are suitable
integers associated to the semigroup S (in [22] this conjecture is proved in many cases).

According to the recalled relation with code theory, the classical study of Weierstrass
semigroups is becoming relevant. In particular an interesting and still open hard question
is how to recognize Weierstrass semigroups, i.e. those semigroups associated to a smooth
projective curve at a point P. This problem is approached in the second part under the
simplifying assumption that X is a smooth projective algebraic curve of genus g defined
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which is a good estimation for the minimum distance of such codes. This bound is related
to the classical Weierstrass semigroup of the curve X at P. Further we focus our attention



over an algebraically closed field F with char(IF) = 0. It is known that there exist non-
Weierstrass semigroups: the first example is due to Buchweitz, see [2]. A fundamental
result on this topic has been proved by Pinkham in his Phd thesis [25]:

“S is Weierstrass if and only if the monomial curve X = Spec(F|[S]) is smoothable”.
In some case it is known that a monomial curve is smoothable: see [27] for the complete
intersection case, see [29] for X C A3, see [16] for X C A* and Gorenstein, see [18] for
semigroups of genus g < 8, see [17], [19] for certain semigroups of embedding dimension
5 or with g =09.

In this paper we collect the main definitions and results on this question, further we
illustrate the explicit algorithm to obtain a deformation of a monomial X with its G,,
action and show several examples in a detailed way. Finally we show that monomial
curves in A%, generated by an arithmetic sequence are smoothable. It follows that
every semigroup S of embedding dimension 4 generated by an arithmetic sequence is
Weierstrass.

§1 Weierstrass points and Weierstrass semigroups

Let IF denote an algebraically closed field. Let X be a smooth projective algebraic curve
of genus g defined over IF with function field F(X), and let P € X. For each k € N, let

L(kP)=1{f € F(X)\0 | div(f)+kP >0} U{0}.

This is clearly a vector subspace of F(X); we denote by A (kP) its dimension over F. The
following are well-known facts:

A(kP) = dimp(L(kP)) € N, A((k—1)P) < A(kP) < A((k—1)P)+1 for each k > 1,
and by Riemann-Roch Theorem A (nP) =n—g+ 1 foreachn > 2g— 1.

Hence the set H(P) := {k € N.| A((k—1)P) = A(kP)}, of gaps at P, is a proper subset
of {1,2,...,2¢ — 1} and it has exactly g elements. Moreover it is easy to see that its
complement S(P) := N\ H(P), the set of non-gaps at P, is a numerical semigroup.

Recall that a semigroup S is called ordinary if it is of the form S = {0,e,e +1 —} for
some e > 0 (note that its genus, also called 0, is exactly e — 1).

1.1 Definition A Weierstrass point of X is a point P such that H(P) # {1,...,g}. A
semigroup S is called Weierstrass (over ) if there exists a smooth projective algebraic
curve X (defined over F) and a Weierstrass point P such that S = S(P).

See for more details, e.g., [12, Exercise A.4.14] or [6].
1.2 Remark Let P € X, then by Riemann-Roch Theorem

1. n€ S(P) <= there exists f € F(X) such that (f). = nP, i.e. ordp(f) = —n.

2. n € H(P) <= there exists a regular differential form @ with ordp(®) =n—1
(because by Riemann-Roch theorem: A (K — (n—1)P) > 0, for each gap n € H,
where K denotes a canonical divisor).
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3. Pis a Weierstrass point <= A(gP) > 2 <= there exists a regular differential
form @ with ordp(®) > g. In particular, it follows immediately that if X has a
Weierstrass point then g > 2.

4. By the previous point, the presence of a Weierstrass point on an algebraic curve of
genus g ensures the existence of a morphism of degree not exceeding g from the
curve onto the projective line: pick the morphism associated to the linear system
|iP| with any i such that A(iP) =2 and i < g.

1.A  On the number of Weierstrass points on a curve.
For a smooth curve X let W denote the set of Weierstrass points of X. We know that

1. If g <1 the set W is empty.

2. Case X hyperelliptic. A hyperelliptic curve is an algebraic curve which admits a
double cover over P!. These curves are among the simplest algebraic curves: they
are all birationally equivalent to curves given by an equation of the form y*> = f(x)
in the affine plane, where f(x) is a polynomial of degree > 4 with distinct roots, and
the degree of f(x) is either twice the genus of the curve plus 2, or twice the genus of
the curve plus one.

If a double cover exists, then it is the unique double cover and it is called the
“hyperelliptic double cover”. In algebraic geometry the Riemann-Hurwitz formula,
states that if X, X’ are smooth algebraic curves, and ® : X — X' is a finite map of
degree d then the number of branch points of ®, denoted by N, is given by

2¢(X)—2=2d(g(X")—1)+N

By the Riemann-Hurwitz formula the hyperelliptic double cover has X’ = P!, hence
has exactly 2g + 2 branch points. For each branch point P we have A (2P) = 2, hence
these points are all Weierstrass points; for each of them there exists a function f with
a double pole at P only. Its powers have poles of order 4,6, and so on. Therefore
at P the gap sequenceis 1,3,5,...,2¢ — 1 and A (kP) = 2k, we conclude that the
Weierstrass points of X are exactly the 2g 4 2 branch points of the hyperelliptic
double cover.

3. For algebraic curves of genus g there always exist at least 2g+2 Weierstrass
points and only the hyperelliptic curves of genus g have exactly 2g + 2 Weierstrass
points.

4. The upper bound on the number of Weierstrass points is g°> — g.

5. [14] For each g > 3 there exist compact Riemann surfaces of genus g with at least
two Weierstrass point with different gap sequences.
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§2 Algebraic-geometric codes

Let now [F denote an algebraic closure of the finite field with p elements I, p prime. Let
X be a smooth projective algebraic curve of genus g defined over F,, g = p" for some
r € N, with function field F(X). Let P € X be an F-rational point: a family of codes
and a numerical semigroup can be associated to (X, P) as follows. For each k € N, we
consider the vector subspace of F,(X) defined as

L, (kP)={f € F,(X)\0 | div(f) +kP > 0} U{0},

it can be shown that
A(kP) = dimp (L (kP)) = dimp, (L, (kP)) ([12, Proposition A.2.2.10.]).

We now recall the definitions of the AG codes associated to the pair (X,P). Choose
Py, ..., P, distinct IF;-rational points on X such that P; # P for each j, and consider the
[F-linear map

Dy: Ly, (kP) — Fg" as O(f) = (f(P1), .., f(Pn))-
2.1 Definition The family of one-point AG codes of order n is defined as
Cr:=(Im )" = {x €Fy" |<x,Px(f) >=0 for all f € Ly, (kP)},
where < X,y >:=X1y1 + - +Xpy for each x,y € F,".
A good estimate of the minimum distance d(Cy) of an AG code is the Feng-Rao order

bound dorp(Cy) which depends only on the semigroup S = S(P). Let us fix the following
notation

S = {So ZO,Sl,...,Sj,...} %N

with s; <s;if i < j.

NS' = ShyS ESZ S:=S5 +S
2.2 Definition Fors; €S, let (s) {(sns ) | sj = sn+sk} |
v(s;) = #N(s))
The Feng-Rao order bound of the code Cy is dorp(Cy) = min{v(s;)|j >k} <d(Cy).

If S is ordinary, thatis S = {so =0,s; =g+ 1,50 =g+2 —}, the sequence {v(s;), j € N}
is non-decreasing and so

dorp(Cx) = V(sk41) for k> 0.

In the other cases, it is known that there exists m € N such that
V(sm) > V(smt1) and V(smyi) < V(Smriv1) Vi> 1.
Then: dorp(Cy) = V(s+1) for each code Cy with k > m.
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2.A Methods for the evaluation of s,,.

Our goal is to find s, for a given semigroup S; to this end it is useful to consider the
elements of S “near” the conductor.

2.3 Notation We shall refer to a numerical semigroup S, with finite complement in N

S = {0 = S(),Sl,...,sj,...} 75 N
where s; < sy, if i <k. Further we denote:

embdim(S) = minimal number of generators of S

e=s1 =min{s € S| s # 0}, the multiplicity

c=min{r € S| r+N C S}, the conductor

d = max{s; € S| si < ¢}, the dominant

' =max{s; €S |s;i<d and s;—1 ¢ S}, the subconductor

d’' = the greatest element in S preceding c’, when ¢’ >0

{=c—1—d, the number of gaps of S greater than d

s=max{s€S, |s<d, s—{¢S}.
This means that S has the following shape (thinking of it as embedded in N, where %
means a “gap” of S)

e—1 gaps —d'—1 gaps £ gaps
§={0, *---x e...,d, x-x  +—d, *-x c—}

A semigroup S is called acute if either S is ordinary, or c¢,d,c’,d’" satisfy ¢—d <
¢’ —d' (see [1]). If S is non-ordinary, it can be seen that:
Sacute = ¢ <s5<d.

2.4 Example S=1{0,8,,12,,14.,,15,164,20, —} has ({=3,5=14, ¢ —-d' =2 <

¢ —d =4, S non-acute).

From now on, S will be non-ordinary. In order to evaluate s, we study the difference
V(sit1) — v(s;) for s; € S. To this end, it is “natural” to consider the following partition
of N(s;) = {(sj,sk) € s? | si = Sj—|—Sk}Z

N(s;) = A(si) UB(s;) UC(s;) UD(s;)

A(si) = {ny),(hx) eN(si) [x <, ! <y<d}
B(si) = {(xy)€N(si) |(x.y) €lc",d]? }
Csi) = {(xy)eN(s) | x<d', y<d’}
D(si) = {(xy), x) EN(si) | x=c, x>y}
2.5 Example S 0,8¢,124,140,15,164,20, —}. Fori=16, s; =30

{
A(Sl) - C(Sl) - B(S ) {(147 16)7 (157 15)7 (167 14)}7
For s¢g = 20: A(S6) ( 6) 20, C(SG) = {(87 12)5 (1278)} ) D(S6) = {(0,20), (2070)}

[\)
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2.6 Setting

ofs;) = #HA(sit1) —H#A(s))
B(si) #B(siv1) —#B(si)
Y(si) = #C(siv1) —#C(s:)
O(si) = #D(sip1)—#D(s;)
Therefore:  v(si+1) — v(si) = ot(si) + B(si) + y(si) + 6 (s:).

2.7 Lemma (see [22])
L oa(s) € {~2,0,2} and a(s)=0, if s;>d +d.
2. B(si) € {—1,0,1} and B(si)=0, if s; > 2d.
3. y(s;) is difficult to evaluate if s5; < 2d’, trivial otherwise:
in fact y(2d')=—1 and ¥(s;) =0, if s; > 2d'.
4. If s;i > 2c, then 6(s;) = 1.
If si < 2c and siy1 € S, then 8(s;) € {0,2} and 6(s;)) =0 <= siy1—c ¢ S.
5. sm <2d. (In fact by (1)-(4), if 5; >2d+1then o« = =y =0and so v(sj+1) —
v(s;) = 6(s;) > 0.
By (2.7.5), from now one has to consider only elements s; < 2d, in order to find the
greatest s; € S such that v(si+1) < v(s;). Assume s;+1 € S.

2.8 Remark 1. If s;=5+d, then siy1 —c=s—L &S (bydefinition), and so s;=s+d
is the greatest element satisfying 0(s;) = 0.
(For this reason s+d is a “good candidate” for s,,).

2. If s; > 2d" we know that y(s;) < 0 and easily one can see when V(siy1) < V(s;)-

3. If s; < 2d' we can write V(s; 1) — V(s;) in function of Y(s;): it depends also on the
facts:

Sis1—c €S or ¢85,
si—d €8 or &8,
siri—c €8S or ¢8.

In [22] the results on the position of s, are explained by means of several tables. For
example we show for s; < 2d’ how the difference 1 (s;) := v(s;+1) — V(s;) depends on
the value of y:= ¥(s;). In the following table =~ x means € § and O means ¢ S.
Assume s; < 2d’ — 1 Then:

Si+1—C\Si—d\Si+1—C/\ 05\ ﬁ\ 5H n(si)
O X O -2 0] 0] y-2
O X X 0] 0| O Y
O O O 0] 0| O Y
X X O -2 0 2 Y
O O X 21 0] 0 v+2
X O O 0| 0 2 v+2
X X X 0O O 2| y+2
X O X 21 0] 2| y+4
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Recall: ¥(s;) concerns pairs (x,y) € N(s;) N[0,d']%.

2.B Evaluation or bounds for s,,.
2.9 Theorem (See [22]) With setting (2.3) we have:

1. If s<2d'—d, then s, <2d.

If, moreover, [s+2,d'|NNCS, then s, =5+d.
2. If §>2d' —d, then sy <3+d.

More precisely:

(a) If s>d +c —d, then s, =5+d.

(b) If s=2d —d, then s, =s-+d.

(c) If 2d'—d <s<d +c —d, we can give upper and lower bounds for s,, under
additional assumptions. In particular:

if [d—0,d|NNCS, then c+d—e<s+d —(+1<s, <2d.
Case (a) is satisfied e.g. if d—2 <5<d;orif ¢ <5<d, inparticular if S is acute.

2.10 Example 1. §=1{0,25.,26,28,30,314,334,39. —}
(5=28, 5<2d' —d, [f+2,d|NNCS, sn=5+d).
2. 8= {0,7e:d/, 13.,14,15,16,17 4,20, —>}
(Sisacute, f =2,5=14, ¢/ <5<d, s>d' + —d).

3. §=1{0,20,,21,26,27,4,324,39 —}
(5=21<2d —d, sp=2d =54>5+d).

4. § = {0,10,,20,22,23,264,30, —}
(2d' —d <5=22<d'+c' —d, 5, =46 <5+d).

2.C Conjecture and particular cases.

We believe the following fact is true for each semigroup.
Conjecture: sm> c+d—e (%)

We proved in [22] that () holds in several cases, in particular
1. If either (sy >5+d) or (s, >2d and s<d').
2.If2d —d<s<d+cd—d and [d—0,d]NNCS(2.9.2¢).
3. When ¢ =2, or { =73 (here we calculate s, exactly).

4. If t <7
(where ©:=#{x € N\ S| x+ (S\{0}) C S} is the Cohen-Macaulay type of S).

5 Ife<8 (by(4), since T<e—1).
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6. If S is generated by a generalized arithmetic sequence (i.e. S=<mqg,my,...,m, >
where m; = amg +id, for some a > 1,d > 1), then s,, = s+d and so () holds.

7. If S is generated by an almost arithmetic sequence (i.e. S =< mqg,my,...,my, n >,
where mg,my,...,my is an arithmetic sequence) and embdim(S) <5,
then s, >c+d—e.

§3 Weierstrass Semigroups.

In this section we deal with the following

Question : Which numerical semigroups are Weierstrass?
The problem to find conditions in order that a semigroup is Weierstrass seems to be
very hard: there are only partial answers in several directions. Most of them are in
characteristic 0, so we fix the following

3.1 Setting From now on we assume that I is algebraically closed with char(F) = 0.

We know that there exist non-Weierstrass semigroups: the first example is due to an idea
of Buchweitz:

3.2 Example (See [2]) Let S =< 13,14,15,16,17,18,20,22,23 >, with g = 16,
c=26,H=N\S={I,...,12,19,21,24,25}.

S cannot be Weierstrass. In fact assume that there exist a curve X and a point P € X such
that S = S(P). Then, by Remark 1.2, X would have regular differentials @; vanishing at P
to orders i = ordp(@;) with i € {0,1,2,...,10,11,18,20,23,24}.

Hence, taking suitable (tensor) products of the differential forms above, X would have
also at least 46 linearly independent “quadratic” differentials vanishing to every order

€ {0,...,35,36,38,40,41,42,43,44,46,47,48} at P. This implies that A (2K) >46, a
contradiction since, by Riemann-Roch it is A (2K) = 3g — 3 = 45.

There are generalizations of this idea due to Kim [15] and Komeda [16]:

3.3 Proposition [16] For a semigroup S of genus g, let N\S = {hi,...,he} and let
H, = {hil—l—-"—l—]’l,’m ‘ 1 Sij Sg}, m>2.
If S is Weierstrass, then # H,, < (2m—1)(g—1) foreachm > 2 (xx)

Proof. If S is the Weierstrass semigroup of a curve X at P, then X has regular differentials

vanishing to order #; — 1, Vi = 1,..,g. In fact let K be a canonical divisor (in particular

deg(K) =2g—2): foreach h; € N\ S, A(h;P) = A((h;—1)P) therefore by Riemann-Roch
A(K—(hj—1)P) > 0.

It follows A(mK) > #H,,, Ym > 2, because Vy; € H,,, L(mK) contains a m-differential
vanishing to order (y;—m) at P. Now it suffices to recall that, again by Riemann-Roch,
AmK)=(2m—-1)(g—1). o

3.4 Remark The conditions (xx) of (3.3) are satisfied for each m > 2, if 2c¢ < 3g.
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Proof. Since N\ S C [1,¢— 1]NN we get #(H,,) < m(c — 1), then the inequality (*x*) in
(3.3) is surely satisfied if m(c — 1) < (2m —1)(g — 1) for each m > 2. This condition is
equivalentto mc < (2m—1)g—(m—1): form=2, get 2c<3g—1,i.e. c<3g/2—1/2.
Now assume 2¢ < 3g — 1, and so mc < 3mg/2 —m/2 ¥m > 0 : one can easily see that the
inequality 3mg/2 —m/2 < (2m—1)g— (m—1) holds Vm >2, Vg >0. <

3.5 Remark [In Buchweitz’s example, m =2, g = 16, #H, = 46 > 3g — 3. Note that
for m =72, the genus g = 16 is the “minimum” example: in fact Komeda and Tsuyumine
found by a direct computation that

foreach?2 < g <15 we have #H, < 3g—3.

F.Torres found a method to construct symmetric non-Weierstrass semigroups (of large
genus):

3.6 Example (See [33]) Let S’ be a non-Weierstrass semigroup of genus 7, and let
g €N, g>6y+4. Then the following symmetric semigroup:
S={2s|seStu{2g—1-2t|t€Z\S}

1S non-Weierstrass.

This fact is true since we have:

3.7 Proposition [33, Scholium 3.5] Assume that a semigroup S of genus g > 6 y+4, is
Y-hyperelliptic, i.e. satisfies

1. the first 'y elements my,...,my € S, m; > 0, are even;
2. my =4y,
3. 4y+2€8.
Then: S Weierstrass —> S’ 1= {O, %, ey %/} Uien {2y + i} is Weierstrass.

3.8 Example [21] The possible Weierstrass semigroups for a plane smooth projective
quintic (hence of genus 6) are of the following types:

S =<4,5>
Sy =< 4.7,10,13 >
Sp = {0,6 =)\ {k} with6 <k < 11.

Note: S1, S7 and Sy for k = 6,11 are semigroups generated by an arithmetic sequence,
and Sy is generated by an almost arithmetic sequence for k = 10.

3.A Deformations and 7' (Ox ).

The next theorem due to Pinkham (thesis) is fundamental to approach our question.

3.9 Theorem [25] Let S be a numerical semigroup and let X = Spec(FF[S]) be the
monomial curve associated to S. Then:
S is Weierstrass if and only if X is smoothable
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We want to recall the main tools of the theory. Recall that the field [F is algebrically
closed with char(IF) = 0. We collect here the most important results and definitions on
deformations of algebraic varieties.

3.10 Definition A deformation w:Y — X of a variety X is a cartesian diagram

X <= Y
|
{0} — X

where T is a flat morphism.
A deformation m :Y — X of X is said to be versal if any deformation ©' : Y' — ¥/ of
X is isomorphic to a deformation obtained from & by a base change h: ¥/ — ¥.:

pr
Y=YxY — Y

Y/ —
h

When . = Spec k(€] /(&%) we say that the deformation is infinitesimal.
Finally we say that a deformation is trivial if Y ~X x X.

3.11 Definition A variety X is smoothable if there exists a deformation Y of X having
smooth generic fibre.

For a survey on deformations we refer to [31]. We recall the main theorem

3.12 Theorem [25]

If X is affine variety and has an isolated singularity, then there exists a versal deformation
Y of X. Further, if X has a Gy-action, then there exists a G,,-action on'Y extending the
action on X.

3.13 Corollary Let X = Spec(F[S]), S a numerical semigroup. Then X has a versal
deformation Y compatible with the well-known G,,-action.

3.14 Notation Let S =< ny,...,n; > be a semigroup, P = F|xq, ..., x|, weight(x;) := n;
(0 <i<k), and let

B :=TF[S] =F["0¢",...,t"] = P/I,

where 1= (fi,....fy), [fi homogeneous binomials, d;:=deg(f;),Vi=1,...,q. Further
let:

h
f=1:]ep
fq
Gp:={ic{0,....k} | nj+0¢S}

Hy:={d, ke{l,....q} |di+(¢ S} L €Z).

Journal of the Indian Institute of Science | VOL 91-1 Jan-March 2011 journal.library.iisc.ernet.in



In order to construct deformations for the curve X we need the B-module Ty. Let Qp /F
be the P-module of 1-dif ferential forms, then Homp(Qp/r @B, B) is a free B-module

generated by the partial derivatives < aa—xo, e aa—xk >
3.15 Definition Consider the map
@: Homp(Qpyr®B,B) — Homp(I/I*, B)
2o g g =(5h) (moal)
We define the B-module TB1 as TB1 := Coker @ .
Let f be as in (3.14): we shall identify a map g € Homp(I/I?, B) with the column vector
(hj)j=1,.q:=(g(f)) of its image mod .

3.16 Remark-Notation Let Jy be the jacobian matrix of deg O-derivatives : Jo =

af]
< 9x, ) Then

90 0
0 2 ... 0

Jo= Jo(1) (modl).
0 0 ... t%

where Jo(1) is the evaluation of Jy at the regular point Q(1,...,1) € X : by the jacobian
criterion of regularity we know that  rank(Jy(1)) = k.

Further for { € Z, let J; denote the submatrix of Jy(1) obtained by considering the
rows

/i .
(axj( .,1)) with d; € Hy.

3.17 Proposition 1. TB1 =Pz TB1 (0) is a Z-graded F-vector space of finite dimen-
sion:

TETH(!) < deg(g(f;)) = deg(f;)+£ Vj (see[25]).
2. Forge TB1 g= Z a,tB (9

3. a’im[FTB1 (0) =#Gy—dim Vy— 1, where Vy is the sub-vector-space of F**1 generated
by the row-vectors of the matrix Jy.

Proof. 2. We know that there exists n € N such that m”TB1 = 0. Therefore for each
g € Homg(I/I?,B) there exists a € N such that t%g € Im¢. Further in B the Euler’s
S ok dfj
identity holds: Zi:O n; xia_x,-
combination of the partial derivatives with respect to (1,...,k).

3. Recall that Im(@) is generated by the the partial derivatives. For each i ¢ G, we have:

=0, Vj=1,...,q and so g can be rewritten as a linear

tH1 ¢ B and so it Ee € Im ®. On the contrary, note that for i € Gy, the vector
Xi

Zla’ £+n, EHomB(I/I ,B)(¢ )<:>Jg(0,a1,a2,...,ak)T:0, Vd;eH.
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#G,—dim V,—1

Therefore the system has oo solutions. <

For a semigroup S, let S(1) :={n € Z | n+n; € S Vi > 0}.
3.18 Proposition Ler L=S(1)U{ne€Z|n<—2c+2—2ny}. Then

1. dim T} (¢) =0 foreach (€ L.

in particular if S is ordinary or hyperelliptic, then dim Tj} (£) = 0 for each
(< —4g—2.

2. Let fi,..., [y be a reordering of the set { f1,..., f;} such that the degrees satisfy
di<d)<---< d(’l. Let J)(1) be the associated jacobian matrix and let p = minimum

integer such that the first p rows of J)(1) constitue a matrix of rank = k. Then
T3 (€) = 0 for each { < —d,

3. dimTi(c—1—ngp—ny) >0 (see[25]).
4. If{ > c—2ny, then dim Tj ({) = max{0,#G,— 1}
5. Ift>c—1—ng, then dim Tj({) =0,

6. Foreachi=0,...,k we have: tc+”_”f% elm®, Yn>0.
Proof. 1. If £ € S(1), then G; = 0 and we are done by (3.17.3)
If £ < —2c+2—2no, then #Gy = ng and n; +nj+¢ < 2(np+c—1)+¢ < 0, hence
H;=1{1,...,q}. Then dim V; = ng — 1 and the claim follows by (3.17.3).
2. Follows by (1): if S is ordinary, or hyperelliptic, then —2¢ —2ny = —4g — 2.
3. Immediate by the assumptions and by (3.17.3), since we have: dim V; =ny — 1,
because H; 2 {1,...,p}.
4. Let { =c—1—np—n; : we have {0,1} C Gy, while H; = 0 since d; > ng+n; Vi.
Therefore the claim follows by (3.17.3).
5. Follows by (3.17.3) since in this case Hy = 0.
6. Follows by (3.17.3) as a particular case.

d
7. Recall that 7“" € B and deg <8_> =—n;. ©
Xi

For flatness conditions an essential fact is the following:

3.19 Proposition (See, e.g. [31, Page 8]) Given a cartesian diagram

X <= Y
T
{0} — X

let f; and F;, i=1,...,q be respectively the equations of X and Y. Then:
the map 7w is flat <= every relation ZC{ rifi=0, 1, fj € Flxo,...,x¢] can be lifted to a
relation Y{R;F; =0, R;,F; € Flxo,...,x] ® Oxp.
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3.20 Theorem (See, e.g., [31]) The infinitesimal deformations are in one-to-one corre-
spondence with Homg(I/I?, B) as follows

g:1/I> —B corresponds f1+éeg
fjr>gj(modl) to the F =
(j=1,...,9) deformation fo+€gq

Proof. (Outline) The trivial deformations (i.e. ¥ ~ X x X) lie in Im ¢ (3.15). In fact these
deformations are such that the ideal generated by the
(fi+e€gi) € Fle,xp,...,x] becomes equal, after a change of variables, to the ideal gen-
erated by the (f;). Now note that a change of variables is {x; - x; + €h;}; since €2 = 0
of
A &—)J:J"h ;- Therefore T}
can be naturally identified with the set of infinitesimal deformations modulo the trivial
ones. <

easily one can see that it adds to each g; an element of the form Y,

Several semigroups have been recognized to be Weierstrass by means of the above theory:
we collect in the following theorem the most important statements.

3.21 Theorem Assume X be an affine curve.

1. If X is a complete intersection then X is smoothable [27].

2. If X C A3 or X is a Gorenstein curve of embedding dimension 4, then X is smooth-
able [29], [3].

3. Let e, g denote respectively the multiplicity and the genus of the semigroup S and
let X = Spec(FF[S]). Then:

(a) If e € {3,4,5}, then S is Weierstrass: for e =3, see also [14], fore =4, e =5,
see ([16], [17]).
(b) If g <8, then S is Weierstrass ([18]).

(c) If 2e >c—1and g =9, then S is Weierstrass ([19]).

4. Let H =N\, define weight(S) := Y5 hi —i: if weight(S) < g/2, then S is
Weierstrass ([7)).

5. If B is negatively graded (i.e. Tg({) =0 for each £ > 0), then S is Weierstrass
(126]).

3.B Construction of the versal deformation with G,,-action.

With the above notations for the monomial curve X := Spec(F[S]), S a numerical semi-
group, we shall describe Pinkham’s algorithm [25] to construct a deformation Y admitting
a G,p-action. Starting from the infinitesimal deformation associated to @, T3 (¢), by
means of a finite number of steps one can obtain such deformation (with the greatest pa-
rameter space). Each step consists in the lifting of a deformation on X = Spec F[e]/(€)"
to a deformation on X’ = Spec Fe]/(¢)"+!.

Further in the last step we recall Pinkham’s construction (when possible) of a projective
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regular curve C admitting S as semigroup at the point P, (see [25, 13.3]). This construc-
tion is the main ingredient for the proof of Theorem 3.9.

Step (0) The first step of the algorithm is the explicit computation of a F-basis E for TBI.

Step (1) Let r be a (p x ¢) matrix of relations among the generators { f;} of I.
For each g; € E construct a (p X g) matrix p; = pj(xo,...,xx), such that R=r+¢€p;isa
relation matrix among the equations of F' = f +¢€g;, i.e.,

(r+ep))(f+egj) =rf+e(rg;j+p;f) =0 (mod e?).
A matrix p; such that p;f = —rg; exists since any g € Homp(I /I?,B) is a derivation
(3.15.2), and so the matrix rg has entries € I, for each g € Homg(I/I?,B). In fact if
Yrifi=0,then0=g(Yrifi) = L rig(fi) + X g(ri) fi=Yrig(fi) mod I, i.e. Yrig(fi) €L
Hence any relation among the ( f;) lifts to a relation R among the (F;), so that the projection
mis flat (3.19). Let E =< g1,...,gm > be the F-basis of @, Ty (£): assign a parameter
U; to each g; with

weight(U;) := —deg(g;).
We obtain homogeneous equations

F =f+8(g1U1 —|—...—|—gmUm) € F[Ul,...,Um,xO,...,xk]

for a deformation ¥; of X with base space Spec F[e]/(g)?.
By linearity the matrix p :=U;p1+...+Unpm 1s such that r 4+ €p is a relation matrix
for F.

Step (2) Now, called g:= (g1U; + ... +gmUn), look for a vector & and for a matrix p’
such that

F=f+eg+€’h and R=r+ep+e2p’
verify

RF =rf+e(rg+pf)+&*(pg+rh+p'f)=0 mod ()’

RF =€*(pg+rh+p'f)=0 mod (¢)>

Note that pg is quadratic in Uy, ..., U,,, therefore both p’, i will be quadratic in Uy, ..., Up,.
To solve this equation we must impose several conditions to the variables {Uj,...,Uy},
but a solution exists since X has a versal deformation by (3.12).

Step (n) The matrices to find have entries of degree nin Uy, ..., U,,. We already know that
the algorithm ends. Surely it ends when deg(U;,...U;,) > deg(f;) V jand V (iy,...,ip).
In fact at this step the needed matrices are null by the theorem of existence of a versal
deformation for X admitting a G,,-action [25].

Last Step Let R :=[F[U},...,U,]/J, £ = Spec(R) be the parameter space of the con-
structed deformation Y of X with Gy,-action and let F = f+Ug1 + ... + Upgm +

U12h11 + ... be the defining equations of Y. Substitute U,-kaiilght(Ui) for U; and let
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A :=R|xp,...,xx1]/(F). Then the morphism 7 : Proj(A) — X is flat and proper with
fibres reduced projective curves [25, 13.4]. The generic fibre €, has only one regular
point Poo(¢"0 : ¢ : --. : " : 0) at infinity. If one fibre C is regular, then the semigroup
associated to the pair (€, P.) is clearly equal to the semigroup S.

54 Examples

In this section we show the above algorithm in some particular example.

4.A The case of embedding dimension 3

First we calculate explicitely a deformation with G,,-action for a monomial curve X C A]%.
4.1 Example LetS=<4,9,11 >, B=TF[S], X := Spec B.

The conductor is ¢ = 15, the Apery setis A = {ny=4,n; =9,n, = 11,n3 = 18}.

The equations defining the curve X in F|xp,x1,x2] are

A=x—x1x, f=xxi—x5, f3=-x+x0
with matrix of relations: r = ( —x% x}‘ XOZ) = ( 1 ) and Jacobian matrix
X] —X; —X2 r
52 —xixp  —Xx
of Of: oFf: 0 142 142
J() = ( X0 fj,xl f] , X2 fj) = xox% ZXOX% —2)6%
dxo~ Idx; T Idx 4 3 4
dxgxy  —3xy XoX2
0 0 5 -1 —1
Jo=| 0 20 1 2 =2 (mod I).
0 0 ¥ 4 -3 1

Let A; := xi%, i =0,1,2 (degree 0 derivations).
Step (0) One can easily see that T (B) is generated as B-module by

TH(—18): +8(A;—Ay) =Dy
T'(—16): t7'5(A|+Ay) :=D>
T'(—11): (A +Ay) :=Ds.

with images the classes mod I of

0 —2)C() —2)61
<g1= dxo |, g2 = 0 |,8= 0| >
—4x1 —2x» —ng

( Note that as F-vector spaces we have dimp7!(B) = 17, dimpT!(B)~ = 15).
Step (1) Using the above algorithm (restricted to three generators) we get the infinitesimal
deformation



7+ Spec(F(e]/(2)” © Flxo,x1, %] /h) — Spec(Flel/(e)?),
with U; € F, I generated by the rows of F; = f+€g, with g=U;g1+Uyg>+ Uzgs:

0 X0 X1
Fi=f+¢ |U X0 +U; 0 +Us 0 , Weight(Ul,Uz,U3)2(18,16,11).
—X1 X2 Xg
In fact there exists the matrix p = —Us 0 0 such that (r+e€p)(f+e€g)=0
U —Up Us 8=

(mod (€)?, i.e., (rg+ pf = 0) (this assures 7 is flat, with R := r+ €p relation matrix
for F1):

o U355 <51 .
U, (—xg +x1x2) + Uz(xox% —x%) +Us (—x? +x3x2)

Step(2) Now look for h,p’ such that F, = f +eg+¢&?h and Ry =r+ep+&p’
satisfy FoRy =0 (mod (£)3), i.e., pg+rh+p'f =0. Get

P o —U2U3X()—U32)C1 o
& —U1Uxxg — UUsxy + Ui Usxg + U Usxy + U Usxg +U32xg

—X2 X1 X0

< 0 0
2 . 2
T TR —UsUs UrUs
Finally one can see that ph =0, therefore we can choose p’ =0. Hence the algorithm
ends at the second step and a deformation of f on Spec F[U},U,,Us] has homogeneous
weighted equations

Usxo+ Usxg 0
F=f+ Uixg + U32
—Ujx; —l—UzXz—FUg,Xé U,U;

4.2 Remark Note that in the entries of the matrix / the coefficient of U 12 is null. This is
clear since deg(U}) =36 > deg(f;), Vi=1,2,3, and the equations are homogeneous
according to the existence of a (,,-action. Hence if we restrict to g1, we get the deforma-
tion

7Y = Spec(F[U\] ® Flxg, x1,x2]/J) — A
with the ideal J generated by the rows of

5 5
Xy —2x1x% 0 2xo —2xlx2
F = XQXT — X5 + U X0 = xox7 — x5 +Uixo
—x% +x3x2 —X1 —x% +x3x2 —Uix;

The algorithm ends at step (1) with smooth parameter space AIIF. The Jacobian matrix of
the generic fiber of 7 is

5x3 —X2 —X1

x% + U, 2x0X1 —2x
3 2 4
dxgxy  —3x1—U; X

One can check that the generic fiber is non singular.

The general 3-Space case. By means of a costruction due to Patil-Singh [23] we can
compute directly the equations of the monomial curve associated to a semigroup
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S =< ng,ny,ny >. In this case we already know that every semigroup singularity is
smoothable by Shaps’ paper [29]: here the equations of a deformation are obtained as
minors of a suitable matrix. Let S =< ng,ny,ny >, ng < n; < ny, let Ap(S) be the Apery
set respect to ng and let

{

uny = Ang+wno, A >1

vy = Ung+zny, v>2, v>w 0<z<u
further:

(A+u)ng=(u—2z)n;+ (v—w)ny.

By [23] we know that the curve is a complete intersection <= zw = 0.

Then assume zwu # 0: we get the following generators for the ideal I and the relation

module r of X:

u:=min{n € N |un; €<ng,ny >, un; ¢ Ap(S)}
v:=min{n € N |vny €< ng,n; >}

Then

().

fi=x{— x%x%”
fo= o

f3 =2y =X
Let e; denote the i — th unit row vector. By Shaps’ algorithm we get the following set of
generators of Hom(I /I?, B) as a B-module:

1=

A+p . _
_xO s r=

V—w A

( _x% Xy —Xp
w U—z

X0 —X

fi— det(el,el,rg) =0 fi— det(el,rl,el) = 0
hip: f2 — det(el,ez,rz) = let—z hip: fz — det(el,rl,ez) = x(}
fyr—=det(er,e3,mm) = xy fz—det(er,ri,e3) = i
fi—det(ez,eq,mm) = —xi ¢ f1 > det(ep,r1,e1) = —xé
h1 fordet(er,er,mm) = 0 hy frr>det(ez,r1,e2) = 0
fa > det(ey,e3,mm) = xg fa = det(ey,ry,e3) = XE_W
fi—det(ez,e,rn) = —x fir>det(es,ri,er) = —xj
h31 fr— det(ez,eg, r2) = —xg h3o - fr— det(e3,r1,e2) = —XEiW
f3— det(el,eg,rz) = 0 f3— det(e3,r1,e3) = 0

We can construct the infinitesimal deformation (not miniversal, since dim TB1 is greater,
in general, but the other generators as vector space have greater degrees ).

0 0

- —Xo
F=f+e|U | X |+ | £} | +Us 0 + Uy 0 +
Xy X X X"
i -
+Us —xg +Us| x " = f+eg.
0 0

With: weight(Uy,...,Us) = ((v —w)na, ung,zny,wna, Ang, (u—z)ny).
. . — . [ -U —-U; —Us
A relation matrix for F is R=r+¢€p, with p = U, —U, —Us ) .

In fact

() )

Journal of the Indian Institute of Science | VOL 91-1 Jan-March 2011 journal.library.iisc.ernet.in

Jres () vos(

/3
0

o)



Now the equation (r+¢&p)(f+eg+¢e?h) =e(rg+pf) +€*(pg+rh) =0
has the solution

UsUs — UsUs
h=| UUs—UU;g
U Uy — UsUs

Further the entries of 4 are the 2 X 2 minors of the matrix p so that ph = 0: hence there
are no obstructions (conditions on {U;} necessary to have flatness).
The lift to a deformation with parameter space Spec(F[U,...,Us)) is

0 0 —)Cllkz —x(’}
F=f+U | {7 |+ | 5 |+Us| O |+Us[ O |+
Xy X X "
—XEV —xﬁ U3U6 — U4U5
+Us | —xy | +Us| 5" |+ | UaUs—UiUs
0 0 UUs —UUs

Since X is smoothable [29], we deduce in particular that (0,0,0) is a regular point on the
general fibre: hence

le{u—z,z,v—wwA,u}.

4.B The example of Buchweitz.

We show what happens in the following case of a non-smoothable monomial curve.

4.3 Example This example due to Buchweitz [2] shows the first known case of non-
smoothable monomial curve (see [2]). We calculate explicitly the miniversal deformation.
Let

S=<13,14,15,16,17,18,20,22,23 >
The ring B = FF[S] has 32 equations in F[xo,...,xg] (found by means of CoCoA [5]):

—x% —+ xpx2 —x% +x1x3 —Xx1X2 + X0X3 —x% + Xx2x4
—X2X3 +X1X4 —X1X3 +X0X4 —Xi +X3X5 —X3X4 + X2X5
—X2X4 +X1X5 —X1X4 + X0X5 —x% + x3x6 —X4X5 + X2X¢g
—X3X5 +X1Xg —X2X5+ X0Xe x(z))q - x% —x(Z)X3 + XeX7

—x% +Xx5x7 —x(3) +x4x7 —X5%X6 + X3X7 —X4X6 + X2X7
—X3Xg +X1X7 —X2Xg + XoX7 x(Z)X5 - x% —X(0X1X5 + X7X8
—x(z)x4 + XeXx8 —x%xz + xs5x8 —X5X7 + X4x8 —X4X7 + X3X38
—X3X7 +X3Xg§ —XpX7+X|X§ —X1X7+ XoX§ —X%X6 + xé

The Jacobian matrix whose rankp is 8 if P € X, P # (0,...,0) is the following:
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X8

— 2x0x6

—2x1 X0

X3 —2x
—X2 —X1
0 X4
X4 —X3

—X3 0
0 0
0 X5

X5 —X4

—X4 0
0 0
0 X6

X6 0
0 —X5
x% 0
0 0
0 0
0 0
0 0
0 X7
X7 0
0 —X6
0 0
—X0X5 0
0 0
0 —x(z)
0 0
0 0
0 X8
X8 —X7

—X7 0

0 0

X1
X0

—2)63

—X>

—X1
X5

—X4

SO O OO

0

0
0

0

2
X0

—X0X1

0
X8
—X7
0

0
0
0
0

cReololeolNoNoNoRloloRe)

—2x6
X7
—2x6
0
—X5
—X4
—X3
—X>

0

cococococog

2
_xo

cleoeoNeoNoloNeohohololoNoNeoReoR o]

—2X7
X3
0
0
—X5
—X4
—X3
—X
—X]

0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

X7
X6
X5
X4
X3
X2
X1
X0
ng

Now we summarize the computation of dim 73 (¢) by means of the formula

dim T (¢) = #G,— 1 — py.

It is useful to consider the Jacobian matrix evaluated in P(1,...,1) with the rows ordered
by degree: here the first column shows the weighted degrees of the equations.
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X0 X1 X2 X3 X4 X5 X6 X7 X8

deg| 13 14 15 16 17 18 20 22 23
2801 -2 1 0 0 O O 0 O
29( 1 -1 -1 1 0 0 O 0 O
30, 0 1 -2 1 0 O O 0 O
3( 1 -1 0 -1 1 O O 0 O
31 0 1 -1 -1 1 0 0 0 O
31 1 -1 0 0 -1 1 0 0 O
32,0 0 1 -2 1 0 0 0 O
3200 1 -1 0 -1 1 0 0 O
33( 0 0 1 -1 -1 1 0 0 O
33( 1 0 -1 0 O-1 1 0 O
34, 0 0 O 1 -2 1 O 0 O
34, 0 1 0 -1 0 -1 1 0 O
3s( 0 0o 1 0 -1 -1 1 0 O
s 1 0 -1 0 O O -1 1 O
36, 0 1 0 -1 O O -1 1 O
(deg““))_ 3/ 0 0 0 1 0 -2 1 0 0
3%6( 1 -1 0 0 O O 0 —1 1
37 0 1 -1 0 O O 0 —1 1
37, 0 o 1 O -1 0 -1 1 0
38, 0 0 1 -1 0 O O —1 1
3, 0 0 0O 1 O -1 -1 1 O
39(-3 0 0 O 1 O O 1 O
39,0 0 0 1 -1 0 0 —1 1
40( 0 O O O o0 1 -2 1 0
40( 2 1 0 O O 0 -2 0 O
40/ 0 O O O 1 -1 0 -1 1
411-2 0 -1 0 O 1 O O 1
421-2 0 O -1 O O 1 1 O
431 -2 0 O O -1 O 1 0 1
41 2 0 O O O 1 0 =2 0
45/ -1 -1 0 O O -1 0 1 1
46(-2 0 O O 0 0 -1 0 2

The matrix associated to degree 0 derivations mod 7 is
0 ... 0
; 0o ¥ ... 0
o= (x’gg) e ).
0 0 ..

Now we show that dimg T} = 21
neous system associated to the m
Step (0) First for each ¢ € Z we

; to find a basis for T} (¢) we have to solve the homoge-
inor of J(1) formed by the rows of weight € H.
describe the subsets G, H,.
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(G #G, H p  dimT7/
23 {0,..,7} 8 {28,..,35,42,44} p=7 0
22 {o0,..,6,8} 8 {28,..,34,41,43,46} p=7 0
21 {o,...,8} 9 {28,.,33,40,42,45,46} p=8 0
-20 {o,...,5,7,8} 8 {28,..,32,39,41,44,45} p=8 0
-19  {0,...,8} 9 {28,..,31,38,40,43,44} p=8 0
—-18  {0,..,4,6,7,8} 8 {28,..,30,37,39,42,43} p=8 0
-17  {0,..,3,5,..,8} 8 {28,29,36,38,41,42} p=7 0
—-16 {0,1,2,5,6,7,8% 7 {28,35,37,40,41} p=7 0
—-15  {0,1,3,...,8} 8  {34,36,39,40} p=7 0
-14  {0,2,,...,8} 8 {33,35,38,39} p=7 0
—-13  {1,..,8} 8 {32,34,37,38} p=7 0
-12 {0,...,8} 9 {31,33,36,37} p=7 1
11 {0,...,8} 9 {30,32,35,36} p=7 1
-10  {0,..,7} 8 {29,31,34,35} p=6 1

-9 {0,...,6} 7 {28,30,33,34} p=5 1
-8 {0,...,6} 7 {29,32,33} p=5 1
-7 {0,...,5} 6 {28,31,32} p=4 1
-6 {0,...,5} 6 {30,31} p=4 1
-5 {0,...,4} 5 {29,30} p=3 1
—-4 {0,1,2,3,8} 5 {28,29} p=2 2
-3 {0,1,2,7} 4 {28} p=1 2
-2 {0,1,8} 3.0 2
-1 {0,6,7} 3.0 2

1 {56} 2 0 1

2 {4} 1 0 0

3 {3,5} 2 0 1

4 {2,4} 2 0 1

5 {1,3} 2 0 1

6 {0,2} 2 0 1

Step (1) By using “FreeMat” (see [11]) we can construct the miniversal deformation
(we present in detail the case [ = —12 with H; = {31,33,36,37}.
Let a be the submatrix of J(1) formed by the rows with degrees € H;:

X0 X1 X2 X3 X4 X5 X6 X7 Xg

deg |13 14 15 16 17 18 20 22 23
31 0 1 -1 -1 1 0 0 0 O
3141 -1 0 0 -1 1 0 0 O
3340 0 1 -1 -1 1 0 0 O
a= 33| 1 0 -1 0 0 -1 1 0 O
3640 1 0 -1 0 0 -1 1 O
3640 0 0 1 0 -2 1 0 O
3641 -1 0 0 0 0 0 -1 1
3740 1 -1 O O O O -1 1
37090 0 1 0 -1 0 -1 1 0
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Step (1.1)
Write the matrix b obtained by deleting the deg-column in a, find rank(b) and a total
reduction ¢ of b, that is

cleololeoloNeoNel "
clololeoNeNel S =R
ecleoleoNel S iR
S OO, OO OO
SO, OO OO
O=R OO OO OO
&4
O B~ N 0O

o
I
coococococoo~

o
]
]
o

0

)

Step (1.2) Let A; := xi%, i=0,...,8 (degree 0 derivations). Find the degree-0 deriva-
tion whose coefficients are a solution of the homogeneous system associated to ¢ and by
using the Euler’s identity, we obtain a solution where the coefficient of Ag is null. Then:

Ta(—12) =<t 2A(1) >, with A(1) := Ay +2Ay +3A3 +4A4+5As +TAg +9A7 + 10As.

Step (1.3) Lete:=[0,1,2,3,4,5,7,9,10]7, to obtain the image g; of A(1) make the
product:

T
J(1)e= [ 0,0,...,0,13,0,0,—13,0,13,13,13,—13,13,13 ] and so A(1) takes f to g =
[tzs,t29,t30,t30,t31,t31,t32,t32,t33,t33,t34,t34,t35,t35,t36,t36,t36,t37,t37,t38,t38,t39,t39,t40,

l‘40 t40 t41 t42 l‘43 t44 t45 t46] *J(l)e —
[ 0,0,...0,13127,0,0,—13¢%8,0,13:%,13r3°, 13131, — 13132, 13133 1313 ]T =

32
[ 0,0,...0, 13x0x1,0,0, —13x2,0, 13x1.x5, 1322, 13314, — 13315, 13135, 1323 |7 € <M2> .
(Here * denotes the pairwise vector product). Analogously we have:
TH(—11) =t < A1) > .
frrgr=10,0,..0,13%,0,0,—132,0,13%, 1331312, — 133,133,133 | =

32
[ 0,0,...0,13x2,0,0, —13x1x2,0, 1322, 13314, 133165, — 13155, 1322, 13xx5 |7 € <M2) .
T3 (—10) =t 19A(2) with A(2) := A +2Ay +3A3 +4A4 + 5As + TAg + 9A;.
With image 23 :thO[IZS t29 t30 130 t31 t31 t32 Z32 t33 l‘33 t34 t34 135 t35 136 t36 136 t37
137,138 138 139 139 440 440 (40 441 442 443 144 445 14614(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
-10,-10,0,-10,0,13,-10,0,-13,-10,3,13,3,-13,3,-7] = [0,...,0,-10:2° -10¢%7,0,.....].

32
Therefore f +— g3 € <M2> . In the same way one obtains:

Th(—9) =110 < A(3) >, with A(3) = Aj +2A+3A; +4A4+5As + TAg;
T4 (—8) =t~8 < A(3) > . Further one can find that

Tg(—=7) =177 < A; +2A3+3A3 +4A4 + 5As >

T (—6) =175 < Aj +2Ay +3A3 +4A4 + 5A5 >

Tg(—5) =17 < A; +2A0 +3A3 +4A4 >

Tg(—4) =t < A; +2A2 +3A3, Ag >

Tg(—3) =13 <A1 +2Ay, Ay >: T (=2) =172 < Ay, Ag >

Tg(—1)=t"' <A, A7 >

Ti(1) =t <As>

T3(3) =13 < As >
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Th(4) =1* < Ay >
T3(5) =1 < Az >
T3(6) =15 <Ay >.

32
We conclude that each generator of T sends f + g € <M2> .

Hence all the hypersurfaces defined by the equations F; € F|xo,...,x3,04,...,0p1], i =
1...,32 of the miniversal deformation are singular at P(0,0,...,0,@,...,0;). In partic-
ular every fibre Xr is singular: this means that X is non-smoothable.

§5 Arithmetic sequences of embedding dimension four.

In this section using the above algorithms we prove that semigroups of embedding
dimension four generated by an arithmetic sequence are Weierstrass.

First we recall how to find the generators for the ideal / of the monomial curve associated
to the semigroup. We refer to the paper [24] and we use the same notations.

5.1 Notation Assume S =< ny,...,np,,n,41 >, with n; = ng + id (minimal system of

generators), and denote by Ap(S) the Apery set respect to ny.

Leta,b € Nsuchthatng =a(p+1)+b, witha>1, 0<b < p.

Foreachr € N, let g;, r, with 1 <r, < psuchthatt =q,p+r, let g := g;n,+n,, and let
u:=min{r e N| g ¢ Ap(S)}
v:i=min{n € N |vn, | €<no,...,n, >}

gu=Ang+wnpi1, A >1
Vi = Ung+g, v2>2, v>w, 0<z<u (%)
further :
(A+p)ng=gu—z+(v—w)npi1.

Then

Itis easy toseethatu =p+1, A=w=1 and

ifb=0, then z=0.

If b>1,thenv=a+1, u=a+d>2, z=p+1->

and a minimal set of generators for the ideal / is the union of the following sets:

T B if i+j<p, 1<i<]
Voo xixg =i jopxp if i+ j>p, 1<i<j<p-1

Oi = x14iXp —Xixpr1 With 0<i<p-—1
l//j:xbﬂx;;ll—xng with 0< j<p-—b

Y u
0= X1 — X0 Xp+1-b-

Now we deal with the case p =2 (embdim(S) = 4): here
{&j} = (&} = {¥f —xox2}, with deg(&11) = 2n,
{0} = {00, 01} = {x1x2 —xox3, X3 —x1x3}, deg(¢o) = ny +na, deg(¢1) = 2ny,
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(v} = {vo,y1} = {X1X§_11:X(1)+“7 xoxy ' —xhxi} if b=1, deg(yy) = uno+ny,
{wo} = {xy ' —x "} if b=2, deg(yo) = (1+)no,
0 _ Xy —xhxpi1-p, deg(8)=pno+nyi1_p if b=1,2
Xy — Xy, deg(0) = ung if b=0

Hence the equations for the associated monomial curve in A* are :

x% — XoX2

2
X7 — X0X2
X% — xox2 X1X2 — X0X3 !
X1X2 — X0pX3 X% — X1X3 XéXQ —X0X3
(b:O) 2 §(b:1) v—1 141 ;(bZZ) X5 —X1X3
v M v—1_ [ XXy =X
Xy —xgxg 370

5.2 Lemma Assume S =< ng,ny,ny,n3 >, minimally generated by an arithmetic se-
quence. With notation fixed in (5.1) we have:

1. T (—ung) =<t H0(A; +2A + 3A3) >.

2. Further in case b =2, we have
T (—(v—1)nz) =<t~ V=Um (A 4245 +3A;3) >
T3 (—ny) =<t72(2vA; + (v+1)Ay +243) >

Proof. (1). With notations (3.14) and (5.1),assume ¢ = —ung. Further recall that u > 2.
Hence #G, = 4. Now proceed separately according that b =0, 1,2.

(Case b = 0). Easily one can see that ~ Hy = {2ny,n; +ny,2ny}.
The degree 0 Jacobian matrix in this case is

—XpX2 Zx% —XpX2 0
J(O) _ (Xi%) _ —X0X3 X1X2 x1x22 —X0X3
axi 0 —X1X3 2)62 —X1X3
— ,uxg 0 0 vy

The evaluation of this matrix in P(1,...,1) € X is
-1 2 -1 0
-1 1 1 -1
o -1 2 -1
—u 0 0 v
Then dim(V;) = 2 and dim(7} (—pung)) =4 —2—1= 1. A vector (0,a,b,c)” such that
J(1)(0,a,b,c)T has the first three entries null is (0,1,2,3)7. We obtain that a basis of

Ta (—ung) is t M (A; 4240 4 3A3).

J(1) =

{2n1,n +ny} ifv=2
{2n1,n1 +m,2ny} ifv>2 "
2ny —ung =ny+ (1 —p)ng ¢ S since u > 2 and {n;} is a minimal set of generators,

(Case b=1). We have H) = In fact
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ny+ny— pung =3d — (UL —2)ng ¢ S, since ng + 3d = n3,

nog, ifv=2

2ny — Ung =3n, —vny = (3—v)ng+ (6 —3v)d = <ng ifv>2

for any other generator f; of the ideal 7, obviously deg( f;) — nng € S.
The deg 0 Jacobian matrix is

—XpX2 2x% —XoX2 0
—X0X3 X1x2  X1X2 —X0X3
10)= (x52) = A
ox; —(1+u)xy ™™ x1x5 0 (v—1)x1x}
—uxgxl —xgxl xzxg_l (v— l)xzxg_l
— [.Lxg X 0 —xg X2 VX3

The evaluation of this matrix in P(1,...,1) € X is

12 -1 o0
I T T
0 -1 2 -1

TO=1 _4w 1 0 @-1
-u -1 1 (v=1)

—u 0 -1 v

In both cases we see that dim(V;) = 2. Then dim(73 (—png)) =4 —2— 1 = 1 and analo-
gously to case b = 0, we recover the same basis for Ty (—pny).

(Case b =2) Asabove: Hy={2ny,n| +ny,2n,} because
2ny — ung =ny+2ny —vnz = (3—v)ng+ (5—3v)d ¢ S (it is < ng).

The degree 0 Jacobian matrix in this case is

—X0pX2 2x% —XpX2 0
—X0X3 X1xX2  X1X2 —X0X3
J(0) = 0 —X1X3 2x% —X1X3
—(1+ /.L)x(l)ﬂl 0 xoxy ' (v— D!
— uxg X1 —xg X 0 vy
this matrix evaluated in P(1,...,1) is
—1 2 -1 0
—1 1 1 —1
J(1) = 0o -1 2 -1
—(I+u) 0 1 (v—1)
—u -1 0 %

Therefore dim(V;) = 1, a basis for T4 (—ung) is t #"0(A] +2A; + 3A3).

(3). Let £ = —(v— 1)n3. Then:

_[Hon2y, irv=2 [ {2m) ifv=2

Ge= {0,1,2,3}, ifv>2 " "7 | {2n1,n +nm,2mp} ifv>2 "
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In fact: 2ny—(v—1)n3 <2n;—n3=no—d ¢S
n+n—v-—1n=ny €S, ifv=2,n+n—(v—1)n3<0,ifv>2.
2np— (v—1nz=mn €8,ifv=2,n+n3— (v—1)n3 <0, if v > 2.
for any other generator f; of the ideal / , obviously deg(fj) — ung € S.
In both cases we conclude that diim(T} (¢)) = 1, with basis

08 (AL +2A5 +3A3).

Let now ¢ = —ny. Then: G, ={0,1,3}, Hy={vns}.

In fact assume vnz —ny € S, i.e., vay = ang + Bny + yny + Onz, with y > 1, then 6 = 0 by
the minimality of v; B > 1 = (since vnz = ung+ny) ung+n; =ong+ (f—1)n; +
(y—1)np +np+n3 = (v—1)n3 €< ng,n,ny >, contradiction. Then = 0 and so
vni = Qng + yny, impossible since the residues mod ngy cannot be equal. We conclude
that dim(7 (¢) = 1 and a basis is t 2 (2vA; + (v + 1)Ay +2A3).

In next theorem we prove that any semigroup generated by an arithmetic sequence with
embedding dimension 4 is Weierstrass. Further we find the equations of a 1-parameter
flat family of smooth projective with only one point P at infinity and the semigroup
associated at P equal to S. This is done by using Pinkham’s algorithm [25].

5.3 Theorem With notation 5.2, assume the semigroup S =< ng,ny,n,n3 > minimally
generated by an arithmetic sequence and let X := Spec(F[S]): then X is smoothable and
S is Weierstrass. More precisely there exists one deformation Y of X with smooth generic
fibres (projective curves) and parameter space A]i‘ :

0 X} — X%
1. If b=0, the equations F = f+Ux}"™ 8 - iéxz; zoxs
2 T AL1A3
1 x5 — xg +U Ximo

define the required deformation @ :Y — AllF.

0 X% — X0X2
0 X1X2 — X0X3
2

0 Xy —X1X3

2. If b=1, the equations F = f+Ux"" = _ 1

f 4 S 4 X0 xlxg ! —XO_HL + UxOmeo

X1 xzxg_l —xgxl + lexffno
X2 x5 — xg x+U xzxff "o

define the required deformation &t : Y — AIIF.
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2 n
xj — Xxox2 + Uxox, .
X1X2 — Xo0Xx3 + Ux1x42
2 2.2m
3_ If‘bzz’ F: XZ_X1X3_U X4 =
_ 1 —1 _ -1
X5 ! —x0+” + szxgv s Ux, lxzz +U zxé(lv s+

v—1)nj3
Xy —xgxl -l—prcE1 )

X0, 0
X1, 0

=f+u| O +U? |
xzxé(‘vfl)nj; +x§_1x22 x‘(tvfl)n3+n2
x3x4(tvf 1)ns 0

define the required deformation w:Y — AIIF.

Proof. (Case b = 0). In this case the image of the element found in 5.2 for TB1 (—ungp)
(eigenvector) and the relation matrix among the generators of the ideal are: g; =

(0,0,0,1)7,
X2 —X1 X0 0 X2 —X1 X0 0
—X3 X2 —X1 0 —X3 X2 —X1 0
r= xg — X} 0 0 x% — X0X2 = —f+ O 0 fi
0 Xg — x; 0 X1X2 — X0X3 0 —f4 0 f2
0 0 xg — X3 x% — X1X3 0 0 —fia f3

Hence an infinitesimal deformation of X is given by the equations F = f +eUg;.
By a direct computation one has

0

0 0 0 00 0

0 0 0 00 0

rUgi=U | fi , p= -U 0 00|, pga1= 0
h 0 U 00 0

f 0 0 —U 0 0

0

Following the Pinkham’s method [25, (1.16)], we consider the weighted homogeneous
projective space Proj(F[xo,...,x4]), weight(x;) =n;, for 0 <i <3, weight(x4) =1)
and substitute the variable U with U xf "0 (U parameter); therefore we get the deformation
Y with parameter space S = A! and fibres which are projective curves with only one
(regular) point at infinity P = (#70 : ---:¢" : 0), t # 0. The equations are

F=f+Ugxi"™.

To verify that the fibres Yy, U # 0 of the family are non-singular curves it suffices to
put x4 = 1 and study the rank of the jacobian matrix of the affine curve Yy N (x4 # 0).
Now this matrix is equal to the jacobian matrix J of the curve X. We already know that
rankp(J) =3 if P # (0,...,0).

—X2 2x 1 —X0 0
7 —X3 X2 X1 —X0
o 0 —Xx3 2x @ —Xx

pu—1 ~1
— X, 0 0 g
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Since by the equations of Yy we get P € Yy = P # (0,...,0), we are done.

(Case b = 1). In this case the image of the element found in 5.2 for T (—ng) (eigenvec-
tor) and the relation matrix among the generators of the ideal are

X2 —X1 x O 0 0
0 —X3 X2 —X1 0 0 0
0 xg_l 0 0 —x1  xo 0
‘ 0 B 0 ! 0 —x» 0 xo
§1:= x0 |’ = xg —ngl 0 O X1 —Xp
X1 0 xg —xg_l —X3 X3 0
=) 0 0 x5 0 x» -—x
0 0 xg 0 —X3 X2
By a direct computation one has
0 0 0 0 00O 0
0 0 0 0 00O 0
0 0 0 0 00O 0
0 0 0 0 00O
rUgl—U fl y P = U 0 000 0 y P81 = 8
b 0 -U 0 00O 0
0 0 0 0 00O 0
Vi 0 0O -U 00O

Following the Pinkham’s method as above, we substitute the variable U with U xff "o

parameter); therefore we get the deformation ¥ with parameter space S = A! and fibres
which are projective curves with only one regular point at infinity P = (£"0 : -+~ : 3 :

0), t #0.

The equations are
F = f—|— Uglximo.

To verify that the fibres Yy, U # 0 are non-singular curves it suffices to put x4 = 1 and
study the rank of the jacobian matrix of the affine curve Yy N (x4 # 0). This matrix is

—X2 2x1 —X0 0
—X3 X2 X1 —X0
0 —X3 2x» —X1
J ~(1+wxh+U x5! 0 (v—1Dxx5 2
—,uxg_lxl —xg +U ngl (v— l)xzxy2
— ,uxg 1 0 —xg +U vngl

We claim that the rank of J = 3 if U # 0 hence by the jacobian criterion of regularity
we deduce that the fibres ar smooth for U # 0, i.e., the curve X is smoothable and the
semigroup is Weierstrass.

In Py(0:---:0,1), U # 0 we have the non-null minor  det

oo
o o
T oo

If P # Py (P belonging to the fibre Y of the canonical projection 7t : ¥ — Al), according

Journal of the Indian Institute of Science | VOL 91-1 Jan-March 2011 journal.library.iisc.ernet.in



to the equations of Yy and since v > 2, we have

2x1 —X0 0
det X2 X1 —X0 = x;flx(z) +(v— 1)x1x§*2(2x% +xpx2) =
ngl 0 (v— l)xpc?2

= x5 2x0[xox3 +3(v — Dxxa) = (3v —2)x2xy 2.
If xox3 = 0, by the equations we get only Fy. We are done.

(Case b = 2). In this case one can easily see that the generator found in 5.2 gives a
deformation with all singular fibres. Then we need to find a different suitable deformation
Y such that the rank of the jacobian matrix is ”generically” equal to 3 by the Jacobian
criterion of regularity. We claim that a deformation which verifies this condition is

F=f+Ug +Vgy+h ()

where g1, g, are the images of the basis of Ty (—(v— 1)n3) (resp T3 (—n2)) of (5.2.3)
and 4 is found by the flatness conditions.  Precisely, the relation matrix r among the
generators of the ideal and the vectors g1, g2,k are

Xy —X1 X 0 O 0 X0 0
—x3 x» —x 0 0 0 X 0
r= 0 xg_l 0 —x x |,gai=| 0|, &= 0 L h=| —Vv?
xg 0 xg_l —X7 X1 X xg_l uv
0 xg 0 —X3 X2 X3 0 0
To find A, by a direct computation we get
0 00 0 0O
0 0 0 0 0O
rUgi=\| —f | =-p1f, withpj=1 0 U 0 0 O [,
—f3 00U 00O
0 0 0 0 0O
—fi v 0 00 0
2 0O -V 0 0 O
Vg, =V 0 | =—pof, withpp=1 0 0 0 0 0 [,
—fa 0O 0 0V O
—fs 0O 0 00V
V. 0 000 VZxo
0 -V 0 0 0 —V2x
Thenp=| 0 U 0 0 O |, pg= xuv .
0 0 UV 0 UV + V237!
0O 0 0 0V UV
0 0
0 0
Further pg=—rh, with h=| —V? |, finally ph=] 0
uv 0
0 0

Following the Pinkham’s method as above, we substitute the variables U,V respectively
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with U xgv_l)"3 , Vsz; therefore we get the deformation Y’ with parameter space S = A?
and fibres with only one (regular) point at infinity. The equations are

x% — xox2 + Uxox))?

X122 — x0x3 + Ux )

X3 —x1x3 — szinz

xoxy ! — x(l)HL +U )cz)cé(tv_l)’13 +Vay W2+ U inv—l)m—&—nz
~1

Xy — xp X1 + nyciv 3

Finally we claim that the restriction to the line (U = V') C S gives a 1-parameter deforma-

tion Y with smooth generic fibre. Since the point P., is non-singular, we can put x4 = 1

and study the rank of jacobian matrix of the affine curve Y N (x4 # 0):

—x+U 2x1 —X0 0
—X3 x+U X1 —X0
J(Y)= 0 —X3 2x —X]
—(l—Htl)xg 0 X '+U (v—1)x % (x+U)
—uxhyxp =Xy 0 vy U

As in case b = 1 we can assume P # Py = (0:---:0: 1), P belonging to the fibre Y.
Consider the minor

2)61 —X0 0 2)61 —X0 0 2X1 —X0 0
det| xx+U x; —xp | =det Xo X1 —xgp |+det U Xy —xo | =
—X3 2)C2 —X1 —X3 2)62 —X1 —X3 2)C2 —X1
=-U X0X1.

If xo = 0 by the equations we get x; =0, x?l +U =0 and x, = +U, and so by the fourth
equation give Ux?’1 =0, impossible.

If x; = 0 by the equations we get x; = U (since xo # 0 by above), x3 = 0.

The fourth equation gives —xg iy =o.

Now the jacobian matrix in these points is

0 0 —xo 0
0 2U0 0 —X0
J(Y)= 0 0 2U 0
~(14+wxf 0 U (v—1)x 2 (+U)
0 x5 0 U
Recalling the fourth equation we see that the minor
2U 0 —x9
det| 0 20 0 |=200U>-x""=203
—xg 0 U

Hence rank(J(Y)) = 3 for each P € Yy, V U # 0. We are done.

5.4 Remark Note that in case b = 2,v > 2 the deformation Y’ of the curve X with
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equations

2
X1 — XpX2
X1X2 — X0X3
2
X5 —X1X3

_ 1
X1X3 l—x0+u 4+ Vxo
u
Xy —xpx1 +Vx

has parameter space A, but every fibre of this deformation has a singularity at the origin:
hence in general this construction does not give informations on the smoothability of the
curve X even if the algorithm to construct Y’ starting from the infinitesimal deformation
ends at the first step.
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