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ABSTRACT

In recent years the fast Fourier transform algorithm for .computing discrete
Fourier transforms has come into prominence. This development is basically due to
the fact that the computer time is reduced from N* to (N/2) log, N where N is the
number of discrete samples. This paper gives an exposition of the discrete Fourier
transform and the fast Fourier transform algorithm program for the calculation of
FFT for pulses is also given.
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1. INTRODUCYTION

Ever since the first paper on fast Fourier transform algorithm (FFT)
by Cooley and Tukey [1] momentum is gaining on the acceptance of this
algorithm as the saving in the number of computations is quite large. FFT
is basically an efficient method of computing the discrete Fourier transform
(DFT) coefficients. A number of papers [2-7] have been motivated by Cooley
and his group. Bergland [7] gives an exhaustive list of references on FFT
which have appeared in recent times.

The number of computations is reduced from N2 if a direct implemen-
tation of DFT is used to N/2 log,N, if FFT is used. The usefulness of DFT
is in its effectiveness to approximate the continuous Fourier transform (CFT).
The succeeding sections give a tutorial exposition of CFT, DFT and FFT.
Workable program is also appended.

e, — e ——

* Based partly on a paper presented at the Conference of the Computer Society of India,
February, 1973,
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2. CoNTINUOUS AND DISCRETE FOURIER TRANSFORMg

The continuous Fourier transform (CFT) of any signal x (1) is defined by

¥ Gl = _Z x () &3t df 0

and the inverse Fourier transform by

x() = o f X (w) el do, 0

The Fourier transf’orm pair (1) and (2) will be denoted by a double arrow
x (1) © X (w). (3)

In a similar manner the discrete Fourier transform (DFT) of a complex
sequence x (n) is defined by

N-1
X (k) = }if E l x (n) e—2mink/N (4)
and the inverse discrete Fourier transform (IDFT) by
% (1) = ’E‘X(k) g2minkin, (5
Let
e2xink/N — WN’”‘. (6)
The DFT pair (4) and (5) is then given by
N=1
X(k) =7 E ' x (1) Wk (M

N—1

x(n) = Z X (k) T

or in the symbols of (3)
x(n) o x(k). (8)

The relationship between CFT given by (1) and (2) and DFT given by (7)
will be derived. X (w) is sampled at intervals of k Aw apart (k =0, = 1,

5.3 A quantity 7= 27/Aw is defined and substitution of @ =
21'7'ka in (1) results in

X(kAw) = [ x(1) etrikirg, %
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The above integral can be split as follows:

- 3T 0 T (i+1) T
fe=i J FualtdF on [T ko
—o0 —{i+1) T -T 0 iT

The relation can be compactly expressed as
co (I41) T

Xkpw) = F [ x(t)etaiktirgy (10)

= 0O iT

The above relation can be rewritten by a change of variable of integration
to t — /T and by utilizing the periodicity of e—27ikur

X(kpw)= [ [ T x(t—im)]ermikma, (11)
or,

X (k Aw) = nf xp (1) 'e-2riktT gy (12)
where,

= 5 x(t—IT) (13)

- xp(#) is called the aliassed form of the continuous signal x (r). Since xp (7)
is a periodic signal with period T it can be expressed as a complex Fourier
series

Xp (N= X age™ ki, (14)

k = —00

The Fourier coefficients ax are given by

-
ap = lT f Xp (1) e—2mIkUT gy, (15)
(1]

Hence from (12)
ap = X (kAw) T
Substitution of this result in (14) yields

xp (f) = !T E X(kAOJ) ezwjkn.&t;r' (]6)
b= —00
To consider the effects of sampling in the time domain at points n A/,
n=40, &1, +2,..., (16) is written as ©

xP (HA‘) - 71_‘ E X(k&w) eﬂﬂ'jktﬂ'! (17)
f=—e
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Taking T/ At (= N) to be an integer and utilizing the fact that e2=iknw i 4
periodic function of %, (17) can be put in the form -

Xp(nAl) = T Z [Z X(kAw + fNAw)]eﬂ mikn/N (18)

§ = —00

Let
Xp(kAw)= X X[k + IN) Ac] (19

= —00

where Xp(w) = 2‘ X (w + /wg) is the aliassed version of X (w), wg being

=

NAw (= 27/ AY).
Substitution of (19) in (18) and the use of (6) result in

N—1
Txp(n A = X Xp(kAw) Wik (20)

k=0

(20) 1s exactly the same form as the DFT given by (7) if x (n) and x (k) are
defined by

x (n) = Txp(n) 21)
X (k) = Xp (k) (22)

where At and Aw have been dropped for convenience.
From (21) and (22) the sampled aliassed version of a continuous time

signal x (¢) and the sampled aliassed version of its Fourier transform X (w),
form a DFT pair.

Or if
x() & X(w)
then
Txp(n) & Xp (k). (23)

It 1s now instructive to compare Xp (w) with X (w). The relationship 15
shown in Fig. 1.

p (w) is a periodic function with the period equal to the sampling
frequency wg. There are essentially two parameters, ws (= 27/ A?), and
N{=T/At=ws/ Aw) 10 be chosen in un optimal manner. The manner
in which the choice of the parameters can be made is indicated next. If
Xp(w) is to approximate X (w) then the error in the approximation IS

¢=Xp(w) —X(w)= X X(wtlug) 170 (24

fm —00
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This error can_be ma@e as small as p_ossible by choosing wg as large as
possible and in the limit when ws is infinite the error is zero. If w,

X ()

le— Range of DFT —

Fic. 1 - .

is large then Ar must be made as small as possible. However,
At cannot be made too small since computer round off errors
will become significant. Hence a certain balance must be clearly maintained.
From Fig. 1, the value of wg 1s so chosen that the contribution of X (w)
for all | w | > wyf2 is very small. However, the actual form of X (w) may
not be known a priori. In such a situation bounds on errors can be set
beforehand and At is chosen such that the error beiween successive values
of At falls within the bounds prescribed. This could be programmed into
the computer. In any case At is chosen by some suitable method. Choice
of At fixes the sampling frequency ws.

Having chosen At the next step is to choose the interval Aw = 2n/
NAt = 27/T at which Xy (w) is to be sampled. For reasons to be explained
in the next section it is desirable to make N as 2 raised to some integral power
m. m should be large enough for a fine spacing of the frequency estimates.
One criterion may be to make 7 such that 1t at least covers the non-zero part
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of x (f). Figure 2 makes this point clear. However In many cases this value
of NAt will not give a finc enough spacing of the frequency estimates. Thjs

x(t)

e— NAt=T —

FiG. 2

is due to the fact that if the time function x (¢) falls rapidly to zero its Fourier
transform is spread out much more. Hence certain readjustments of NA¢
have to be made in the interests of finer frequency spacings. Once m, and
hence N, have been chosen the sampled aliassed time function xp(nAf)
= X x(nAt+ INA:?) i1s formed. If the input to the FFT algorithm is
the sequence Txp(nAf) the outlput is the DFT sequence Xp (kAw). In
summary, At? 18 chosen such that wg i1s large enough to cover the region
where X (w) is significantly different from zero. However, N is chosen not
necessarily to encompass the region of x(r) which is significantly different
from zero but to the degree of the fineness of the frequency resolution desired.

There is another matter to be made clear. Ordinarily, if X (w) is signi-
ficantly different from zero in the range |w|< wg/2 then Xp (w) will
approximate X (w) in this range

X (w) ~ Xp(w). (25)

However, the DFT 1s viewed as the N sampled sequences in the range

[0 — wg] of X (w). Asa consequence the negative w half of X (w) 18
reproduced to the right of the positive half of X (w).

X(w) m Xp(w) = 0< o< wg /)2
X (@~ wg) — Xp(w) wgf2< 0 ws. (26)

In (26) Xp(w) does not approximate X (w) in the interval 0 < w<< wg but
only in the interval 0 w<< w,/2. This is an important point to remember.
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3. Fast FOURIER TRANSFORM ALGORITHM (BASE 2)

Having shown in the previous section the connection between DFT
and CFT, FFT algorithm for the computation of the IDFT given by (7)

N—1

x(n) = Ea X (k) Witk (7

will be derived. From the algorithm for the IDFT the DFT given by

N-—1

XO =g D, xm Wk

P

can be obtained in one of two ways.

(a) If the input to the algorithm is the complex sequence x* (n)/N
then the output will be X™* (k).

(b) If the input to the algorithm is x (#)/N then in the structure of
W, in the algorithm must be changed to Wy ™k in which case the output
will be X (k). :

If (7) is directly implemented in ithe computer N? multiplications and
(N — 1)? additions are needed. For large N the number of computations
needed becomes prohibitive. The FFT algorithm will be shown to reduce

the number of computations.

The fundamental principles of the algorithm will be given before going
into programming considerations. The complex sequence input to the
algorithm, X (k), is divided into two subsequences X, (k) and X, (k), X; (k)
consisting of even numbered points of X (k) and X, (k) containing the odd

numbered points of X (k).

Xl(k)=X(2k) _ S
= A 1)} k=0,1,...N2—1. 27

Equation (7) can be rewritten by using (27)

Ni2=1 Ni2=~1

x(my= 3 Xy(k) Wiky, 4+ Wy\" T Xap(k) Wy,"* (28)

k=0 imD

n=0,1,2,... N— 1.

If the index » in (28) is restricted to 0, I,... N/2 — | then (28) can be
written as
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.Y(ﬂ)=x1 (n') I WNﬂxz(H) n=0, ],... N/Z"— ] (29)
where

x (1) o Xy (k) }
nk=0,1,.. N2 - 1.

X (m) © Xa (k) ’
The values of x(n) for N2< n< N — | are obtained, by utilizing the
periodicity of x, (n) and x,(n), as follows.

x(n + NJ2) = x; (n) + W72 x, (n). (30
By using the fact W% = — 1, (30) simplifies to
x(n 4+ Nj2) = x,(n) — Wg" x5 (n) n=0,1,... N2 — ] (31

(29) and (31) gives all the samples x (#) in the entire range [0, N — 1]. They
also demonstrate that a one N point analysis is equivalent to two N/2 point
analyses. This procedure can be continued for the resulting N/2 points.
If N had been started with 2™ samples then m such reductions are possible.
The number of computations needed for m reductions can be calculated.
If CN is the number of multiplications for the N point analysis then from
(29) and (31) there are two Cy/2 multiplications required to find x; (r) and
Xy (n) plus another N multiplications for finding the product W,"x,(n).
Assuming, as stated before

N=2m
then

Cn =2Cy;+ NJ2

Criz= 2Cm¢ + N/4

C, =2C, + 1. (32)
If (32) is solved for Cj

Cy = mN/2 = 1 Nlog,N. (33)

The FFT algorithm reduces the number of multiplications from N?* to N/2
log,N, a considerable amount of saving for large N. The number of addi-
tions are only a little more than the number of multiplications.

4. EXAMPLE OF FFT ALGORITHM

In this example the FFT algorithm is generated for a N = 8, The IDFT
for this case is

x(n) = I X (k) Wk, (34)

k=0
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Splitting x(n) into odd and even sequences equations similar to (29)
and (30) are written

x(n) = x,(n) + Wank Xz (n)
x(n+ 4) = x;(n) — W™ x,(n). (35)
In (35), x;(n) and x,(n) are given by

x, (n) & X;(k)

X () © Xa (0 (36)
where

X, (k) = X (2k) }

X, (k) =Xk + ). (37)

Splitting x, (#) and x,(n) into odd and even sequences results in

x, (1) = x3(n) + W3 x4(n) 0< n< | 38
NG D=~ W ] 0SS (38)

xs () = x5 (n) + W™ x¢(n)
x3(n + 2) = x5 (n) — W3 x¢(n)

In (38) and (39)

Xm(n) = X (0) + Wt Xy (1) } n
Xm+1)=Xn(0)— WX, ()| m

} 0< n< 1. (39)

0
4 (40)

4, 5, 6

I

and

X (k) = X (4k + 1) k =0, 1 o
(m, 1) =(3,0), (42,6, 1,63 @D

Substitution of (41) into (40) results in

Xmoy = X(r) + WQDX(‘I' -+ !') }(m: !') = (3: 0): (4: 2): (5: 1):
Xy =X () — WP X4+ 1) (6,3) (42)

Using (35), (38) and (42) the FFT algorithm as a signal flow graph is con-
structed.

From Fig. 3 it is seen that if the outputs x (n) are in their natural order
the inputs X (k) are in a bit reversed order. If the input sequence X (k)
Is stored in computer memory in the order then the intermediate results
can be stored in the same memory locations as the original sequence since
these are no longer required. This is possible because the intermediate
results depend only upon the sequence immediately prior to it and not to
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any other sequences or points. The final result x (1) will be in the natural
order. If the input sequence X (k) is stored in the computér memory in
its natural order then a different variation of Fig. 3 results. In this case
all the nodes at the same horizontal level as X (4) are interchanged with those
of X (I) and all the nodes at the same horizontal level as X (6) are inter-
changed with those of X'(3). In this interchanging process the arrows also
go with the nodes. The resulting signal flow graph is given in Fig. 4.

5. PROGRAMMING CONSIDERATIONS OF FFT

Another derivation of the FFT algorithm is given in this section which
deals in greater detail about programming and indexing and how the bit
reversal comes about. In the IDFT given by

N—1

x(n) = ¥ X (k) Wtk (43)

k=0
where N=2™, the indices n and k are given as functions of the m bit positions
in their binary representation

n=1Np 2™ 4ty 2™ 24+ . 5,2 4 n,
k — km_l 2?71«-—1 + km_g 27“—-3 “ e k12 ‘l" ko }

where ny, k=1 or 0. Use of (44) in (43) yields the bit representation of
x ()

(44)

1 1 1 1
2 ... XY ¥ Xlkmay kmea.. .k, ko)
kom0 k=0 km =0 Kk _1=0
% WN{ﬂm_12ﬂ4+ ees Ny) {km_lzm—l Y k.]} (45)

The exponent of Wy in (45) can be given by the following bilinear form
(B 2™ 4 ... ng) (A 2™ + ... ky)

(92m—292m-3  9m ym-1 | _km—l ;

22™M-3 22m—4 = QMIM-19IM-2 | ks ;'
= ["m-1 "m-z - X Mol

2t 27 2 Ky

AM-1 9 -2 7 1 1 ko |
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Since (46) is the exponent of Wy = e2™/N_and since W, =1 for all > ;
(46) effectively reduces to a lower triangular matrix

000....... 02" | ko,
000 ... 02m-1m2 [ s
- . :

[Mm_: Bm_s ... MmN, C ; (47)
§ 2L R 2%2 Ky
_gﬂHzm-ﬂ...zl k., l

Simplifying (47) and substituting into (45) yields
1 1 1 1 1
g & ame 2 e & AX (emoys Fem_gs < o Foyy kg)
kg=0 ky=0 kpmy_g=0 km_2=0 km_y=0

% WN“ﬁ"’km—l « W™, am-iin am-Tyk o
% WN{ﬂ12-‘1+ﬂ12'""+ﬂn2""}km_s L
—n - -
X Wef12m 4 0y g2m=iy . nom-hk, Wy, Tm-1 2™, n 24m) k_}
(48)

From (48) the following summations can be defined recursively.

& X (kmoy, km_s ... ky, ko) W™ Fm-1 = X, (ny, ks, . . . ko)

kﬂ'l_:, bl 1

1
2 Xi(ngkmes,. ..k, ky) anlzm-l'm“Em_I)]k""EzXﬂ(”u: Ny kg, - - Ko)

km__-;-tl

1
2 Xl—l (ng, Ry ooiie Hy_a, km__l, “ o ‘kﬂ) WN{n;-l am=3 4 ﬂ;-22’""+--+ﬂ-ﬂ2m_l} K-t
km =0 .

— Xl (nm. ni, ... N1 km_,z_l s e kﬂ)

»

1
™0

—_ Xm (Ho, nl v ou o Hm_l) (49)
Substitution of (49) into (48) vyields

X(Mmoys Mg« .. 1y, no) = X (ny, ny, ... Nm—2; Bmy) (50)
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The storage indexing convention used is to let the m arguments (n,,
Ry - N1 Km-1-15 -« - ko) of X be the binary representation of the index
of its storage location. In this way each step of the algorithm given by (49)
involves fetching two points from two storage locations and putting the
resultant back into the same two locations. As a consequence of this indexing
scheme the elements in the final step of (49), X, are in the bit reversed order
represented by (50). In order to obtain the x (n)’s the order of the bits have
to be reversed in (50). To avoid the bit reversal an array of temporary storage
locations are used and the successive arrays X; are indexed as given below:

X (km_1> km2s- - - K1, ko)
Xl (Hn, km_z, ! k1, ko)
XE (Hl, ng; km-35 .5 kl.ﬁ kﬂ)

X! (nl_]_, Hl_g, . s nl, no, km_l__l,. s @ klg ko)

Xm (Mm1s Mmg, - - -M1s Mo). (51)

At the cost of increasing the storage locations by another N, this method
has the advantage of giving the results in the natural order.

The signal flow graph of Fig. 4 can be derived from the FFT algorithm
given by (49). With N =28, 2™ =8 and m = 3 there will be 3 stages of
reduction. These 3 stages are given below.

S X(.k2! kl: kﬂ) Wsn"z:k’ r Xl (n{b kh kﬂ)

k=0

hz-:n Xy (ng, ky, ko) Wit + ™2 ky = X3 (ng, 1y, ky)
1

3 Xg (no, i, ko) Wam,z'-;- n,3+n,) kﬁ == Xa (ﬂo, n;, ﬂa) (52)
0

~ This signal flow graph is slightly modified from that of Fig. 4 and is
given in Fig. 5. In Fig. 5 it is to be noted that

W= — o
= — W1
We = — e

=— W
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In Fig. 5 the number of memory locations need not exceed the number
of sample points 8. However, unshuffling the input sequence in the case of
Fig. 3, and unshuffling the output sequence in the case of Figs. 4 and 5 must
be done to interpret the results. This unshuffling process is accomplished
by either using bit reversal tables for any N obtained by programming the
computer or by doing manually. This may be a tedious process and can
be avoided by using an extra array of memory locations as stated before,
which will give both the input and the output in their natural order. The
transition from the signal flow graph of Fig. 5, where the ouput sequence is
in its natural order, is shown in Figs. 6 and 7. Two transitions are necessary
so that the multiplying factors Wg™’s are also in their natural order. Figure 6
shows the transition where the Wy™s in the second stage are arranged in
their natural order. In Fig. 7 the W ™'s correspond to x(n) and hence

X000 g———

X001 -

x(n)’s are permuted. to obtain the natural order. [f this transition is to be
effective an extra array of 8 memory locations are needed as stated before.
In the case where no extra memory locations are needed there is increased
computational complexity resulting in increased time whereas in the latter
case where there is an extra array of memory available computational com-
plexity is reduced. In the examples which follows extra memory locations
are made use of in the IBM 360/44 system and programs are given to
implement FFT algorithms. Programs are included in the appendices.

1.1.S¢.—§
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6. EXPLANATION OF THE PROGRAMS™

(@) Main Program.—The algorithm corresponding to the signal flow
graph of Fig. 7 is given compactly as follows. If N =2’

X (R + IN2%)
—Xl(R+1§’—)+ Wi nied XI(R+IN o |
= 57-1 “ v 371 I i"’) (53)
N N

= XU (R+150) = we XL (R+I50+3) (54

(53) gives the first half of the samples and (54) the next half of the samples.
In writing this algorithm use has been made of the fact W M+¥2 = _ p n
This algorithm as mentioned before uses an extra set, N, of memory locations,
i.e., a total of 2N memory locations. This program is called by the name
SUBROUTINE FFT. This subroutine is called by the statement

CALL FFT (N, M, X, SIGN)
in the main program where
N = number of sample points = 2%
X = Input data (IDFT or DFT)
SIGN = — | for DFT
+ 1 for IDFT.

The main program is given in Appendix I. The FFT subroutine is
given in Appendix II.

(b) Graph Plot—In addition to the FFT subroutine two other sub-
routines are employed to plot the graph by the computer. These are sub-
routines Graph C and Graph. The Graph C is to obtain input data to the
subroutine Graph. These subroutines can be called by the statements

CALL GRAPH C (X, AR, A, N, DELW, M1)
CALL GRAPH (RR, N, DELT, M1)

where the symbols are explained below

« % Acknowledge the help of Mr. K. A. Narayanan in constructing these programs,



Discrete Fourier Transform and Fast Fourier Algorithm 243

X Complex function to be plotted

AR, Al Real and imaginary parts of X which are to be dimen-
sioned 1n the main program

N Number of samples

DELT, DELW Spacing along abscissa = T/N = wg/N
Mi Integer representing the position of Y-axis
RR Real function to be plotted. |

The program is given in Appendix 1II.

7. EXAMPLES

In the example the Fourier transform of a rectangular pulse is pro-
grammed. The pulse 1s defined by

x(N=1lr|<1
= (J otherwise.

The period of repetition of xp (7) is chosen to be 4 seconds. To exhibit
aliassing errors two different numbers of samples were taken, viz., N = 32
and 64. Correspondingly, Ar=1/8 and 1/16, ws = 16r and 327 and
Aw = 7f2.

The sampled aliassed. pulse in a peribd is given 1n Fig. 8. The figure
is illustrated for the case N = 32. Two cases were considered for each N.

(@) xp(+)|t-1 =1; Xp (D]t =10
B) xp(Dtmy =0:5;  xp(D|t_s =0-5.

fxp(t)

1!“—'.-.—'—"—.-—-—

o3

O
N
w

H
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Since the original pulse is an even function the sampling sequence chosen
should be an even sequence. Case (a) above yields only a real sequence
without its being even and as a result a spurious imaginary part will be
obtained. On the other hand case (b) yields an even sequence and hence gives
the imaginary part as zero. In other words the sequence in case (a) being
real yields complex conjugate sequence as the DFT and the sequence in
case (b) being real and even yields real and even sequence as the DFT, In
either case the real part in both cases were the same. The curves plotted
by the computer are appended. In these curves the actual continuous
Fourier transform at the discrete values of the DFT are plotted alongside
to illustrate the amount of aliassing error involved. It can be very clearly
seen that these errors are much lower when N = 64 (Figs. 9, 10).
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CONCLUSIONS

The FFT is a very efficient method of computing the DFT of a complex
time series. There are drawbacks because of the errors and spurious res-
ponses, but by careful analyses these can be minimised to the desired degree
of accuracy.

ACKNOWLEDGEMENTS

I am grateful to K. A. Narayanan, graduate student of Elec. Com. Engg.,
for the FFT programmes given in the Appendices. I am also grateful to
Dr. V. G. Tikekar of the Dept. of Applied Mathematics for helpful
discussions. ain

Cooley, J. W. and Tukey,
J. W.

Cooley, J. W., Lewis,
P. A. W, and Welch,
P. D.

Cooley, J. W., Lewis,
P. A. W, and Welch.
P.D.

Cooley, J. W., Lewis,
P. A. W. and Welch,
P. D.

Cochran, W. T. et al.

Cooley, J. W., Lewis,
P. A. W. and Welch,
P.D.

Bergland, G. D.

REFERENCES

An algorithm for the machine calculation of E:omplcx
Fourier series. Math. of Comput., April 1965.

The fast Fourier transform and its applications. JEEE
Trans. Education, March 1969.

Applications of the fast fourier transform to computation
of Fourier iategrals, Fourier series and convolution
integrals. IEET Trans. Audio and Electro. acoustics, June

1967.

The fast Fourier tranaform algorithm. Jour. Sound Vib.,
1970.

What is the fast Fourier transform?. Proc. IEEE, October
1967.

The fast Fourier transform algorithm and its applications.
IBM Research Repori RC 1743, February 1967.

A guided towm of the fast Fourier transfaym‘ IEEE
Specrrum, July 1969.



