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rile .ttre.w and disp1aceme;zt fields are determined in a semi-injnite elastic 
media b~nded to a rigid foundation, containing a crack at the irzterface. The elastic 
apdjtrrn is assumed lo he under shear. The problem  ha.^ been solved in closed form 
wmithin the linear theory of eluslicity, assuming plain strain conditions to hold good. 
The ~vell-known Fourier Transjorm method has been applied to reduce the mixed 
boundary ralue problem to a simultaneous set of dual integral equations involving 
rrigomztric Ic~rne1.s. The set of dud  equutions have been solved by the usual 
rcchqiqu~ ( f  solving .such equations and the displacement and stress field have been 
calcualted porn the present solrttion of these dual equations. It is observed, as 
m l ,  that the solution yeilds an oscillutory phenomenon near the ends of the rrack 
and fhta the present method of solution of thc simultanrous set of dual equations 
gives a right ansiver to the quesfion of vdidity of the Transfi~rm method of 
solving s d r  crack problems, firs[ asked by Erdogrn [I]. The technique of 
s~1v;ng the ser of simuitaneous dual equations is general and can be app!ied even 
ti the set ihat arises while salving the same crmk p:-(&/em 14 hen the trcrk is 
opened by a4 eqxa! and opposiie pressure. 

'Key words: Transfornl Method, Grfith Crack, S~multaneous set of dual integral q u a  
lions; Abel integral Equations; Riemann Hilbert Problem. 

In 1968 Erdogan [l] tacklcd the problem of p n  even number of cracks 
at the interface of two bonded dissimilar half-planes by the method of 
Fourier transforms. The physical problem at haild was reduced by Erdo- 
gan to J set of simultaneous dual integral cquatlons involving trigonometric 
kernels. The equations of Erdogm are of the form: 



0 

where L' = L,' + L,' + . . . + Lk' ,  L' s being the cracks occupying por- 
tions of the half-line 0 < y < wand L is the complen~ent of L' on 0 < y < cc. 
The infinite integrals in (I) and (2) are understood as: 

and the constants a,: a,,, u,,, a, are the bielastic constants depending on 
the materiels of the two hdf-planes. 

Erdogan next reduced the simultancous equations ( I )  and (2) for the 
functions P (0 and Q (0 to a simultaneous singular integral equations wifll 
Cauchy type kernel for two other functions p ( t )  and q (1)  defined by: 

Q (0 = it) sin (It) dt (3) 

The system of singular integral equations was finally solved by the well- 
known technique of Mushkhelishvilli [2] and the solution of these equations 
gave directly the behaviour of the functions p (y)  and q (y), which, in Erdc- 
gan's notation reprcscnt the components of the stress on the interface of 
the two media. It was shown ultimately that the stresses at the tips of the 
cracks behave as : 

ivhen uii ( i , i= 1, 2) are the stress components, s, a are polar coorbate 
'~fened to a tip as origin and a is a characteristic length. As the method 
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of solution outlined by Erdogan does not need calculating the inverse 
Fourier transforms under consideration to compute the quentities of physical 
interest, he had rightly raised a question about the legitimacy of the use of 
integral transforms in such problems. 

Recently Lowengrub [3] has solved the problem, same as the one that 
has been considered in this paper by the application of Fourier transforms 
and has claimed that transform methods do work well in such problems 
and Lhe question raised by Erdogan [I] may be ignored. But, it may be 
worth pointing out here that, the method of solving the set of simultaneous 
dual integral equations of the problem as formulated by Lowengrub is 
once again the same method as the one which was outlined by Erdogan [I] 
and thus Erdogan's question has not been answered by Lowengrub [3]. 
Moreover, it may again be worth noting that there are several major and 
minor errors in Lowengrub's [3] method of solution of the problem which 
has been retackled in the yrepent paper cf. formulae (3.15) [3], (3.16) [3], 
(3.19) 131, (3.21) [3] and so on. The Hilbert problem (3.16) in 3 is not 
the actual one for ihe physical problem under consideration and this has 
to be discarded. In this paper, we have handled the same problem of 
Lowengrub [3] in a different manner and tried to answcr Erdogan's ques- 
ion in the right direction. 

Here we consider the same problem of Lowengrub, viz., the problem 
of a crack at the interface of an elastic half-plane bonded to a. rigid fom- 
dation, whcn the elastic half plane is under constant shear at m, and reduce 
the problem to the same set of dual integral equations via Fourier trans- 
forms as in [3]. This set of dual integral equations has been reduced to 
simultaueous Abel integral equations (cf. Gakhov [4]) by a technique 
that is usually used for solving dual integral equations (cf. 151, [6], [7]). 
Finally, the simultaneous Abel equations have been reduced to simul- 
taneous Riemann Hilbert problems for sectionally analytic functions and 
have been solved by the technique of Mushkhelishvilli [2]. 

It 1s observed that the displacement and stress near the ends of the 
crack behave in thc same oscillatory fash~on as was shown by Erdogan [I] 
for a more general problem and by Lowengrub [3] for the present problem 
by the method of integral transforms. It is emphasized that the present 
method of solution of the simultaneous dual integral equations in question 
is not the same as that of Erdogan [I] or Lowengrub 131, even though the 
calculation of the quantities of physical interest docs not need obtaining 
the inversions of various integral transforms under consideration d i r d y .  



The method is general in character and a similar method is applicable for 
similar kind of three-diiiensional axi-symmetric problems also. The corres- 
ponding axi-symmetric problems will be investigated shortly. Thus, it is 
hoped that the question of Erdogan [l] has been answered here in the 
right direction as he felt and hinted at the end of the conclusion of his 
paper [I]. The answer to Erdogan's question can now be given in the 
following words : 

"Yes, the transform methods of solving the problems of cracks at 
the interface of two dissimilar elastic media are fully legitimate and the 
methods do give the same physically inadmissible solutions if the problems 
are treated under the theory of linear elasticity as has been pointed out by 
England [8]. " 

2. STATEMENT OF THE PROBLEM AND FORMULATION OF THE SYSTEM OF 

SIMULTANEOUS DUAL INTREGRAL EQUATIONS 

The problem under consideration is that of determining the stress field 
when the elastic half-plane is under constant shear P at  inlinity. 

The boundary conditions on the boundary y = 0 of the elastic half- 
plane y > 0, with the crack - 1 < x < 1, can be expressed as: (cf. Lowen- 
grub [3]) [see figure 1 for coordinate system]. 

a y p  (x, 0) = 0, 1 x 1 d 1 
*zp (x, 0) = - P, I x 1 ,< 1 

% (x,  0) = u!, (x, 0) = 0, 1 x 1 > I (2.1) 
with the components of stress all vanishing at  infinity. 

Then following Lowengrub [3] and Sneddon [9], the displacements 
and stresses on y = 0 are expresed, in terms of Fourier Transforms, as: 
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/ / / / / Rig id  half-plane /I, / / /. 

Here 9 is the Poisson's ratio and E is the Young's modulus of the elastic 
half-plane. 

The definition of the Fourier transforms have been taken as: 

and 

It is easily verified that the expressions (2.2)-(2.5) will satisfy the 
boundary conditions (2.1) if A (8 and B (0 are solutions of the following 

. . 
simultaneous system of dual integral equations: 

.F , la ,A(8+a2B( f ) ;  xI=x, O < X <  1 (2.7) 

Fc [@ (0 + a+B(f); XI =O, Ox x <  1 (2.8) 



where a, = 2 (1 - 7) and u2 = 1 - 2+ 
A similar set of dual integral equations arise in the case when utli (% 0) 

= - g ( ~ ) ,  in which case the right hand side of (2.7) is replaced by Q (x )  
where Q' (x) = q (XI. 

One may see the formulation of similar set of dual integral equations 
in the case when the crack is opened by euqal and opposite pressure, in [31. 

In the next section, we shall deal with the solution of the set of qua. 
tions (2.7H2.10) in detail whilst a similar technique is applicable to 
case when the crack is opened by pressure. 

To solve the set of equations (2.7)-(2-101, we assume, a.s is usually 
done (cf. [5],  [6],  [7]), that A (5) end B (&) arc given in terms of two other 
unknown continuous functions g, ( t )  and g, ( t ) ,  as : 

and 

where J ,  (x) is Bessel's function of the first kind of order n. 

The assumptions of A (0 and B (f) in these forms are the results of 
suggestions from a paper of Jones [lo]. 

Then, substituting (3.1) in (2.7)-(2.101, and interchanging the orders 
of integretion, we see that the equetions (2.9) and (2.10) are automatically 
satisfied and the equstions (2.7) and (2.8j give rise to the followiilg simu- 
taneous system of Abel's integral equations: 

and (0 < x <  1) 
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In the above manipuIations, the following results have been used, which will 
be necessary in the sequel: 

for O < x <  1, 

And for x > 1, 

and 

We shall now present the method of solving the system of equations (3.2) 
and (3.3)  for the functions gi ( t )  and gz ( t )  (0 < t < 1). To this end, we 
introduce two sectionally analytical function 4 (z) and # (2)  of the complex 
variable z = x 3- iy, analytic in the entire z-plane cut along the segment 
- 1 f x < 1 of the real axis and vanishing as ( z I -+ w. These functions 
are defined by : 

and 
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Wc observe that the limiting values 4 i (x) and 4 i. (x) of the funtion$ 
(3.6) on ~e line y = 0, as y -+ i 0, Lire given by (cf. Grcen and England 

[lrl) 
For O < x <  1: 

and for - 1 < x < 0, 

We zgain see that the following functions : 

and 

arc odd functions of x, whils; the functions 

I 

[I/+ (x) - 4- (x)] == - 2i JRzL dt 
4 ( t a  x 3  

%re even functions of ,X for 1, 1). 
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We may now express the system of equations (3.2) and (3.3) in the 
following forms of simultaneous Riemann-Hilbert problems for the section- 
ally analytic functions + (2) and $ (2) 

and 

at [4+ (x) - 4- (x)] + 2 [$+ (x) + ti (x)] = 0. (3.12) 

Subtracting (3.12) from (3.11) and adding the two equations, respectively 
ne reduce the problem to that of solving two independent Riemann-Hilbert 
problems for the functions : 

i 
A (z) = 4 (2) - - d (2) 

Z 

and 

as given by: 

A+ (x) -t (3 - 47) A- (x)  = 2x (- 1 t x < 1) (3.14) 

and 
(3 -4q)p+(x)+~- (x )=2x( -  1 < x <  1). (3.15) 

The solutions of the two Hilbert problems (3.14) and (3.15) are obtained 
by the technique of Mushkhelishvilli [2] in the forms: 

and 

where A, (2) and po (z) arethe solutions of the homogeneous problems 
(3.14) and (3.15) which are taken in the forms : 



and 

where 

and those branchcs of A, and p, are taken which tare such that 

lim ! o  ( 4 3  PO (2) - 1. 
1'1+00 

Z  

We observe that the limiting values of the furlctions and p, on the line 
y = 0 (- 1 < x < 1) are given by: 

and 

The knowledge of the functions h (z) and p (2) are sufficient Tor our purpose, 
as is seen from (3.13) and (3.9), of the determination of the unknown func- 
tions gl ( t )  and g, (t),  as the latter functions can then be determined by the 
usual formula for the inversion of Abel's integral equation. But, for the 
determination of the quantities of physical interest, the displacement and 
stess, we shall see in  the next section that we do not need to obtain the 
function gl ( t )  and g, ( t )  in their explicit forms a t  all. 

Thus, as far a s  the solution of the mathematical problem is concerned, 
complete solution of the problem at hand has been obtained here. 

4. DEERMINATION OF THE STRESS AND DISPLACEMENT 

From (2.2), (2.3), (3.4), (3.10) and (3.13) we observe that the dis- 
placement components on the crack rurface are given by 

[for 0 <x < I]: 
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- {P+ ( 4  - P- (x)Il. (4.2) 

Now, by the method of Mushkhehhvilli [12], p. 445-447, we find that 
[from (3.16) and (3.17, 

and 

(4.4) 

Finally, using (4.3), (4.4) and (3.21) we obtain from (4.1) ,and. (4.2), 

(1 + d (3 - LZ?) p (p + e-rn) .,/=a 
u~ (x, O) = + 4E (1 -7 

1 + 7 7  -- 
= + ---- P .,/I - xZ cos E y'3 - 477 (4.5) 

and 

The equations (4.7) and (4.8) give the correct forms of the displacements 
on the crack surface. (cf. Lowengrub [3], England 181). 

The stress, on the line y = 0, for I x I > 1, can be calculated by means 
of the results (2.4), (2 .9 ,  (3.5), (3.13), (4.3) and (4.4). The components 
of the stress are given by: 
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and 

P - - -- dsq [X cos(7 ~n I X+I )-I- 2n sin (n in I:&; I ) ]  g.8) 
I X -  1 

Equations (4.7) and (4.8) give t l ~ c  correct expressions of the components 
of stress, as compared with those obtained by Lowengrub 131. Infact, the 
expressions for the components of displacement and stress as calculated in 
[3] are in error, as there are errors in the expressions X ( z )  given by eqn. 
(3.19) [3] and hence X (x) given by (3.21) [31 and these errors are propa- 
gated to the latter discussions in the paper [3]. 

The method of solving the set of dual integral equations presented 
here is straightforward and the technique is more useful. But the calcu- 
lations here are a little involved as compared to those of Lowengrub [3] or 
Erdogan [I]. The main aim of the present paper has been to answer Erdo- 
gan's question about the lcgitimacy of the use of integral transforms. 

The present technqiue of handling the set of simultaneous dual integral 
equations has left no doubt now about the use of integral transforms to 
such problems. 

I wish to express my sincere thanks to the referees of the paper for their 
valuable suggestions which led the papcr to its present from. 
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