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Efec t  o f  concentrated force or edge dislocation with Burger's vector on a line 
crack in di,aimilar media has been studied in this paper. Crack surfaces may be 
subjected to surface loads or opuwd by rigid inclusions. Complex variable methods 
have been employed to study the distribution o f  stresses and displacements every 
where and in particnlar at the tips of  the crack. 
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Crack problems have been solved mainly by employing either kans- 
form techniques [I] or complex variable methods suggested by Muskhelish- 
vili [2]. Tranform techniques cmployed by Snedden [3, 4, 51, Stallybrass 
[6, 71, Shrivastava 18, 91 and others for cracks in elastic media assume the 
additional knowledge of some of the stress and displecement components 
on certain lines of symmetry, whereas, the complex variable techniques 
adopted by Muskhelishvili [2], England [lo, 111 and others [I21 require 
the knowledge of resultant vcctor and resultant moment of external forces 
and stresses and rota-tion at infinity. In the analysis that foUows it has 
been shown that the two approaches can make difference in solutions. 

A moderate bibliography of problems concerning cracks in dissimilar 
media can be found in England's paper [lo. 111. The prescnt paper deals 
w~th  the study of first and second fundamental problems of twodimensional 
elasticity for a crack at the interface of two-bonded dissimilar half pIaws 
in the presence of a concentrated force 

1. Concentrated Force in Dissimilar Media 

Consider two dissimilar elastic half planes bonded together along the 
x-axis. The upper half plane is the region y > 0 and lower half plane y < 0. 
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The line joining these two regions will be denoted by L. Let a concentrated 
force X+ iY act at some arbitrary point z = z, (z, = x, + iy0) of the 
plane. Throughout the paper the elastic constants of the upper half plane 
will be denoted by the subscript 1 and those of the lower half plane by the 
subscript 2. The upper and lower half planes wiU be denoted by S+ and 
,s- respectively. We shaU follow the notations of Muskhelishvili [2] for 
stresses, displacements and stress functions. 

Stresses and displacements can be expressed in terms of complex poten- 
tials Y" (2) and Y (z) as follows 

x, + r, =2[@(z)i- WI 
Y, - X, + 2i X, = 2 [2 0' (z) f Y (z)] 

- -  
2p (u+ iv) = k 4 (z) - z 6, (z) - Y (z) 

where 0 (2) = 4' (z) and Y (z) = $'(z), p is the shear modulus of elasti- 
city and k = 3 - 40 for plane strain and k = (3 - u)/(l f u) for gene- 
ralized plane stress; u being Poisson's ratio. By 6, (z) and Y (z) we shall 
always mean the stress functions in (1). 

so that 

where dr(z) = =) and similarly for other function?. For large I -. 1, 
@ (z), Y (z) and 52 (2) have the followjng forms 

and 

where (X,  Y) is the resultant vector of external forces. 

Following conditions should be satisfied : 

(5 i) 

(5 i i)  



+ and - superscripts stand for stresses and displacements in the upper 
and lower half planes, respectively. The condition (5 ii) is equivalent to 

the condition 

a a - (u' + iv+) = - (r + iv-) ax 3x (5 iii) 

provided the displacements are single valued. We shall use (5 iii) in 
of (5 if) to avoid logarithmic singularities. 

(2 a) The functions 0 (z) and Y (z) have required singularities which 
alise due to concentrated force at z,. 

(3 a) For large I z 1 , @ (z), Q (z) and Y (z) are 0 (2-9. 

It may be noted thal 

Y,+ - iXg+ = @+ (x) + 8 (x) and Yz;- - iXu- = & (x) 

+ S;)+ (x) on L (6) 

where @+ (x) and @ (x) ; eP-- (x) and * (x) are the values of @ (z) and 
Q (z) as y + 0 + and y 4 0- respectively. 

From (5 i) and (6) 

and hence {@ (2)  - Q (z)} is holomorphic throughout the plane except 
possibly at  some finite number of points where it has poles. Noting he 
singulxities of @ (z) and B (z), we £ind 

where 
C = ( X  + iY)/2?i (1 f k). (7) 

From (5 iii) we get 

PS {kl@ (XI - sZ- (XI} = 4 (k2 @ (x) - Qi (x)} on L. (8) 
Substituting the value of (2)  from (7) into (a), it can be seen that 

@J+ (x) - a* (x) = I ( ~ J  - pdldul + P&& g (x) on L, (9) 
where 
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From (9), 0 (z) can be obtained as the sum of a Cauchy integral taken along 
the line L and a function which accounts for the concentrated force at 
= z o  Let 0 (2) = 0 1  (z) and 8 (z) = f& (z) for zeS+, and @ (2) = 

$(z) and 9 (z) = 0, (z) for zd-. If zo belongs to the interior of Sf, then 

If YJ (2) = Yl (z) for z d +  and Y (z) = Y2 (z) for zcS-, then 

Yl (z) = 9,) - (z) - z Ql' (z) 

For an  edge dislocation with Bu~ger's vector the analysis remains the 
same except some changes in the constants occurring in various functions. 

It can be verified that normal and shearing stresses and displacements 
are continuous across L and are given by the following expressions 



x i klCl log ( x  - to) + / ( x  - io) ' 

When p, = p, and k, = k,, @ (z) and Y(z) are reduced to well known results 
for a concentrated force in an infinite medium [2] .  Similar analysis holds 
good even if there are mare than one concentrated forces in the medium, 

If Z, belongs to the interior of S- then @ (2) and Y (2) cannot be 
&Lived from (10) and (12) but can be obtained ~imilarly. 

When z, tends to a point on L from the intelio~ of Sf, say Z, = b, h 
real, then @ (z), and B (z) cannct be deduced as perticular cases of functions 
in (10) and (11) as the Cauchy integrals in this case will have singularities 
on the line of integration. They are given as follows 

Y (2) can be easily calculated from (15), (16) and (3). Across L, stresses 
and displacements are given by 
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Altho~gh the following analysis can be adapted for dissimilar media 
coil~aining more than one crack, wc shall give r;sults fbr a concentrated 
forcr in dissimilar media containing only one crack. 

Considx two dissimilar elastic half planes bonded togetl~er along 
x-axis cxcept ova the legion - a < x  4 a where there is a linc cracks 

~ c c  a concentrated force X -t iY act at a point a = z, (a, = .rO + iyo) in 
[he intelior of S+. 

We shall follow thc notations of section 1. Following conditions 
jjjould be satisfied 

(4 b) 6, (z) and Y ( z )  have required singularities which arise due to 
concentrated force at 2,. 

(5 b) For large 1 z 1 , @ (z) and Y (2) are 0 (z-I). 

Ws construct each of the functions 0 (z)  and Y (z)  as the sum of two func- 
tions 

6, (2) = @* (z)  + 0, (2) and Y (a) = !P* ( z )  f !Po (2). (19) 

@+ (2) and Y* ( z )  are such that all the conditions from (I b) to (5  b) cxcept 
(3 b) are satisfied; dr,  (z) and Yo (z)  are obtained iu such a way that the 
conditions (1 b), (2 6)  and (5 b) are satisfied and the normal and shearing 
stresses calculated from them -on y -; 0, i x / < a are equal and opposite 
to those given by @* (2) and Y'* (z)  on y = 0, ! x I < a. 

We take @* (z) and Y* ( z )  as the functions 6, ( z )  and Y (z)  given in 
(10) and (12). On the crack surfaces, they give normal and shearing 
stresses given in (13). 

To find 0, (2) and Yo (z) we proceed as follows : Let Go (2) = (2) 

and Yo (z)  = 'Pol (z)  for zsS+ and dr, (2) = dr,, (2) and Yo (2) = c, (z) 
for zeS-. dr, (z)  and Yo (z)  are assumed to be holomorphic in the regions 
Y > 0 and y < 0 and for large 1 z I they have the forms given in (4). We 
denote Lim @, (2) = Go f (-Y) and dim cP0 (2) = @,- (X)  and similarly for 

S+Q+ Y-M- 



yo (z). Since displacements and stresses calculated from @,(z) and yoY,i.j 
are to be continuous across y = 0, / X / >- a, following conditions should 
be satisfied 

pzkl 401+ (XI + PI x Soz+ (XI + PX $02 (XI 

on y = 0 ,  l x / > a  (20) 

and 

Continuity of the derivatives of the displacements across L would require 
the following condition to be satisfied 

(23) 

and 

= 90, (2) - z $01 (2) - GOl (z), ZES-. (24) 

It can be easily seen that 
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on the crack surfaces, foflowing conditions should hold 

1 1 
f pm 8'+ ( 4  + ----- 81- ( x )  = f (x )  uz + PA 

where 

Subtracting (27) from (28) and using (1 6) we find u'+ (x) - 0'- (x) = 0 
on L and so o ' ( z )  is holomorphic in the entire plane. For large 1 z 1, 
d(z) = 0 ( l izz)  and therefore w' (z) = 0. Substituting U' (z) = 0 in 
(2% we get 

fl i(x)+ao81-(~)=011+~ak3f(x); y = 0 ,  l x l < a  (29) 

where 

The solution of the Hilbart problem (29) can be written as 

where 

P (z) is an arbitrary polynomial in z. The function Xo (z)  refers to that 
branch which is holomorphic in the whole plane cut along (- a, a) and 
which is such that zX, (z)  -+ 1 as ] z I -+ ca. Since 8' (z)  = 0 (1/z3 for large 
12 1, P (z) 1 0. The line integral in (30) can be evaluated with the help 



Indefinit? integration of 0' (z) will involve integrals like j ez 
Z - Zn 

which 

can be evaluated numerically only and hence 0 (z) cannot be obtained 
explicitly from 0' (2). Qio (z) and Yo (z) can be calculated from (25) and 
(24) and D (z) and Y (2) from (19). 

It is of interest to know normal and shearing stresses and displace- 
ments across the line L. 
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~t is clear from (32) that near the tips of the crack sign of stresses changes 
infinitely often in addition to the singularity present there. Whcn p1 = f iZ 

arid kl = k2, stresses have singularitics at the tips of the crack but are not 
of oscillatory nature. The oscillatory phenomenon is confined at the most 
to a 8-xighbourhood of tip of ths crack whcrc 6/a = 2.52 x 1P.  

Calculation of displacements across L requires the knowlcdge of 8 (z). 
Sincc 0 (z) cannot be obtained explicitly from 8' (z), behviour of dis- 
placements on the crack surfaces cannot be discussed analytically. 

It can be easily seen that the conditions (1 b) to (5 b) are satisfied for 
this solution. 

We shall consider now the problem of concentrated force acting at 
the origin on upper surface of the crcck. Fonnulation of this problem is 
the *.me i?s desctibed above except the change in the function f (x) given 
in (28). We celculate 8' (2) from (30) where now f (x )  has the value 

It may be notcd that f (x) has singularity at x = 0. The integral 

can be evaluated as follows: 

Let A b$ the contour in Fig. 1. If z lies outside the contour then 

When A is shrunk to the arc y = 0, I x I <a, contour integrals over A 4  

and /ia tend to zcro, 



Fro. 1 

and 

~ounded  convexgencc theorem 1131 has been used to obtain (34). Finally 

x f a  
( y q = i )  I ,. (36) 

, The conclusions drawn from (32) hold good fos (36) also. 
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3, Crack in Dissimilar Media Opened by Rigid Inclusion 

Consider two dissimilar elastic half planes bonded tbgethe~ along ~e 
.z axis except over the region - a ,< x  ,( a where there is a line crack. The 
crack is opened by a ligid inclusion whose profile gives lise to the following 
displacements of the creck surfwes 

Following boundary conditions are to be satisfied along with (1 c) 

(2 c) tr' + iv+ = u- + iv- o n y = O ,  / x l > a  

(3 c) Y,i - iX,+ = Y,- - iX,- on y = 0, 1 x 1 > a 
(4 C) Stresses vanish at infinity. 

We shall fogow the notations and dcGtions of various functions 
givcn in sections 1 and 2. The condition (1 c) is equivalent to the follow- 
ing conditions on the crack surfces, i.e., on y = 0, / x / < a 

k'. B" (x)  u+ (x) + - ! k  w (x)  + ----& 
P I  + k p ,  pt~e + ~ 1 k 2  

. + M x )  = - 2EL,Ei 
P2 + ~ l k 2  

(38) 

Dividing (37) by 11, and (38) by p, and subtracting, we get, 

From (2 C) €4 (x) = 6- ( x )  on y = 0, I x I > a and hence 9 (2) is holo- 
morphic in the entire plane cut along (- a, a). The solution of the Hilbert 
probkm (39) can be &tten as . 



The following eqmtion for wl(z) can be easily obta-inedprovided the defi 
vatives of displacements are considered in (1 c) 

Using (3 c) we observe that w' (2) is holomorphic in the entire plane cut along 
(- a, a) and hence the solution of Hilbert problem (41) can be written as 

where 

- ke (1.11 -t k*J/kl + p1kJ, 27ryl = Iog I a, 1 , 

and 

XI (z) = (Z + aYy73 (z - a) -%-f . 
The function Xl (2) refers to thzt branch which is holomorphic in the whole 
plane C V ~  along (- a, a) end which is such that zXl (2) -+ 1 as 1 z 1 -zm. 
Integrating wl (z ) ,  we get, 

w (z)  = S1z2 - S1 ( za  - a 3  (z  - 2iyla) Xl (2) 

The constant of integration in (43) has been chosen in such a way that the 
condition (1 c)  is satisfied. 
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Y,- - i X , f  and Y,- - iX,- for y = 0, 1 x > a are given by the sum of 
first three terms in (44) and the sum of first three terms in (43, respec- 
tively. 

It may be noted tkat the stresses at the tips of the crack have singu- 
larities of the type (x" "9-f but it is not possible analytically to say 
whether the stresses are oscillatory near the tips or not. 

For y = 0 ,  jxl>u 



For p, = u, = P and kl = k? = k 

The problem of line crack is an clasric medium (,ui = P, and k = k,) 
wirh displecsments prtscribed on the crz.ck surfaces as in (I c) is reported 
i n  [ I ]  wha t  it I~es bcen solved by using transform technique. The results 
giwn in (17)-(50) of this peper do not agree with the results given in [I]. 
The disegrerment in results is due to the f?.ct thzt in [I ]  i t  has been assumed 
illat shtaring stress is zero on L which amounts to saying that th.e crxk i; 
opcned by c p d c u l e r  type of loading. Complex veriable technique does 
noi nced this essumption for th: sclution of the problem.. However, if on- 
mr?tes the nssumption thrrt sheering stress is zero on I then from (21) and 
(23) it can be seen that w' (2)  = 0. By taking w' (2) = 0, we get th': 
solution in 111. 

4. Lastly, we discuss the problem of s line crack in dissimilar media 
opened by a rigid inclusion as in Section 3 ; with a concsntmted fcrce X f il' 
acling zt 2 = r, in rhe interior of S+. The solurioll cen be obtained by ihc 
superposition of lwo displacement systems. The first system of displzce- 
m-nts is given by (14). T h e  second system of displacementi! is obtiined by 
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considsling 2 rigid inclusion in e lint- creck in dissimiler medin whos.: profile 
$ves rise to the following displecements of the crack surf&es 

The solution of rhe ereck problcm with the displecements o i  rhe crack 
surfaces prescribed by (1 d)  can be found out using the theory developed 
in section 3. Using the notations of section 3 it c2.n be seen that the futtc- 
tions 8 (r )  end w' ( z )  ere given es follows 

Where H (r) is given by thc righthmd side of (42). 5, = k:(wL + dl)/ 
k,(u, f 2ayl = log nl ] end X ,  ( I )  = (Z  f u)"'-* (: - n j - i ~ t - i ,  

Other quantities of interest cnn bs crlcolott.d with the help cat' (51) :?rid (5.2). 
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