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The stress distribution in a long solid circular column under loads which 
are partially distribuLed over the end surface of the column is a practical 
problem often cncountered in practice. Solutionb to such problems for 
strips have been given by Sundam Raja Iyengar [I  ] and he has applied this 
solution to determine the a~ichorage zone stresses in prestressed concrete 
[2]. Hiltscher and Florin [3, 41 have applied photoefasticity to the strip 
problem. Howcver the problem of the cylinder under end loads is a three- 
dimensional one. 

Treating thc column as a long one that is, a semi-infinite cylinder, 
Sundara Raja lyengar [5] has given a solution and in this paper references 
to a number of other solutions are given. Recently Hiltxher and Florin 
[6]  have given solutions to the same problem using dy~~amic relaxation 
method and they have given results for maximum tensile bursting stresses 
occurring near the ends. In the present paper, using the solutions derived 
in ref. [5], detailed stress disiributions are given showing the effect of the 
area of the distribution of load and Poisson's ratio. Some results as applied 
to the end block of a prestressed concrete beam are compared with those 
available. 
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The cylinder with its co-ordinate axcs and loading are shown in Fig. 1. 
The radius of the cylinder is taken :is unity. The io;lding i s  on ;I circuiar 
area of radius e (when E < 1). Since the stresses war the !~:tdai  cild ;tic 

important, the cylinder can bc co~uidercd to hc Io~ty ~ ~ i c ~ i r y l l  th:rt the 
effect of the other end is not felt near. the loaded cr?d. Hcmc 1 1  LS ~ ~ i m ~ k k t c d  
as a semi-infinite cylinder. 

The basic axl-symmetric problem can he frrrmul;ttCd in term crf Ltrvc'\ 
function 4 satisfying the bi-harmonic equation 

yjl" -z 0 ( 1 )  

The stresses are 

and the radial and axial displacements are 

,where rc and G are Poisson's ratio and shear mudulus reb-apwtively. 

The boundary conditions considered are: 

On v = 1, u,. -- rr2 = 0 

On z = 0, uz = f (r), 7~~ = 0 

where the given , f ( r )  is self-equilibrating, i.e.. 

1 

1 ,f ( r )  r h  = 0 
0 



as z -+ m, the stresscs and displacements vanish. Thc solution for this basic 
problem has been derived in ref. (5). Here only the final expressions are 
given. 

m 2 [(D,, ( 2 , ~  -, K,, z - 1) B,, ] i . - ~ n z  J1 (Kn r j  - - 
Kn r 

I ,  (ar)]  cos uzda 



where the pummation in ihe se~ics is taken ovcr the ~.ili)h ttl'  Il  tKllI U 
excluding K,, == I,, I,, ( r ~ r j  and i, ( u r )  arc thc ruoditicd 1W.d functr.w. c r l '  the 
first kind and of the zeio imd first order rc,ptu.iivcly. 

The constants En; Dn and the function C: (a) ;ire Jetcrinirxed Birr thc 
boundary conditions (4) [Ref. 51. 

Nu~nerical results arc obtained for the Solloaing prcMcrm : A lurlg 
cylinder is loaded on the end face by i~ ~zorlvlltl 1o;rd P iii&hutcd t u w  

a radius e (r  < 1) as shown i n  Fig. I .  By remo\lng! thc average 
P compressive stress y = -  ---- , from t h ~  :rpplied loading. r~tdiitllp \>tnructr ic 

self-equilibrating normal sttess distribution is obtained on lh3 end I k c  rutd 
for this problem, the solution given above is applied. ?'a this sulutioi~ hc 
stress o, = - q must be added to obi in  the final distrlb ution, 111 Lhis mse, 

It has been shown in ref. (5) that for 16 terms in the serics the ccrnvcr- 
gence is very good. Stresses have been evaluated at different locations fm- 
various areas of load distribution (€1. To determine the cfbci of' Poisson', 
ratio on the stress distribution three values of Poisson's ratio have been 
considered fi = 0, 0 . 2 ,  0.3. 



The numerical results are presented to determine 
(i) the effect of the are;$ of load distribution ( E )  at the end. 

(ii) the effect of Poisson's ratio Gu;). 

(i) Effect o f  Lond Disfribzrtior1 

Figures 2 and 3 give the radial s l m s  non-dimensionalised with respeet 
to q, along longitudinnl sections I. - -  0, r. - ~ -  0. 2 iuld I. =- 0.8 for = 0.2 
For valnes of E ranging from 0. I to 0. 9. The distribution of tangential 
stress no are shown in Fig. 4 for different values of 6 r' 51 p = 0.2 along I.  = 
1 .0. Due to synunetry (TO :-- rr, along the central axis !i.e., r = 0). The 
distribtrtion of axial stress c, along I. 5.: 0. 0.2 and 1 are shown in Figs. 5 
and 6. The shear stress distribution at r =TO - 2  :md 0.4 are shown in 
fig. 7. 

(ii) Effect ?f' Poisxm 's Rofio 
Figure 8 shows the dist~ibution of o, for the thew different Poisson's 

ratios along I .  == 0 for t :-=O .2 and 0.5. Distributions of c8, and U, are 
 show^^ in Figs. 9 to 12. Variation of radial and axial disp;:~cements across 
z= 0 are shown in Figs. 13 and 14. 

%Differences %Differe~ces 
between between 

p =: 0 and p = 0 and 
1 ' 7  0.3 p =  0.2 



and the loading system 



O r -  

PIG. 2.  DisfrihutLm of radial stress (r - 0.2:. 

5 .  D~SCWS~ON RE~LILTS 
From the results presented in the previous figures. de following con- 

clusions can be drawn : 



Distribution of radial stress (r i  = 0'11. 

Along the central axia, the nsagnltudes of thc i1Llr;rmrlrtt c c ~  
stress o, or uo decrease as the load distribution area incrca-e*. 

This is true for all the horizontal sections where thc tcnctlc reywrr tb 

away from the end face. As can be seen from Fig. 3 nwr the mwvd houn- 
dary there are two regions where the tensile stresses can crccur &pi.nd~tr:. 
on the value of E. 

(ii) Maximum tentile stress og also decrarses with ;ncrut.irlg virlue r$ 
E on all horizontal sections. 

(lu) Longitudinal stress 0, become5 uniform 41 a cllstitrtct. ttf' ribtrot 
twice the radm of the cylinder and on the curved 4tp I I ,  fie $irch\cs 
are tensile 1n nature for all values of r (Fig. 6). 

(h) The maximum shear stress value decresses with increase in value 
~f r along r = 0 and r = 0.4, 



FIG. 4. Distribution t l f  lamp sires? og ( p  -- 0 .2 ) .  

(v) F ~ o m  a consideration of d l  t h ~  stress components in a long cylinder 
with concentric loxding on the end face. the St. Vcnant'h zone is limited to 
u length equal to thC cliameter of the qlindci. 

(vi) Since this problem i s  a thrcodimensionai one Poiw~n's ratio will 
have ;1n effect on thc acresu dihtributiorl. Tllis can be clearly seen in Figurs 
8 to 14. The maxi~nu~n tensils transverse stresses ur and us decrease a sp  
increases from 0 to 0-3 except for (I, near the boundary where the trend is 
otherwis~ (Fig. 10). The value of the longitudinal stress o, p i g .  11) decreases 
as p increases. On the boundary r ;-. 1. the maximum tensile stress tr, is 
higher for h~gher wlue of 1 1 .  Along the loaded end ( 3  - O), the radial 
displaceme~lt is higher for 11. 0 and ir decreases n.: increases. 

Tables I and I 1  indicatc the percentage diRcl-ewe in magnitude of maxi- 
mum tensile slresws (J, and. a, for different toad distribution areas (6) for 
Poisson's ratios p == 0 and p = 0 . 2 .  and u r= O and 0.3 .  It can be seen 
that the magnitudes of the tensib (max.) stresses are greater at  p = 0 than 
at p = 0 .2 .  The percentage difference; is maximum for E = 0.1 (for both 
rsdial and, t a n p t i a l  stresses) and decreases as load distribution area incream 





PIQ. 7, Distribution of shear stress ',, ( p  ;. 0'2). 

(for radial stress). There is no significant difference in % difference of the 
stresses for E -- 0.5 to 0.9. For both the stresses, the mzximum difference 
is at c = 0.1 and minimum at c e -  0.9. Since the magnitude of the tensile 
stresses arc greater at p = 0. for all practical purposes p ecan be assumed 
as zero. 

6.  APPLICA~ON OF THE SOLUTION 

The solution derived in the foregoing problem can be applied to the 
problem of long circular concrete columns under axial loads applied over 
a part of the end face and also to determine the stress distribution in the 



Pro. 8. Variation or radial Strcss o, wit11 Poissm~'s mtio f r  =- 0) 

anchorage zone of the post-tensioned prestressed concrete beam or column. 
Since concrete is weak in tension, to reinforce it properly the positions of 
maximnm tensile stresses and the tensile zones are to he determined. Figs. 
15 and 16 show the magnitudes cfinaximum tensile (radial and hoop) stresses, 
positions of maximum tensile stress, and zero stress for p =:=: 0. 0.2 :tnd 0-3 
at r = D (for radial stress) and P = 0.2 (for hoop stress). 

The above ies~ilts may be used ~n determining the anchorage zone strcsses 
in a prestressed concrete beam. 

The three-dimensional problems of stress distribution in the anchorage 
gone of the gosttensioned pre-stressed concrete beam have been solved 



ref. 17, 81. The elasticity solution presented in this paper for the semi- 
infinite cylinder satisfies all the boundary conditions and hence the r ~ u l t s  
can be made ose of to obtain the ,tresses in the anchori~ge zone and for 
comparison w~th other theories [2, 7, 81. 

7. D~scuss~o~ OF THE RESULTS 

Figures 15 and 16 indicate that Ihe position of the imximum (radial a d  
hoop) tensile stress and the position of zero stress (radial) shift towards the 
loading end as load distribution area c is decreased. The magnitude of the 
maximum tensile (radial and hoop) stras incrmseb as the Poisson's ratio 
increases. The position of the maximurn tensile stress (radial and hoop) 
and the position of zero stress (radial) shift towards the loading end as 
Poisson's ratio decreases. There is not much variation in the position of 
zero stress for hoop (tensile) stress for change of a and p. 



- 0.6 
Fla. 10. Variation of hoop stress og with Poisson'~ ratin (r a 1.0t 

Figure 17 shows the contours of the tranverse >tress obtitmc?d far the 
semi-intinite cylinder for the value of E = 0.2. Such contours fb r  other 
two and threedimensional problems have been givcn in r c t  [?I. Figuro I X  
shows the magnitude of the maximum tensilestresscs for different loading are35 
for the semi-infinite cylinder and the two ofheher problem\ shown i n  Fig 19. 
It can be observed that in this solution both the radial and taugenti;il stresses 
can be thought of as transverse stresses. Hence it can bt scen from Fig. 17 
that spalling zone exists if radial stress ia considered as rhc one corrcspot~diag 
to 0, of the three-dimensional rectango1:w pribm. Similar resalt, exist even 



in the problem of a hollow cylinder 171. From the foregoing discussion 
the following conclusions can be drawn : 

(1) The mnirgniiude ol' the nwxinlum ttansverht tensile atress is less 
than the three-dimnensioni~l prism sohttion, whcn thc rztio of the loading 
area to the crow-sectional :ma  (€9 is Iw tlxm 0.4 ;111d beyond 0.4. both 
the resnlis agree with e:rch othec (Fig. I X  u). 

(2) For e" 0.2, the two-dimot~siorlal r w i l t .  give hiphcr vakue for 
thc t~~axi~irunx tensile al~-ws than that of the p r im o r  present solution (Fig. 
18 a). 





FIG. 13. Variation of radial displacenrmt u wilh Poisson's ratio across the cross section 
at i = 0. 

FIG. 14. Vwiation of axial displac-mcnt w with Poisson's ratio along the radius at I - 0  
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FIQ. 15. Variation of radial stress with Poissoa's ratio (r = 0). 

If E is ab~umed to correspond to f l  (Fig. 19), thc magnitude of the maxi- 
mum tensile stre.ss in the axisymmetric problem ii  greater thm that obtained 
by the three-dimensional solution (Fig. 18 b). For e > 0.3, the results of 
the present solution agree with those of the two-dimensional solution. 



QI 

Z 

( I )  mogni tudt  of rnax tensile s t ress .  
(2) p o s i t i o n  of max tensi le  s t r v s s .  
(3) p o s i t i o n  of  z t r o  tens;!* stress. 
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C = 0.2 
p' 0-2 . .-,  .* 

(radial stress)  

E =0.5 
p=O-2 

(hoop stress) 

€ - 0.2 
/.I = 0.2  

(hoop stress1 

2 a -----I 

E =O.B 
pso .2  

(radial stress) 

( r a d i a l  stress: 

E ~ 0 . 8  
p ~ 0 . 2  

( hoop strcss) 

FIG. 17. Transverse stress contours in the anchorage zone (semi-infinite cylinder). 



Stress Distribution in a Long Cylinder 

I T E N S I L E M U I O T - S N I - I N F I N I T E  SOLID 

FK. 18. Magnitude oi max rensilc stress (or) along the loading axis for different % ftoulBsr: 
area). 



- b 
Loading system for tho semi- inf m t e  s t r l p  

LO ) 

=P = J K  
(bl 4 b c  C I - 2 5 ,  b= C 

p =  2 c  12 b 
Flo. 19. Loading system [or  he rectangolar prism. 
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