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ABSTRACT

Assuming non-linear stress-blocks for concrete in compression and tension,
variation cf resisting moment of a prestressed concrete beum of I-section has been
studied with the gradual pemetration of a flexural crack. The range of instabiliry
of the crack is examined with respect fo the effective prestrain, area of tensioned and
non-tensioned  reinfcrecement and the bonding  efficiency. For an illustrative
case, the minimum reinforcement for a stable crack is determined.

Key words: Beams (sttuctural); Bonding efficiency; Concrete (partially prestressed);
Cracks (flexural); Effective prestrain ; Reinforcement (non-tensioned); Stability.

INTRODUCTION

In class 3 prestressed concrete structures [1], cracking is permitted and
such beams are also normally reinforced with non-tensioned steel. Recently,
considerable attention is being paid to a study of the cracking characteristics
of such beams so as to develop suitable methods of examining them for the
limit state of cracking. Whilst many studies have aimed atl a determination
of the widths of cracks developed in prestressed and reinforced concrete
members, the unstable behaviour of a flexural crack has been studied only
by a few investigators. During testing a reinforced, prestressed or partially
prestressed conerete beam, just at cracking, it is noticed that sometimes a
flexural crack suddenly extends to a considerable height accompanied by a
sudden drop in the load. Subsequently the crack peretrates further with
or without increase in loading depending on the amount of reinforcement—
thus the crack shows an initial unstable behaviour just when it forms and
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subsequently remains unstable or becomes stable. The uustable cracking
behaviour is important for the reason that, in relation to the load carrying
capacity, a stable crack is compatible with additional load carrying capa-
city while unstable cracking leads to failure. Also, if the crack is unstable
over a considerable height, the cracks would be wider and spaced farther
apart—a situation which is undesirable and which is to be avoided.

Krahl, Khachaturian and Siess [2] appear to be the first to study the
stability of tensile cracks in concrete beams. They found that in a plain
concrete beam the crack is unstable from the stage of inception till failure
and that addition of reinforcement stabilizes the crack. The method was
also used to study the stability of tensile cracks, if they form at the top
fibre of a prestressed concrete beam at transfer of prestress. Oladapo [3]
studied the stability of flexural cracks in prestressed beams and noticed that
the range of instability was reduced by a higher level of prestress. Also,
increase in the steel ratio stabilised the cracks at all stages. In both the
above studies, the resisting moment of the cross-section was determined
by assuming an elastic-plastic behaviour for concrete in compression end
elastic behaviour in tension ard by taking bond factor for steel to be unity.
Beeby [4, 5] determined the initial crack height (corresponding to' the un-
stable height of the flexural crack) of reinforced c¢oncrete beams of
rectangular and T-sections in connection with the determination of crack
widths. For determining the resisting moment, he assumed a triangular
stress-block for compression and tension in concrete.

Noting that the stress-strain plots of concrete in compression and ten-
sion are curved, and can as such be taken to represent the stress-blocks
instead of approximating them to be triangular or trapezoidal, and investi-
gation was undertaken to study the stability of flexural cracks of prestressed
concrete beams with curved stress-blocks for compression and tension of
conerete. The analysis covered the cases of beams of [-section and the
bonding efficiency of prestress steel and non-tensioned sicel. This paper
presents briefly some of the results which have been reported in greater
detail elsewhere [6].

ANALYSIS

Stability of a flexural crack is examined by finding how the resisting
moment varies with the progress of the crack into the beam. For this
purpose, the resisting moment of the cross-section of an I-beam having
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prestress steel and non-tensioned steel is determined as the crack forms and
penetrates into the section. Upto the stage of decompression, the elastic
analysis is fairly applicable for the prestressed beam section and hence it
would be sufficient if the analysis with the curved stress-blocks is applied
for the situation after the decompression of bottom fibre. The resisting
moment at the stage of decompression depends on the degree of prestress
and can be determined for the gross transformed section and hence is not
included in the analysis. The present analysis therefore determines the
moment in excess of that decompression stage, i.e., M,. The total resisting
moment M, at any stage can be obtained from M = M, + Mge where
Mg is the moment corresponding to the stage of decompression. The
analysis is first presented and followed by the numerical results of a case
worked out for illustration.

The method of force equilibrium and strain compatiblity is used to
find the resisting moment and curvature. Along with the usual assumptions
that plane sections remain plane and the cross-section is subjected to pure
flexure, it is assumed that concrete cracks on reaching a limiting tensile
strain.

The equation for the stress-strain curve of concrete in compression
(Fig. 1 @) is taken to be 71
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The stress-strain curve of concrete in tension (Fig. 2) is assumed to be
of a form similar to that in compression and its equation taken to be
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For full or part areas under the tensile stress-strain curve, relations similar
to those of equations (2 ) to (5 b) can be written down with e, €z, fat,
Jot, oty Biy fiz @t12s €t €t1, Ptie TEplacing the corresponding quantities of
the compression case. Thus as, P, apyy and g, are known,

The stress-strain curve of the prestressing steel is approximated to the
bilinear form as shown in Fig. 3. The two straight lines are then represented

by:

for

&< esy, fs = Eg € (7 a)
and for

€y < €5 KX €suy fo = fsy + Ese (€5 — €59) (75)
where

B =1
and

_Jou—foy
Epp =T 05 )

The stress-strain curve of non-tensioned steel is assumed to be elastic-
plastic (Fig. 4) and so,

for

€sn X €syn, fon = Esp €sn ¢ a)
and for

€sn = €y, fon = fsy (80)
where

Egn = fsyn/ €syns 8¢c)
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fig . 1. Stress~strain curve of concrete in compression
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Fig . 2, Stress—strain curve of concrete in tension

fig . 3, Suess-stramn curve of
prestress steel and the
bilinear  approximation
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When the prestressed concrete beam section (Fig. 5) is subjected to a
moment M., depending on the closeness of M, -+ Mge to ultimate moment
the following cases arise: (@) tip of the crack being in the bottom flange
with neutral axis in the web, (b) tip of crack and ncutral axis are in the web,
(¢) tip of crack is in the web and the neutral axis in the top flange arnd
(d) tip of crack and neutral axis are in the top flange. While studying the
crack stebility it might be sufficient to examine the first two cases as the
cases (¢) and (d) arise mostly for moments close to the ultimate moment.
Instability of the crack, if any, would be revealed while analysing for cases

(a) and (b).

3
<
-2
T -
EC‘
O
R e
t t‘ﬁ.'} ==k &
L}
te 1, i
Cross section Strain distribution Stress distribution

Fig. 5. Strain and stress distribulions [case 1)

Case 1: Tip of crack in the bottom flange and neutral axis in the web:
Figure 5 shows the strain and stress distijbution across the cross-section.
The position of neutral axis can be got from the condition,

Ct+ Cyp = T5 + T + Ts+ Ton gt

and the resisting moment is given by,
Mo = C§ yei + Cwlew + T5yis -+ Twyies
+ Tsyts + Tonysn- (10)

The curvature may then be obtained from
Xe = ecolkh, (11)
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The various compressive and tensile forces and their location can be derived
as the following:

Cy = (1 —p) ¢ acrs bhfoe (12)
and
Yef == Beaakh (13)

where aggs, Ber, are given by equations (4 b) and (5 b) and with

con = Ci e (14 )
and

ca=5T2 (145)

Cy = pkae b foc (@13)
and

Yew = fic kh 16

where ac and B are given by equations (2 b) and (3 b) with ec = ¢, (=¢Q.
14 a).

Ti= (1 —p)(c+¢ — V)an, bifor (17
and

Fif ={Bna{c— k) h 1%)
with
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Tension in the prestress steel depends on the magnitude of the strain (esp
+ 0y €'sp) where 0p is the bond factor and two cases arise:

)i

(esp + O¢'sp) < esy
Ts = (esp + Op €'sp) Esy Asp 22)

o1, if

esy < {esp + Op €'sp) < €y,
Ts = [ esy Esy + (esp + Op €'sp — €sy) Esq] Asp. 23

In equations (22) and (23),

dop= E L0 e @9
and
ys=0—r—k}h (25)

Strain in the non-tensioned steel is (— egp -+ Op€’sy) where 8, is the bond
factor and the strain egp, is assumed to be compressive as it would normally
be. Again two alternatives arise depending on the level of steel strain:

I

(— esn+ 0n €sn) < Esyn,y

Tsn = (— €sn -+ On €sn) Esn Asn (26)
Or, if

(— &sn + bn €sn) = esyn,

Tsn =fsy1g Asn. (27)
In equations (26) and (27),

. I —rp— k R

on = L-(c—ff_‘Tl et 28)

and

Prain=( —rn — k) h @9)
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‘While using eq. (9), it might be noted that four possibilities arise depend-
ing on the level of strain in the prestressed and non-tensioned steels,

Case 2: Tip of the crack and neutral axis are in the web.: Figure §
shows the strain and stress distribution across the cross-section. This case
teads to equation similar to those of case (1) but with the modification that
from the equations of case (1), those corresponding to 75 and T ys disappear,
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Fig . 6. Strain ond stress distributions {case 2)

From the above analysis, M. and x. can be obtained for a given pene-
tration of the crack into the beam and the variation of M, with the cracked
or uncracked depth determined to examine the stability of the crack.
In the plots of M, versus ch (uncracked depth), in the region where M.
assumes a value less than its value at ¢ = 1, the crack is unstable and it
is stable when M, shows an increase for a decrease in the value of ch.

ILLUSTRATIVE EXAMPLE

The analysis can be used effectively with a computer to work out
numerical results for a given data. One convenient procedure would be to
determine Mg and xe for a given value of ch. For any assumed value of
ch, the position of neutral axis (kd) is to be determined by a trial and error
procedure using equation (9). In the process of computation, a value of
k requires to be initially assumed and is subsequently altered in suitable
steps so that the left hand side and right hand side of equation (9) are equal
within reasonable limits. With kd thus known, M. and y, follow, Numerical
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results are worked out using a ICL 1906A computer for an assumed set of
paramsters to serve for an illustration and also to give an insight into how
moments and curvature change as crack penetrates deeper and deeper into
the beam, how the bond factors affect the stability of the crack and what
combinations of esp, psp, psn give a completely stable crack.

The following are the values of various parameters used in the illus-
tration :

Fixed parameters: (a) Concrete cube strength fe, = 5802 psi (40
N/mm2). Concrete cylinder strength foc = 0-8 feu= 4642 psi (32 N/mm?).
For this concrete, from an equation given by Saenz (Discussion of reference [6]
€ = 0-00192 (b) Tensile strength of this concrete has been obtained after
studying the tensile strength obtained by Humphreys [8] and Spetla and
Kadlacek [9] as fot = 282 psi (1-95 N/mm?) (Appendix I). The results
of Todd [10] indicate that a value of 10 X 1075 could be taken for ey and
also for the limiting tensile strain (eg,) of concrete. Evans [11] has reported
on the microcracking of concrete in tension at stresses which are about
15 percent to 20 percent less than f51. This reduced stress could be critical
when considering a situation where a concrete beam is subjected to sustained
loading with the tensile stress in extreme fibre close to the one at the
micro-cracking stage. However, when the concrete is cracked in a short-
time test, it appears reasonable to assume that the full stress at fpz is realized
and thus a strain of ey is taken as the limiting tensile strain. (¢) From tension
tests on 0-276 in (7 mm) prestessing wires, the following data wereobtained :
fsy = 174 kips/in? (1200 N/mm?), eg= 0-006, fs = 223 kipsfin® (1540
N/mm?), ey = 0-056, Eg =29 x 10 psi (200 KN/mm?) and E; =
0-985 x 10%psi (6-8 KN/mm?). For non-tensioned steels, consisting of
high strength deformed bars, fsyn ==59-5 kips/in® (410 N/mm?), Esp ==
29 x 10° psi (200 KN/mm?)} and egyy == 0-00205. (d) Covers to the centres
of steel bars have been so assumed that » = 0.15 and r, = 0-10. (¢) The
value of egpis usually very small and is assumed to be zero for convenience.

Variable parameters: (a) Flange and Web thicknesses of the cross-
section: Two combinations were assumed, viz., ¢ = 0-2, p ==0-333 and
@ =016, x=10-20, () Amount of prestress steel: five values as psp =
0-001 to 0-005 at 0-001 intervals, (¢) Prestrain in the prestress steel at the
the stage of decompression: five values as egp = 0-001 to 0-005 at G-001
intervals. (d) Non-tensioned steels: five values as pgy = 0-0 to 0-02 at
0-005 intervals (¢) Bond factors for the two steels: noting that Bennett ang
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O’keefe [12] suggest bond factors of 1-0 for good bond and 0-4 for poor
bond, the following three cases were investigated: 0p =0n = 1.0, Op=10-4
and 6, == 10, fp==0,=0-4. The third case was introduced to find the result
of a chance occurrence when both the steels are poorly bonded at a parti-
cular section (f) Position of the tip of the crack : seven values of cas ¢ = 1-0
to 0-4 at 0-1 intervals.

RESULTS

(@) Stability of cracks: Figure. 7 shows typical variation of moment with
uncracked depth. Some of the general obsrvations from these plots are
as follows: For a given value of psp, and at low values of esp and psy, the
crack is unstable to start with and regains some stability after penetrating to
some depth in the tension flange. When the crack reaches the web, because
of a sudden decrease of width, it penetrates to larger depths even for small
increase in moment. In some cases, the crack may show again an unstable
behaviour as it enters the web. For higher values of e«p andfor psp, the
instability of the crack in the web first disappears but it still persists in the
bottom flange position. Finally for certain combinations of psp, eyp and
psn, the cracks show a stable behaviour right from the stage of inception,

(b) Influence of bond factors and effective prestrain: Fig. 8 shows a typica}
plot of M, versus c indicating how the bond factor and effective prestrain
influence the stability of crack and the magnitude of M,. Asis expected,
with a poor bond and for smaller egp-values, M, is less for a given depth of
crack. When the bond is poor, for a given psp, a higher egp is needed to
make the crack stable in the tension flange. Figure 9 shows a typical plot
of how the curvature x. changes with incrasing crack depth. Tn the region
where the crack is unstable, it is only the moment that decreases whereas
deformations are on the increase. A kink noticed at ¢ = 0-8 in all curves
corresponds to the position of crack at the junction of the flange and web.
For higher values of effective prestrain, higher curvature is obtained for a
given crack depth; for 2 given e;p, poorer bond leads to smaller curvatures.
Figure. 10 shows typical plots of the variation of moment with curvature and
how effective prestrain and bond factors influence the same. The section
is stiffer and stronger with higher prestrain and better bond.

(c) Influence of cross-sectional parameters : From the two alternate
combinations of ¢ and g for which the computations were made, the section
with thinner web and flange required higher values of €gps psp and psq to keep
the crack stable over its centire range of formation,
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Fig. 8. Variation of movement (M,) with uncracked depth-Influance of bond factorand
effective prestrain.
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(d) Minimum steel for crack stability : Tables I and II summarize all
the combinations of pgp, €sp andpsn for which the crack is found stable from
the stage of inception, for the two sets of cross-sectional proportions examined.

For the combinations of prestressed and non-tensioned steel studied
writing,

R = Rp + Rn (30)
where
o Jsudsp 31
R = foabh (1 — 1) Gta
and

. *fiyﬂé{"f
R = prbh (I — ra) ere)

the minimum value of R for a stable crack, say Re, can be determined from
the results in Tables I and II. Noting that higher values of e lead to
smaller values of R, results in Table I have been examined for esp = 0-004
and 0-005 and 0y = 0,=1-0 and the values of R, determined for the stabi-
lity of crack from its inception are given in Table ITI. It is possible that
when the stability of a crack is taken as a criterion in the design, the cross-
section, in some cases, may need much more steel than is required from
streagth considerations only. Under such circumstances, it may be desi-
rabie to permit a crack which is unstable only over a partial height and
the stability of which is assured after in initial instability. A suitable design
procedure could be to first design the steel required for the strength and
then to check up for crack stability (with the hlep of tables such as Tables
I 2nd II) and if the latter is not satisfied, to introduce such alterations that
€sp. psp and pgy are adjusted as close as possible to @ stable (or partly stable)
crack combination without impeiring the serviceability and strength require-
ments. Such an approach to class 3 prestressed beams could lead to desigps
which give a better posteracking performance.

11.8c—2
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TasLE I

Combinations of psp » €sp and pgy, for a stable crack for ¢ = 0-2 and  =0-333,
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TABLE II

Combination of psp, €sp and psn for a stable crack for ¢ = 0-16 and =020
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TaBLE IIT

Minjmum R-values R for crack stability for the case ¢ =0-2, p=0-33
Op = 0, =1-0

€y = 0004 e = 0-005

0-002 0-0906 0-1710 0-2616 0001 0-0453 0-2280 0-273;
0-003 ©0-1359 0:1140 02499 0-002 0-0%06 0-1710 0-261¢
0004 0-1812 0-0570 0-2382 0-003 0-1359 0-1140 0-24%
0-005 0-2265 0-0570 0-2835 0-004 0-1812 0-0570 0-238;

0:005 0-2265 0 0-2265

CONCLUSION

Stability of flexural cracks can be examined by using the proposed
analysis. For a given data of material properties, sectional proportions
and bonding efficiency, combinations of prestrain and areas of tensioned and
non-tensioned steels which result in a crack which is stable either over the
whole depth or over part-depth can be determined. Such data could be
used in the design of class 3 prestressed concrete beams so that they have a
better post-cracking performance.
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APPENDIX 1

Figure Al showing the relation between oylinder strength and direct
tensile strength.
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APPENDIX II—NOTATION
Asp Area of prestressing steel;
Asn Area of non-tensioned steel;
b Breadth of flange of I-section or breadth of a rectangular section ;
C Total compression ;
C; Compression in concrete in top flange overhang;
Cy, Compression in web concrete;
¢ Ratio of depth of uncracked section to overall depth;
E, Static secant modules of elasticity of conciete;
Eq Modulns of elasticity of prestress steel;
Es, Slope of the second line in the bilinear representation of the stress-
strain curve of prestress steel;
Esn Modulus of elasticity of non-tensioned steel;
e Base of Napierian logarithms;

fe Compressive stress in concrete;
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fe(=foc) Cylinder compressive strength of concrete;

Jeu
fou
Js
Son
Joy
Jsyn
fou
T

h

Made
M

Ts
Tom
Ty

Cube compressive sirength of concrete;
Tensile strength of concrete;
Stress in prestress steel;
Stress in non-tensioned steel;
Stress at 0-2 per cent offset strain in prestress steel;
Yield strength of non-tensioned steel;
itimate strength of prestress sieel;
Tensile stress in concrete
Overall depth.;
Ratio of depth of neutral axis to overall depth;
Bending moment;
Moment at the decompression stage:
Moment in excess of that at decompression stage (=M — Mge);
Total reinforcement index;
Minimum R-value for a stable crack;
Non-tensioned steel index;
Prestiess steel index;
Cover to centre of prestress steei;
Cover to centre of non-tensioned steel;
Total tension in concrete;
Tension in congrete in bottom fiange overhang;
Tension in prestress steel;
Tension in non-tensioned steel;

Tension in concrete in the web;
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Pariially Prestressed Concrete I-Beams 10;
Distance of Cy from neutral axis;
Distance of Cy» from neutral axis;
Distance of Ty from neutral axis;
Distance of Ts from neutral axis;
Distance of Tspn from neutral axis;
Distance of Ty from neutral axis;
Factors giving average stress for compression in concrete;
Factors giving average stress for tension in concrete;
Factors giving distance to centroid of compression in concrete;
Factors giving distance to controid of tension in concrete;

Strain in concrete in compression;

Compressive strain in concrete at the bottom of the ecompression
flange;

Extreme fibre strain of concrete in compression
Compressive strain of concrete at foe

Strain in steel;

Tensile strain of concrete at fot;

Strain in A4g, at decompression stage;

Strain in concrete at the level of Asp, due to moment Mp;
Effective prestrain, i.e., strain in 4gp at the decompression stage;
Strain in concrete at the level of Ay, due to moment Me;
Tensile strain in concrete at the top of tension flange;
Limiting tensile strain in concrete (taken equal to &p1);
Strain at the stress fsy of the prestress steel;

Strain at yield stress of non-tensioned steel;
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Bond factor of
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prestress steel;

Bond factor of non-tensioned steel;

Ratio of breadth of web to breadth of flange;

Ratio Asp/bh;
Ratio Asg/bh;

Ratio of thickness of flange to overall depth;

Curvature cormresponding to moment M;

Curvature corresponding to moment Me;
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