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Abstract 

The object of the present paper is to have computation of certain bivariate Laplace transforms for the 
if-functions. A general theorem is established, which gives the correspondences, involving Fox's 
if-function, between the original and the image in two variables. A few particular cases of interest 
are also discussed. 
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1. introduction 

,Tae Laplace Carson transform in two variables is defincd and represented by the inte- 
gral equation3  (p. 39) 

co 00 
F (p, q) pq f f e-n-421  f (x, y) dx dy ; Re (p, > 0 ; 	 (1) 

o 	o 

Where F (p, q) and f (x, y) are said to be operationally related to each other. F (p, q) 

Is called the image and .f(x, y) the original. 

Symboli ally we can write 

F (p, q) €4- f (x, y) or vice versa, 
	 (2) 

where the symbol* is termed as operational. 

The H-functions is defined and represented in the notation of Braaksma l  as follows : 

ftm1 1
(9, A) 1 le • re ix  (an Apt • -9 (ar, 

(b , B) rj.  L- BJJ 

(2110-1  f 
r(b j  wB 1) fl 

4=1 	 ion I 

n r 0 — + 
rsins+1 

r (I — aj  + wAj) 

n  r (a1  wA,) 
1.0+1 

xw div, (3) 
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where x may be real or complex but is not equal to zero and an empt
y pr  

interpreted as unity, m, n, r, s are integers satisfying the inequalities 1m 
ifIth 

0 n S r, A i (j=1, . . . , r), Bi  (.I = 1 , . . . , s) are positive numbers and ai  (h. 	I'l b, (I =1, ..., s) are complex numbers such that no pole of r 0, _ wpo 0, 1  ...,I 
coincide with any pole of r 0 — ai  + wAs)(.i =1* • • •$ n); i.e., 	* • 'AI) 

A 1  (b 1  + s) 0 BA (ai — n —1) 

4,71 =0,1,2, ...; h=1,...,m; 3=1,...,10. 
(41 

The contour L runs from a — ioo to a + ioo (a real) such that the poles of r(b i-swad  
ti =1, ..., rn) lie on the right-hand side of L and those of ro 
ti =--1,...,n) lie on the left-hand side of L. Such a contour is possible on actott

i  
of (4). 

The integral in (3) converges for 

a  largxl< film, 2>0, 	 (3) 

where 

vs 	 r 	 ws 	 s 
1 = Z A i  — ± A l  + E Bi  — Li 13). 	 (6) 

/el 	1- 11+1 	fel 	1-01+1 

These conditions are assumed to hold good throughout this paper. 

In this paper we shall obtain correspondences, involving Fox's H-function, beta= 
the original and the image in two variables. 

In what follows we shall denote the original variables by x and y and theyans- 
formed variables by p and q. The notations employed are those of Ditkia 2.01  

Prudnikov's Operational Calculuss. The results obtained here provide a generalowl 
to the results given earlier by Dahiya 2. 

2. Theorem 

If (0 OnSr, I Se.  m 	s", 

(ii) I arg u I < -pa, 2> 0, 

5 > 0, 'Re (p) > 0, 

(iii) Ra (v) > 0, Re [- 11  + 6 bail> —1 (j = 1, •..,m), 

Re fil + v — 6 (al  — DMA < 3/4 (j = 1, . • -, n), 

(iv) Ai Oh + e) * Bh ((xi  — n — l) 

. .(e,q=y: 0, 1 ?  2, ... ; ph = 1, ...,m ; Pr- 1,  - • " 4  
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(pq )(312)-ig-v HrAn.4;1 Butz poi5103 , 3)7 (a, A)1 
(b, B) 

( 7EY) -1  OxYri f3-1  Hrirs i ku-2  4xy)-4 8  1 01 3)) (a,  A), 	+ 2v — 1, 6)1 
(b , .  

(7) 

Proof: The Laplace transform of H-function is given by 6  [p. 140, Eqn. (2.4)] 
co 

f e-C t /Cy [ 5 I (a, Al di  
(b, B) 

0 

117141'4-1[(Y) i(t
)a 

, 45), (a, A)1 
,s (b, B), 	 (8) 

valid for Re (p)> 0, 6 > 0, ).> 0, I arg u I < 27r/2, Re [—/3 + 6 (bi lBj)]> —1 (j= 

1, 2, . . . , in). 

On writing (pq)i for p, multiplying both sides of (8) by (pq)i-v p-it and then 

'interpreting it with the help of the known result 3  [p. 144 (3.26)], we get 

co 
(ivy)-1 (4xy) (2V -1)14 	t (1-213-" )1?  J2, 1  [(64 xyt 2)i] 

LI 

(a, A)1 
di [Oat i 1' • (b, B) 

(pq)(3-p_roi2 Hrri4Irti-st [ 012 poi 5  (/3, (61,  .8(a; A) ] 	 (9) 

provided Re (v) > O. 

Now on evaluating the left hand side 
[2. 326(2)1 we obtain the desired result 
with the theorem. 

integral with the help of a known formula 4  

valid under the conditions (i)-(iv) stated 

3- Particular cases 

By taking proper choice of the parameters in (7) and on 
using the known results' 

p. 54-68), we  obtain the following two class of results : 

(A) Th e  
named image functions expressed in terms of the H-funetion 

For the sake of brevity we shall use the following abbreviations in this section : 

X ' (P4)1, Y = (4xy) 4  and 0 I= (P452)-1. 
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X 6-4v Jr (X) ICA (X) 

r4v-3)/2 
= 

4 iryi 
n2, 	a, 5), 
" 3 ' 4 	I 

+ ± 

2 

(1, 6), (2v - 1, 6) 

' o) ' (L
cv 

6) 

X 5--4r III" (X) HV )  (X) 

. . (c os v  „, , 	s 
H

[
Y- 

8 	(1, 6), (2v, 6) 1 
-7  2 7r3 ± 2), 6), (1, 6) J .  

A I k,m (2X) W-km (2X) 

I-  ft  + 2m)  17"--k-it 	v 6 
0  Ityi r 	k 	3.4 [ - 

G 	
k (5) (2 	 k 1,  

V  I  m, 61, (4, (5) , 0  5; 	j. 
0 X4-2t-4ti eir Wk. (X 2) 

ytvi-k  ( ry)- 	

L

4 H21? • )7_6  (k ± 2, 6), (k 	217 + 1,6) < 
re  r 	k 	rn) 2$ 	 ± In, 6) 

I X6-4v  rip (X1 ( 	- I-11(X) v ( X )] 

•• - Si!  02 ± 'V) it y tdir-311 in:: •• Es c  yi 
y _,5  [ 	a (5), 0 , 6), (2v - 1, (5) 

(P -Tv+1,6) 	- p -Tv y 
k 	2 	) 't -9 . ' 6  

(III 

X5-"  e4X2  V (I re2) 
y(0-1))2 in, 7. 1 y_51 Or, 5), (2v + 	6) 1 

ivy - 1 2 	+ 1, 6), (1 	v, 6).1 
0 X5-r [1 (2K) Lv  (2 X)] 

• 

• a 

cos (vrc) yov-2)12 H2
I  
,1 

2  3  • • • 	lit t2 

5 
Gv  + 176) 1  (2 ") 

v 
(1 ± 2 

' 
(5) , (-2- ± 	b) 

2  

0 X5-4v el X2  K, (4X9 
44. sec (22 10 

77. 	yi 	17(412-1)42 In: [ y--45 (4, 8), (21) ± I, 6)1 
± v, (5) 	j - 

0 Xl-n-2k  Wk, in (21X) m  (- 21X) 

r 	k + 	  1111EYH ± m, 5), 
ti 	6), (2v k + 	. 

G, 0, 0, 	j 
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(1.X5(1-r)  (Hr (n) 	Yv (2X)) 

cos (v7) 
eis 	

y(5r -■2 )12 141 : ; S 	yi 

0 X5-4v_ iz Sii, , (2X) 

n  rift+ P-2m. icyri 
in 

2 -1." r (:- 	+ It) 
2 2 — 2 

v 
+ 1' 5 y_a   

( v2 + 
(19) 

[ 	' (1 + 1 p, (5) , (2v ÷ li , (5) 
/7-8   

(1 + P  (5) ( 1 
 +' ! (5) 	• 2 ' 	' 2 — 2  

(20) 

(B) The H-function expressed as a named original function 

For the sake of brevity we shall use the follovting abbreviations in this sccticn : 

Z = (4xy)4, U = (pq)i: , c6--n  (12  (52 	• 

+ +iv, (5) 

(W 	at,' 	SE a) ( 3)! 	+ 	6) 9  
OU(4-4"2 	uo 	2 ,  / I k2 2 2 ' / 1  ‘2 2 2 / 

at- 4-  - 	(5) 

Z2  [J (Z) (Z) — J-,(Z)J-A (Z)] 	(11—:—r) 	 (21) 
• 

[ 	
(I ± 

0 04-'02  iff:,, U5 C
v  P v  (5) Cv le  11  - -v2 ' (5) 2 2 	 2 2  ± + 2 " —  

(ThZ)2  ri 
•• 	2 	[(cos pit + cosy 70) -1- 

X rein. (v....„, ) ,2 H tp (z)  Hr (z) + eir(14-4)14 HIV (Z) MF) (a. 	(22) 

[I 
OU(2k-g Eh H1:1  (U)a  I 	 (k ± I ± hi, 45) 

.. 

"re 

 

	

2" Z2k -41 ri r (I --- k ± ni) 141k,„,(1Z) Wkl in (— iZ). 	 (23) 
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O 01 - 7 " Hi3 : 1  [ U 3  I 4 	
k, 6) 

U (in — 6), (-± 	6), (— Ill — +, 6)1 
F - k 	Zn Er (2ni I A-4  y`i Wk, m (22) M---be (22). t: 	(24 
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