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Abstract 	 • -I , 	 . 

--07 Closed form solutions a re obtained for three sets of simultaneous multiple integral equations involving 
inverse Mellin transform. The method is ,  illustrated by obtaining closed . Conn. solutions. of a set 

. 	 • 	. simultaneous dual integral equations and 'a system of simultaneous triple integral equations involving 
inverse Mellin transform. 
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1. Introduction 

The Riemann boundary value technique used in ref. 1 is applied here 
following system of simultaneous multiple integral equations involving 
transform: 

Otib 
for solving the 
inverse Mellin 

Af-' [fit, (s) + a tan (ruin) ç (s); r] = 	re 4 

M-  [By9 (s) — a tan Orsin) (s); 	 r e 

M -' [9 (s); r] = 0, r e LA 	.- 

M-' [iti (s) ; i• 	--= 0, r e Li/  
. 	— 

111-' Uhl (s) + a cot OrsIn) (s); r] A (r), erer4 

M- 1  [fiv (s) — a cot (lra) (s); = f2 (r), r E 

(s); r] = 0, r e 

(s); 11 =--. 0, r e 

[fly (s) -I- a cot (=In) (s); r] J

j

(ran), r e 4 

Af-1  [A* (s) + a tan (nsIn)w (s); r] = fa  (en), be r E 

A/1-49 (s); r] = 0, r e LA 

= 0, r e 1, 1  je 4: 

(1.2) 
ab 



200 	 K. N. SRIVASTAVA e/ al. 

where a and fi are constants, n is a positive integer, 0 < s < n12; L 1 = ur i (aobj)  
=-- R' 	R' being the positive real line such that Os a 1  < bj  < a2  < b2 	an  < b t  

and At' if (s); rj denotes the inverse Main transform of the function f (s). 

This type of integral equations occur in problems of determining the distribution of 
stresses in composite wedges. When two wedges of dissimilar elastic properties are 
bonded together and the interface contains flaws in the form of cracks, the problem of 
determination of stress distribution reduces to that of solving the above system of 
integral equations. 

2. Reduction of the system of multiple simultaneous equations to Rieman!' boundary 
value problem 

In order to solve the system of equations (1.1), we assume that 

m-1 [c (s); = nr); 	(s); 	q (r), r e 

so that 

9 (s) = j p (u) un -' du ; and 	(s) =-- f q (u) us -1  du 
Li  

here p (r) and q (r) are unknown functions to be determined. By using the result (ref. 2, 
p. 342) 

n (ru)" 2  
M-1  [tan OrsIn); tofu)   , 0 < s < nI2 

n (u's 	raft 

we obtain 

[tan (s/n)tp (s) ; r] =j uel q (u) M -1  [tan (=In); du] du 

n . rni 2  f q (u)  012-1  
a  du . 

u" 	r- 
L, 

(2. 1 ) 

Similarly 

M 1  [tan 	
n . r ft i 2  f p (u)  u012-1 

du . 
Jr - 	Ors In) 9 (s); r] 

- rs 

So that the system of integral equations (1.1) reduces to the following 
integral equations 

simultaneous 

(2.3) an . 2 f 13q  (0 
71  

p (u) mai 2 —1 

a 	• du = f (r), r E L 1  
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J q (u)  uv" -1 an . roe 
lip (r) 	 le —r du — 	re 	 .4) 

L, 

The substitution 

p (u) 	iq 	=-- u"12  A. (u) 
(2.5) 

+ 	(r) = rnt2  f (r)  
(2.6) 

helps us to reduce the equations (2.3) and (2.4) into a single integral equation 

a 
t 
 f A 

u r -- 
(u)n unel 

(r) 	 du f (r), r e 11. 	 (2.7) 7r  
L, 

Next we consider the system of equations (1.2). We assume the same solution as for 
the system (1.1) and after using the result (ref. 2, p. 345) 

M-' [cot (irs/n) rlu] = n . 	(un 11,0 < s < n12, 

and noting that 

	

n 	unst p (u) 

	

AV' [cot @urn) 9 (s); r] --= - 	 du u 	rn 
(2.8) 

-1   q (u) mai [cot (luin) (s); 	j us rs du  
Li  

(2.9) 

we find that the system of equations (1.2) reduces to 

ft q (0+ ?Ea  f 
n . u"-1  p (u) 

US — r"  
du =--- 	r e (2.10) 

(2.11) f n - nun-1  rt(u)  du =-- WI r e pp (r) — L, 

The substitutions 

q (r) 	p (r) --= 2 (r), 
 

helps us to reduce the equations (2.10) and (2.11) into a single singular integral equa- 

tion (2.7). 

If we get 

A (z) 	n . f 2irr 
zee' 04). du, Re (z) • 
u 	4  

(2.12) 
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then after using the formula 4 	 . 	. .. 

A+ (r) — A-  (r) =-- A (r), A+ (r) ± A-  (r) =-- I i 
un-i A, ( 1) . . 
	 du iri 	11" — el 

Lt 

We find that (2.7) is equivalent to Riemann boundary value problem 
t 

A+ (r) = 	(r) 	+ fir f (r) 
- s 	eb:‘ r 

where p =Tit — 13)Ka 	fl). The solution of (2.14) is [ref. 4, p. 514] 

• r 	 /I . X (Z) 	r 	iin-1 ./ (10  , du + X (z) P(t)
.  . . . 

A (70 — 2m (a  ± 11) i j dy+ (u) (sr — e) 
Ls  

(2.13) 

(2.14) 

(2.15) 

:• ; 	. • _ 	II 1 	• 	 ' 

where P (z") is an' arbitrary polynomial in el and 
gen.eous Riemann boundary Value problem 

X (4 is the solution of the holm- 

X+ (0 = k X -  (t) 

The solution of this problem as given in ref. 4 (p. 514) is 

	

X (0= eh 	— 11)(e + IOW - 	 bni)) 	 (2.16) 
1=1 

where y = (log p)127ri. By using (2.13) and (2.15), the value of I (r) can be obtained. 
The solutions of the systems of equations (IA) and (1.2) can be obtained once we have 

obtained the values of p (0 and q (r). • 

3: Finally, we consider the system of equations (1.3). In this case we assume the 
solution in. the form 

In (s) =_. i p
tA 
 (uni 2) it" du,  yi (s) .._= .I. q1  o ing2) un--1 due 	i  

	

. 	r 	Li  	 Ls 	• 	 i 

Proceeding as in the last section we get the following equations 	1  

	

n 	 1 	 1 	du tAl-qtan (irsIn) sir (s); r] = — 
l f tr 2ir 	a 1  q 1  001112 [ 	  

until -- rn12 — .. ------ezi ng2  — r id 
1.1  

• . • 	• 	• 	e 

	

" 	 _;• n •:•• 

 

	

S. * A ' 	" 	°;* 6tV. e 	• 	. e  • 
• ■• 	 . 	

q (t)  d 	(3 1) • = — OM) f q1  (0 R 11(1 - x)) - { 11(t+x)}1 di = — (11n) f --. i ' I — x 
si 	 s 

(21 .c.') M-1  [cot (=In) co (s); r] = 	172 (un  
I. 12) [ 1  

012  --r- r n(2  . 	hn I 2 	rn12 
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ii• p (t) , 0  pt ) 	1  . x  d t 	 S . 	. 	 (3.2) 
s .. 	. 	.... 

., . 	. 
... 

... 
, , 	. 

where S S1  U S'1, S1 = Ur=1 (Ap B 1), Sul = Urr., (— Bp— A l), AI = 	Bj  re- fritt2 
..-r; en and P (t) 40,9 0) are odd and even extensions of p i  0) and qj  0) respectively 

to the region 	Hence the system of equations (1.3) reduce to integral equations 

P (1)  dt -= (x), 	x"e S.  t x 

• • 	• 	. 	:is 

• (I) b  
68 ....— 	x E S t — X 

(3.3) 

(3.4 

The substitution 

.it t  I A g (X) 	q (x) 	iP (x); .1(x) = .11  (x) 	if; (x) • 	1 

• • 

helps to combine the equations (3.3) and (3.4) into a single equaiion 

a 	r A, (t) 
/32 (x) 	 (x), 	e S.

•  

	

If we 4define 	" 7) 	 U.' ; 	• " • 

A 00 
A (z) = 	f du, Re (z) x 	 - 

	

27ri 	u — z 
••• 1/2.  • 

and use Pelmelj formulat4  
, 1 f A (u), du  

A+ (x) — A- (x) A (x), (x + 	x ) 	()s= U x 

ye find that (3.5) reduces to Riemann boundary value problem 

	

. 	• •n•• • • 

A+ (4 4= ‘1‹ Al  (-x) + t(i 4: Me 1, (x), e S 

where k =(a  - - ie)/Ea 	p). The solution of this problem is (ref. 3, p. 451) 

	

A (0 	 f ) di  

(3.5) 

• • 	• • • • • • be 

(3.6) 

(3.7) 

(3.8) 

_Where (z) 
t..tants 	(4' 

Lir . C2z0-2 	C,,,, 	C2, 	Co  are arbitrary complex con- 

-X.1s the solution of the.  rhomogeneous 
Rierna,nn boundary value problern 

• 

$ 	I 	I 	
Crs I..ti: . ro •• 	 (3 .2) 

• 
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The solution of this problem is (ref. 3) 

X (z) = 11 [(z — A,) (z B dr 1 23/44' [(z + A,) (z 

=-- 	-F- B1)-n 24  (z 	B3 )-11 2_(w 
fon 

f(z — A,) (z + I 3 i)]-112-A se 

[(z 	A,) (zB1 )] -112-fr, A i  = 0, 

where co it-- (1/270 log k. When f (t) is a polynomial from ref. 3, (p. 457) we have 

r (t)  
dt = —

27ri 
[(f (41 X (z)) — L (z)], j X+ (t) (t z) 	1 + k 

where L (z) is the term independent of t in the Laurant series expansion of 
[t f (z)1 X 0) (t z)]. Hence from (3.8) we have 

A (z)= (20-1  Li (z) L (z) X (z) P (z) X (z)]. 

4. Particular cases 

We now consider some particular cases of the system of integral equations (1.3). 

(i) Simultaneous dual integral equations 

Let m= 1, a]  =0, b1 = 1, A (r) = = constant, (r) = O. Then Li  = (0 < r < 1), 

L' 	(r > 1) f (x) f and 

X (z) = (z + 0 -' 12  the (z — 1) -' 12-410, P (z) = Ci , L (z) = (z — 2 ico) f, 

A (z) =1  (20-1 [1 — (z ± C1) X(z)j. (4.1) 

If wc write C1  = C' IC" where C' and C" are lea] arbitrary constants, then we have 

p (x) = (a2 #9- 112 	x2)- 112 [(,C C) cos wO — C sin co0], 

	

0 < x < 1 
	(4.2) 

q (x) 	f (a2  — 132)--" 2  (1 — X2)-112  [(X 	C') sin (DO C cos co0], 

	

0<x<1 	(4.3) 

where 0 = log (1 ± x)/(1 x). Since p (x) and q (x) are odd and even functions we 
must have C -.= O. The other constant C" is determined from the physical conditions 
of the problem. 
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(1) Simultaneous triple integral etw itions  

Let 1fl11 al  =-- a, hi 	b, 	(r) = f f2 (r) = 0. Then Li  = (a < r < b), 
r 	U (r > b) 

(x) = f and A = 	B bei2 x  = raw ; 

X (z) = [(z — A) (z ± B)] 1i244w  Rz + A) (z — B)]is 2-160  , P (z) = Ciz ± C2 

L (z) = f (z 2  4-  hz + g), A (z) = f Pat' [1 — (z 2  + Ciz + C2) X (4]  

where g, is are known constants. From these equations we get 

(i) for A < x < B 

X + (x) = — ik 112  [(x2  — A') (B2  — x2)1-n 2  [cos co° + i sin co01, 

X-  (x) = ik -112  RX2  — 42) (B2 ..._ x91-1.112 [cos co0 _i_i i sin web 

(ii) for — B < x < — A, 

X+ (x) = ik i l 2 Kx2 „ A2) (B2 „ x2)-112 [cos coo + i sin  too], 

AP- (x) = . ik-112 Kx2 „ A2) (B2 , x 2)]" 2  [cos co° -I- i sin c06], 

If we set Cis  = 	C' 1, C2 = C12 + iCit2, then we have for A < x < B 

071  (x) = —f (a2 /32)-112 gx2 _ A2) (B2 , x2)]-1.12 [(x2 tiX C2) 

X sin (A (C1  x C2) cos (DO] 

(x) = 1 (a2 112)-132 [(x2 _ 42) (B2 x2)1-1  2 [(x2  CP/X C PO 

X cos WO — (CiriX + CO sin UM 

and for B < < A, 

q (x) =f (a2 /32)-112 Rx2 „ A2) (B2 „ x91412 [(x2 t x 	C'42) 

X sin cue + (Cm]  x C2) cos 0)01 

P (X) = f 0,2 p2)-112 [(x2  — A 2) (B2 x2)1412 Rx2 C', 

XCDS WO — (Cira C"2) sin cot)] 
- - - - - 	_ 

Where o = log {(x — A) (B x)/(x ± A) (B 
x)}. Since q (x) and p (x) are odd and 

even extensions of th (x) and pi  (x) respectively on — 
B < x < — A, we must choose 

C 1  and C' such that they are zero. The functions 
p (x) and q (x) still involve two 

' 2) 
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arbitrary constants Cl  and C2. These constants ale determine,d from a ttic physi,, 
rA conditions of the pioblem. 

• 	 1.1  441 	 W • 	• 
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