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1. Introduction

The Riemann boundary value technique used in ref. 1 is applied here for solving the

following system of simultaneous multiple integral equations involving inverse Mellin
transform;

M~ [By (s) + a tan (as/n) ¢ ()5 r} =1, (r), re Ly
M- [By (s) — a tan (zs/m)y (s); r] = Lo (), re L,

M[p(s); r1=0,rely -

M-1[y (s); r] =0,re L LS '1 ) (I.1)
M- [Bw (s) + a cot (ns/n) ¢ (5); 1] =/ (), rely
Mg (s) — a cot (zs/m)w (s); r1=fa(r)s T € L

M-1[p(s); r1=0, rel)

M1y (s);r] _—:O,reL'l |
M-1[fy (s) + a cot (R’S/ﬂ)-(ﬂ (s); rl =f, (™), r€ L
M= [Bp (s) + a tan (us/n)y (5); 1} =F ™) rela

Mg (s);r) = 0,re L
My (s);r) = 0,re L

. s | 1.2
3 * (1-2)
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where a and f are constants, 7 is a positive integer, 0 < s < n/2; L= U™ (a.b
L' = R'—L,, R’ being the positive real line such that0< @, < by < g, < b, . 1=1a i ;)),
and M- [f (s); r] denotes the mverse Mellin transform of the function (). m < 0,

This type of integral equations occur in problems of determining the distribution of
stresses in composite wedges. When two wedges of dissimilar elastic properties are
bonded together and the interface contains flaws in the form of cracks, the problem of
determination of stress distribution reduces to that of solving the above system of
integral equations.

2. Reduction of the system of multiple simultaneous equations to Riemann boundary
value problem -

In order to solve the system of equations (1.1), we assume that

M1p(s),rj=p )M [y (s);r}=q(r),re L,
so that

g (s) = pr(u) wldu; and y(s)= g g (1) 1" du

here p (r) and ¢ (r) are unknown functions to be determined. By using the result (ref. 2,
p. 342)

n (ru)*®

M= [tan (rsin); 1] = — o)

0 < s< nf2

we obtain
M- [tan (s/n)y (s); 7] = | u™t q (u) M~ [tan (us/n); rfu] du

__n.re q (u) ur*- du . (2.1)
i Ut~ r®
5
Similarly
ni2 - nl2-1
M- ftan (nsfm) ¢ (5); ] = — i [ 2T 2.2
£

. : . ’
So that the system of integral equations (1.1) reduces to the following simultaneou
integral equations

n 2 : 12-1
Bq (r) LT B(“)un“ﬁdu=f1(r),reL1

T " —r

(2.3)
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alr , FM= q (u) u¥"—
fp (r) + — Y R du = f, (r -
% r 2(r),re L, 2.4)
The substitution
p () + iq () = u™* A (u)
LN+ i) =rfr) 32
helps us to reduce the equations (2.3) and (2.4) into a single integral equation
a A{w)ynutt
pr(r) + — m e du=f(r), rel, 2.7
L,

Next we consider the system of equations (1.2). We assume the same solution as for
the system (1.1) and after using the result (ref. 2, p. 346)

M-1[cot (rs/n); riu] = n . w"'fm (@ —r*), 0 < s < n/2,

and noting that

M~1 [cot (nS/n)¢(3);r]=g f u; _p g‘)du (2.8)
) n o uwlq@)
M ot (asimy ();r =7 [ i % 2.9)

Bar)+ © ol If:_l ‘:,,,(”) du=f(r), rel, (2.10)
H —
a .
n—1
5}7(?)—?: f {I'Hf_fn(u) du = fo(r), re L, 2.11)
L,

The substitutions
gi)+ip()=2(@) LT ify (r) = f(r)

(2.10) and (2.11) into a single singular integral equa-

helps us to reduce the equations

tion (2.7).
If we get (2 12)
A= [ A gy Re) =1
2ni w—z

L
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then after using the formulat

oy | _ u™1 p(u)
A+ () — A () = L) A () + A= () 5 ) W aa
L‘l
we find that (2.7) is cquivalent to Riemann boundary value problem

i

At (ry=uA" (")+(a+ﬁ) 1f(r) | ‘ (2.14)
where Ju. -'—-'(;—1 ESKa+ B). “The solution of (2. 14) is [ref. 4, p. 514]
- Y (2) 3 w1t (u) o
A()—'Zn(a-l—ﬁ)z .j X+ (u) (" — dquX(z)P(,.) (2.15)

'where P (z") 1$ a:i arifntrary polynomlal in z2* and X (z) is the solution of the homo-

geneous Riemann boundary value problem

~n, R—

Xt()=kX- ()

The solution of this problem as given in ref. 4 (p. 514) is
\u '

X (2)= {n (" — b7 (2" + a}‘)/(z — a}') * + 7)) (2.16)

where y = (log p)/2ni. By using (2. 13) and (2.13) the value of } (.-;) can te obtained.
The solutions of the systems of equations (l 1) and (1.2) can be obtained once we have
obtained the values of p (r) and_'q_(r)

3: Finally, we consider the system of equations (1.3). In this case we assume the
solution in the form

p()= [ pp ) utdu, y(s)—= [ g @*)u"du.
i .

Ly

Proceeding as in the last section we get the following equations

B I - 1 |
M- [tan (msim)y (s5); r} = — ;ﬂ f 12 | q, (u)np[ T rm] d

nji2 r n|2
Ly
wden oy I.'..-"..

Mt (t) _
= f 01 (O {1t — 3} — (1 +0)] di = — (1) f 1 dr G:D

| 1
(2. MY [cot (zs/n) ¢ (s); r] =y, f Py (W) [th n[2!_= hn}ﬂ_{_rum]du
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(3.2)

-t

where S= 51 U S S1= UL, (4,, B), §', = un, (- B,— A)), Ay
c=rm2and p (1) and g () are odd and even extensions of p,
to the region S’;. Hence the system of equations

= gil? B, = bz

(1) and ¢, (1) respectively
(1.3) reduce to integral equations

pae+8 [ Elda-ji xes
S

(3.3)
w o 'a. G g o . q ) .
- a q ([) " ’ .
ﬂP(x)—';r f t_xdr=f2(x); xeS. (34
S - : '
| The substitution
o A2 AP TR =G+ ifG) =
helps to combine the equations (3.3) and (3.4) into a single equafion
A (¢ |
B (x)-l-%_ }—:(—);ch‘:f(x), x€S. (3.5)
S
If we.defire . "o W MiEe Gon
] A () | '
) A — . d”, Re (z) = X EL L
A ) 27 f u—=z
S
4 ..-‘\ “. & = if
and use Pelmelj formula*
ol AW, (3.6)
AH(x) — A= (x) = A (), AF (D) + A )= f i—x
S
We find that (3.5) reduces tolRiequ_ult}“boundary value prob.lem o)
A= S kA + @+ HS ), xES . |
: . e : 45
where k = (a — f)/(a + B). The solution of this problem i (ref. 3, p. 45D)
(3.8)

) | () _ g44+P@XE
A(2) = 2,,:’(‘;(_?_ B) i f-.x+ =2
S

- bitrary complex con-
C Cuu 4w " Cﬂ are ar blem
where P (z) = C.g™1 4+ Coz™ 2+ «vo F Cme C1 52 v undary value proble
Stants a g) ' Clz ik iq tion of the homogencous Rle:nam pounciny * g
I T 31_1 X‘(Z)FIS tll'l-e ;S-o l:ll oy Ter "-'E':" . ' - (3 ! 9)

X+ () = — kX (2).
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The solution of this problem is (ref, 3)

X(Z) — ﬁ [(;_' — Aj) (Z -+ Bj)]—ll%»lw [(Z 4+ A}) (Z s I)]-I!E—hc

j=1 Al% 0,
— (-T 5 % Bl)—lfﬁ-; fw (Z — Bl)"ll2_fw i{z [(z _— A;) (Z + B‘)]—llz.; {0

[(z + A)) (z — B)))-12-%, 4, =0,

where w = (1/2n) log k. When f (1) is a polynomial from ref. 3, (p. 457) we have

[ wh50=2" = i3 W QX @} - L),
S

where L (z) 1s the term independent of ¢ in the " Laurant series expansion of
[tf (#)/X(t) (¢t — 2)]. Hence from (3.8) we have

A@)=QRa)7[f(2) = L(2) X(2) + P(2) X (2)].

4. Particular cases

We now consider some particular cases of the system of integral equations (1.3).

(i) Simultaneous dual integral equations

Let m=1, a,=0,b, =1, f,{r) =f=constant, f,(r)=0. ThenL, =0 <r<li)
L'y=(@>1) f(x)=f and

X@=0C+ )M w(z 1)y p)=C,L(()=(z—2in)f,
A@) =1 Qa7 — (z+ G) X (2)]. (4.1)

If we write C, = C' + iC” where C’ and C” are real arbitrary constants, then we have

p(x)=f (@ — )12 (1 — x2)12 [(x + C’) cos w0 — C" sin 0],
D<x<l (4.2)

g (x) = —f (a® — 12 (1 — x¥)~#2 [(x + C')sin wl + C” cos wl],
D<cx< | (4.3)

where 0 = log (1 + x)/(1 — x). Since p (x) and ¢ (x) are odd and even functions ¥
must have C' = 0. The other constant C” is determined from the physical conditions
of the problem.
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@) Simultancous triple integral equations >
m=lh @a=& b=b LO=f, L()=0. Then L,=(a<r<b),
g (=0<r< a) U(r>b)
f(xy=fand 4 =a", B=p"2 x =,
X@=z— A+ B[z + A)(z - B) M=t P(z) = Cpz + C,
L@Q=f(E+h+eAQ@Q= Qa [l —(z*+ Ciz+ CY X ()] (4.4)

where g, h are known constants. From these equations we get

() for A<x< B
X+ (x) = — ik [(x* — 4%) (B® — x*})]71'2 [cos wl + isin wl],
X-(x) = ik~ [(x* — 4%) (B* — x* J112 [cos wl + isin wh],

(i) for — B< x < — 4,
X+ (x) = ikV? [(x2 — A%) (B2 — x?"!1% [cos w0 + isin of],

X- (%) = — ik-U2 [(x2 — A (B — x*)]""* [cos wl + isin wl],

Ifweset C;, =C',+iC"y, G = C’, + iC”",, then we have for A< x< B

0 () = — f (a? — BV [(x — A4 (B2 — ¥R (6 + Chx 4 O
X sin w0 + (C"y x + C"y) cos wl]

D (x) =f (a2 — ﬁz)-na [(xz - A2) (B'l < g xﬂ)]-l a [(x:-. s C'Ix 4 Crz)
x cos wd — (C"yx + C"y) sin U]

and for — B< x < — A4,

g (x) = f(a® — B2)-112 [(x? — A?) (B — ) [(x® + C1 X 2 0%)

% sin wf + (C"y x + C’) €0S wd]

p(x) = —f (a® — ﬁ:!)-uz [(xa — A?) (B"' — x2)
X ¢9s wl — (C"yx + C'9) sin wl]

iz e + € + o)

(x) and p (x) are odd and
< — A, we must choose
I involve two

Where 9 = log {(x — 4) (B + X)x +4) B~ = .S_l.n?-(qx

g«:en extensions of ¢, (x) and p (x) 1 .ons p (x) and ¢ (x) sti
1and C”, such that they are zero-.
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arbitrary constanis C”; and C’. These constants ate determined fro
rom &
conditions of the pioblem. x Y he 'Pl.'l}hlga;
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