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ABSTRACT

This nole is Tatended to present an upproximate method of determining divect
impact time between two elustic bodies.  The steps involved in impact time derer-
mination wre given and ihe aceuraey of the method based on comparision with resulis
of the rigorous theory or experiment is iflustrated.  The scope of the method is also
discussed.

Keywords. [ompact, bnpact time, Elastic impact, Direct lmpact, Longitudinal wave
propagation through solids.

InTrODUCTION

In many practical problems, e.g., pile driving, high speed shearing, high
enargy rate forming, monufacturing with drop hammers, cle., it is neces-
sary to determine the impact time which form a part of the cycle time of
operation. The principles of stress wave propagation through solids piovide
a rigorous analysis of impact phenomena whercfrom impact time can be
determined.  Generally the bodies that undergo impact in the aforementioned
problems are complicated in shape and are difficult to be rigorously analysed.
An alternative method to determine impact time to a first degrec of approxi-
mation is proposed here. The method can be easily applied even to cases
involving complicated shape andfor loading where application of the stress
wave theory is not so simple,

As an illustration four cases are discussed in this note. The first three
are of a standard nature; results are compared with those of the rigorous
analysis. The last case is a special application for which there is no rigo-
rous analysis available; comparison with experimental results are made.
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NOMENCLATURE
A = area of cross-section ;
2 = velocity of longitudinal stress waves;
E = Young’s modulus of a material;
| = length;
m = mass;
K, k = spring stiffness ;
¥ = mass ratio = m,/my;
p = mass density;
t = time;
W = weight;
w == circular frequency of vibrations;
v = velocity;
x = cartesian co-ordinate x.

IMPACT TIME DETERMINATION

Impact time over which two impact elements remain in contact has
generally two distinct phases for all elastic impacts. The distance between
the two centres of gravity gradually reduces over a phase known as ‘approach’
period and then increases over a later phase known as ‘recovery’ period.

In the proposed method the impact process is visualised to take place
with masses of the bodies concentrated at their centres of gravity and their
relative motion being restrained by a massless ‘ bar spring ’® whose stiffness
is fully determined by their configuration and material properties between
their centres of gravity. The ‘bar spring’ gets compressed over the
‘approach ’ period and this compression is rclieved during the °recovery ’
period, The termination of contact is characterised by mo compression
in the ‘bar sprng’ and a separating relative velocity between the two
bodies.

To determine stiffness Koq (Fig. 1) of this “bar spring’ the portion
between the plane of contact and the centre of gravity of each of the body
is divided into number of segments each of which is represented by a spring.
The nature of coupling among these springs are taken into, account to
obtain K,q. Referred to Fig. 1(d) and (¢) ‘ : )
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where kg, Kiq otc. are thestiffnesses corresponding to, the segments /,, 4,
ete. respectively as shown in Fig. 1.

This scheme of analysis thus calls for representing each impact element
by a rigid mass attached to two massless springs (Fig. 1 b). The magnitude
of the rigid mass is equal to that of the impact element and is placed at its
centre of gravity. The stiffness of the two springs are determined by the
body geometry and material property between its centre of gravity and the
respective ends. Consequently Kj;, Kis, Ky and K, are also determined
from a relation of the type (1). That is

11,1 ,1 11,1
E2 FJ-S . k14 + k15 ’ Kll kl + k12
1

3
4

1 _ 1,1 Lyt 1
E—E+E, K22~k23+k2+ +k27 (lb)
It may be noted that
- 1 1 1 0

Keq Ky Ka
For the orientation, as shown in Fig. 1, the springs of stiffness K;; and

K,; need not be included in the equivalent system. -So they are disregarded
in Fig. 1 (o).

In general, impact time #; is determined in four steps : (i) .determine the
‘bar spring” stiffness Keq, (ii) solve equations of motion of the equivalent
system, (iii) obtain an equation in time ¢ by applying the condition that,
at the instant of separation, there is no compression in the equivalent
spring Keq, and (iv) solve the equation, obtained in the previous step, for a
root which also satisfies the separating relative velocity conditions. These
steps are illustrated in what follows.

For the case shown in Fig. 1 the equation of motion of the two hodies

are
a2
mlﬁz—]{eq(xl-—xz) ] s Qa
d®x v k
g~ =+ Kog (%, — x3) : ‘ ‘ ' 25

where x, and x, are two local coardinates,
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The relative motion x = xy — X, is then given by

d*x __ Keq(my + m)
drr T g

= — (Keq [Meg) X 20
where

1 1 1 .
Meg ~ T m, ¢4

The solution of this equation can be written as
X =5 Xy SN 0
where
w? = Kaq [Meq - 2e)

Xpay = Maximum compression of the spring Keq.

For x=0, t=0, nfw, 2nfw ... . It can be shown that ¢ = w/w satisfies
the  separating relative velocity condition. Because at ¢ = n/u,
dx/dt = — wxy,. Therefore, the impact time #; = n/ow.

For this example the approach occurs during the first half of the contact
period followed by the recovery in the second half. The spring K.q gets
compressed during the former stage and this compression is gradually
relieved during the latter. The gradual recovery finally leads to loss of
contact between the two bodies and hence the end of impact.

. From the known relative motion, motion of each body can then be
determined from equations (2 @) and (2 b).

EXAMINATION OF STANDARD CASES

For the impact of a bar of uniform cross-section 4 and length 7 against
a rigid surface the ‘bar spring’ corresponds to a bar of cross-section 4 and
length /2. Therefore Keq == AE (/2. Since mass meq=m= Al
impact time £ =1-11 (2l/a).

Likewise for the impact of two identical bars of uniform cross-section
4 and length [ the “bar spring’ corresponds to a bar of cross-section 4
vand length 1. Therefore, Keq= AE/l. Since mgq = mf2 = Alp/2, in this
case, impact time #;=1-11 (2//a). In each of these two cases there is &

g‘ difference of about 11%, with the result of stress wave theory.
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It is possible to determine impact time when motion of the impact
elements are restrained, and/or, when constant or time dependent forces
act on them during impact. Under such circumstances the springs Ky
and K, (Fig. 1 b) may have to be included in the equivalent system.

However, impact time determination steps remain unaltered.

An exémple which belongs to the category of retrained motion is the
well known case of impact of a 1igid mass against a built-in bar. Referred
to Figs. 1 and 2, Kyy= K= 0 and Kpq = Ky= 2 AE[l = K. On analysis
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Fic. 2, Impact of a rigid mass against a built-in bar—comparison of impact time.

b4

along the similar lines as given in the previous case, it is found that impact

time # is a root of the transcendental equation

$inw(2r+1—+/TF &fray
Sin w@r4 1+ 4/ 1 - 4rf)iizy

=(2r+l—vm;T1/2 1+ 4 1+4r
1 — /1447

2r + 14+ 4/ 1+ 41

)

and what satisfies the separating relative velocity condition, dox/dt < dx,/dt.

Note that, in the above equation, w? = AE/(m]) and r = my/m,.

ilmpact time #; variation with mass ratio » is compared with the results
of rigorous theory [1-4]in Fig. 2. Note that T = 2/ja, i.e., the time taken
by longitudinal stress waves to travel back and forth once through the bar.,

Except for mass ratios less than 1-5 the correlation is good.
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EXAMINATION OF A SPECIAL CASE

Analysis was done for a case of the type shown in Fig. 1 when there
is a constant force P, acting on the impacting body in the direction of it
‘motion. As there is no rigorous analysis avaijlable for such a case
theoretical impact time predictions are experimentally verified.

The equations of motion of the two bodies are

ny d[;;;l =P — Keoq (x; — X2) (44)
d® x,
My 'th"' = Keq (xy — %) “h
The relative motion is then given by
{;{f—r w?x = Plm, R (Y]

where
w® = Koq mms[(my + m,).
The solution of equation (4 ¢) can be written as

P Vyy .
X =t (cos wt — 1) — :’l sin wt. @44

Tmpact time is then determined using the condition that, at the instant
of separation, x =0, and dx/dr< 0. Impact time so obtained can be
written in the following form

13 =m -+ 20 4 3]
where
tan 0 = Pf(myv; w)

2y = impacting velocity.

This problem was studied in connection with the dynamics of high
speed shearing process. The impact elements arc the platen of the machine
.and the moving tool. Experimental details are reported elsewhere [}

Fmpact time was Toeasured by a standard contact circuit [6] operating
between the platen and the moving tool. This contact circuit is capable of
producing two distinct voltage signals one corresponding to contact bet
.ween the two bodies and the other corresponding to no contact hetween
them. The duration of the voltage signals corresponding tg copiat
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between the two bodies therefore gives impact time directly. A record of
impact time is shown in Fig. 3. Experimentally impact times were found
to have good reproducibility. )

VOLTAGE

CONTACT  TIME
0165 m sec

50 Asec TIME "

Fic. 3. A record of experimental impact time.

Theoretical impact time calculations are based on eqoation (4 ¢).
The Spring stiffnesses K, and Ky (Fig. 1) were calculated for the existing
geometry of the plate () and the moving tool (my) using equation (1 5).
The n}oduli of elasticity used in such calculations are given in Table 1.
The axialload P and the corresponding impacting velocity vy, that-are neces-
sary for impact time calculation are also given in the same table.

Thearetical and experimental impact time ure compared in Table T.

. 'Ihef)retic;%ny’ th.e effect of force P and the impacting velocity vy -on
“mpact time 4 is negligible. Experimental observations substantiate the effect,

The difference betwee ; - .
: 0
of 10 307, experimental and theoretical values are Cff the oArder
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TABLE I.

Comparison of theoretical and experimental impact time

Weight of impacting body Wy (Fig.1) =698 kg
Weight of impacted body W, = 12-06 kg

Spring stiffness Ky, = 11-9 X 10° kg/em

Spring stiffness Ky = 85 X 10° kg/em

Elastic Moduli E, = E,=2-1 x 10°® kg/cm®

Impact time, ¢4 (msec)

Force Velocity
P(kg) ¥, (m/sec)

Theoretical ~ Experimental

704 5-48 0-1441 0-168

740 5-78 01441 0-160

1400 656 0-14415 0-165

1570 7-04 0-14416 0-165

1609 7-35 0-14416 0-165

1828 7-70 0-14416 0-165
DiscussioN

The proposed method provides a simplified picture of the mechanism of
impact phenomenon whereby elastic impact time is easily determined. The
method can be easily applied to practical situations which often invelve
complicated geometric shape andfor constant or time dependent forces.

For the three standard cases a difference of about 11% is observed
with the results of rigorous theory. For the special case consideied, 2
difference of 10-13% with experimental values is noted.

The method can be used for the study of temporal motion of the impact
elements with the same order of accuracy.
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