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ABSTRACT

The electromagnetic boundary value problem of the diclectric sphere excited
in TM symmetric modes has been solved. Assuming that the fields on a truncated
dielectric sphere excited by a coaxial line are the same as those on a complete sphere,
the radiation characteristics of such a structure have been derived. Calculated
radiation pasterns and gains of several structures of varying dimensions have been
verified experimentally.
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1. INTRODUCTION

The dielectric sphere has been studied as a lens by workers like Bekefi
and Farwell,® Luneberg? and Pieles and Coleman.?

The resonant properties of the dielectric sphere has been studied by
several workers during recent years. Gastine ef al* have calculated the
wesonant frequencies of dielectric spheres for the two extreme cases of ke
being finite when € -+ co and when ka — co when ¢ —> oo, where k; =
wave number in the dielectric and “a’ is the radius of the sphere. Sager
and Tisi® have studied the eigen modes and forced resonant modes of di-
clectric spheres,  Affolter and Eliasson® have made a study of electromagnetic
wsonances and Q factors of lessy dielectric spheres. The resomances of a
dielectric resonator of very high permittivity and their excitation have
been studicd by Van Bladel.”$
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Chatterjee and others have reported theoretical and experimental woy
on spherical diclectric antennas excited in hybrid® and on hemisphericg]
dielectric antennas excited in TM symmetric’® modes. Neclakantaswamy
and Banerjee™* and Chatterjez and Croswell’ have reported experimenty
and theoretical work on waveguide-excited dielectric spheres. Chatterjee’s
bas solved the clectromagnetic boundary value problem of the dielecire
sphere excited by delta-function electric and magpetic sources. In this
" paper, the modal characteristics of the dielectric sphere excited by a deka.
function source in the TM symmetric modes has been studied theoretically
and verified cxperimentally. Assuming that the fields on a truncated di
electric sphere excited by a coaxial line are approximately the same as that
cn a completc sphers excited in the TM symmetric modes, the radiation
characteristics of such truncated dielectric spheres have been derived. The
" radiation patterns and gain of several such strtctures of varying dimen
sions have been calculated and verified by experiment.

2. EBLECTRO-MAGNETIC BOUNDARY VALUE PROBLEM OF DISLECTRIC SPHERE
ExcITep IN TM SYMMETRIC MODES

Fig. 1 shows the geometry of the structure. Spherical = ol
coordinates R, 0, ¢ are used. A diclectric sphere of radius a=Df2
and constants e, pq, oy is embedded in another diclectric medivm of
constants eg, ftg, 0o This sphere is excited in the TM symmetric modes
by an excitation electric fleld E, exp (—jwr) applied uniformly in
the z direction on an annular ring of radius asin §;, and infinitesimal width
da —0. Let E, have components Ep = E,cos 6, and Ej, = — Eysiné,
"in the R and 0 directions respectively. These components Ep, and E, can
be expanded in a series of spherical harmonics as given below:

Ep, (R, 0,4) = — ];11 z n(m -+ 1) Don (R) Pr (cos 0) exp (—jor) ()
BB 0,6) = —F > ConlR) Pat(eosf)exp(—jor) 0
1,
L
where
Con (R)
k@i+1) F [ . o
= "27—:1(07?1% J ,,f Ey, Pn2 (cos 6) sin 0 d0d} @
' Pao =0

Don (R)
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Fia. 1. Geometry of the Structure.
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Let Ey be a delta-function given by

— -V Aby JaX: '
B amwsing forf — < O 5 @
and =0 for
0~ L0 np g, 4 8 ©)

Then

Con (@ = Con’ Mot Gy @

== VkQ@ntl) o 7
= 2;1('1 == sin 8y Ppl(cos 6;) . (@]
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and
Don (@) = Dy’ 1242

—VEkQ@+1)
a 2n(n+1)

cos 0; Py (cos 6,) ®

The field components inside the sphere in the region 0< r< g, are

B — — z 1t + 1) dgn Py (cos 0) 1"—,5%19 exp (— jot) + B,
1
Y]
Epf = — Z Aan Po*(cos 6) s RJ" (k1R)] exp (— jor) + By, (i0)
Hy = 2 T, Aon Pt (005 0) j (KyR) exp (— jeor) "

and the field components outside the sphere in the region r > ¢ are

o

Ey® = ’*z nn 1) Ao’ Pn(cosf’)

nee

< N (e R
- Z Agn’ P (cos 6) [k—DR]lZR———M exp (— jot) (13
o

(kOR) oxp (— juf) (1)

N .
Hy = Z o en’ Pat (005 9) hn'® (ko) exp (— o) (4

where
(e )
fo= ()

w == angular frequency



Dielectric Sphere 423

Ay and Apn” are amplitude cocfficients, Pp (cos #) == Legendre function,
i (e B) and fig (o R) are the spherical Bessel and Hankel functions respec

tively.

Applying the boundary conditions that
Ef =B and H,® = H,t at R=aqa,

we obtain
A . ., Com (a
A a o (ool + D
= Ao (o b k)l s
- koa i) n [t
and
s fon i (s = 0 Agn” i (e 6
o on Jn (ky& = g Ton’ fin () (16)

Using equation (7) in equations (15) and (16), the amplitude coefficients
Aon and Ay, can be uniquely determined for each value of n. The field is
thus uniquely determined both inside and outside the dielectric sphere for
each value of 7. This shows that TMy, modes exist for p=1,2, --- etc.
for this structure.

If the dielectric sphere is excited in the equatorial plane 6, = =2, then
Ppr(0) =0 for n even
and

___j’n»l 21—n n! _— o

RCEN for n odd. (%))

2

Therefofe Con (@) =0 for n even. Hence only the odd order TMm modes
are excited in the case of equatorial excitation.

3. THEORETICAL DETERMINATION OF THE RADIATION FIELD OF A TRUNCATED
DeLecTRIC SPHERE Excreep N THE TM SYMMEIRIC Mobgs

. Fig. 2 shows the geometry of a truncated dielectric sphere excited
in the TM symmetric mode by a coaxial line. Such a structure may be
aPPfoximately assumed to be excited by a delta-function source in the form
gven by equations (5) and (6) in the z direction on an angular ring of Tadis
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RECTANGULAR TO DIELECTRIC -

COAXIAL ADAPTER Fil LED CONE Y
(SPERRY MODEL 442) , ... TRUNCATED

SPHERE (D=2a)
Frg. 2. Geometry of truncated dielectric sphere excited in TM symmetric mode by coaxial

line. :
asin 8, and infinitesimal width da — 0. Hence it is assumed that the field
components inside the dielectric sphere as well as outside the sphere are
approximately given by equations (9) to (14).
" .In deriving expressions for the radiation field of this structure, Schel-
kunoff’s equivalence principle has been made use of. This principle states
that © a distribution of electric and magnetic currents on a given closed sur-
face S can be found such that outside the surface it produces the same ﬁeld
as that produced by given sources inside S, and also the field inside it
the same as that produced by given sources outside the surface’. These
surface electric and magnetic current densities J and M are given by

J=n xH° .

M= —n xE° (18)
wheie E°, H° are the electric and magnetic fields on the surface S and nis
the unit normal to the surface S. The radiation field components at the
distant point Q in free space of these electric and magnetic current
distributions on S are given by

Eo—"?oH¢—2)\ R[ﬂoLe + L g8 (19)

E¢ =g Hy = 2)\0 R [0 L™ ~— Ly*] @20
where-A o = free—space wavelength :
ﬁo = \/Moeo g = 54’ == intrinsic o
¢

1mpedance of" frec space. : S
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L™ and L€ are the electric and magnetic radiation vectors given by
L€ = | elfo PR gpm g~IWi e
5
m= I glpe @) gpe giwt @
L]

yhere dp® and dp™ arc the moments of clectric and magnetic current situated
at PR, 6",¢") on surface S, and are given by

dp® =(n X H°) da (23)
dp™ = — (n X E°) da 24
PQ = R — R’ cos 0 cos & — R’'sin 0 vin 6 cos (¢ — &), 25

The surface S is selected as a closed surface consisting of the outer surface
S, of the truncated dielectric sphere, the outer surface of the dielectric
filled cone, the outer surface of ihe coaxial line and the rectangular to co-
axial adapter, and an infinitely large sphere 1o close it. The only currents
of importance on this surface are the electric and magnetic cuirents on
surface S;. These are given by

I=uy Jy =(n Xuy) Hy ’ (26)
M=u, My = —(n Xuy) Ey @n

where Hy' and E,' are given by

H = Z 175423 Aon’ Ppl{cos 6Y) 2,V (kya) et 28)
Ll
oo ) ,

By = E Ao’ P (cos 0 ot bl hﬁocfk"a)] eIt @9
=0 !

Using equations (26) to (29) in equations (19) to (22), we obtain the compo-
zents of the electric field at the distant point Q (r, 9,¢) as

7. 2 .
E, :J;)?;% Agntexp {j (ko R — wi)} [lzn‘” (koa)

0
{co~ 8 | Pyt (cos 8')sin 8’ cos 8’ J; (ky asin b sin 87)
G0 )
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X exp (— jko acos 6 cos 8" A0’

6
+jsin b [ Ppr{cos §)sin? 6" Jy (ke sin 8%)
=0

X exp (—

—J

X exp (— jkoa cos 8 cos 07) de’}

qu = Ey[no
and
Ey=Hy; =0

jkeacos 8 cos 67) d6}

koo hn 'V (K

‘A
0@)] f Pl (cos 67 sin 6 J; (koa sin 0 sin 1)

=0

kot

(0)
&)

@)

The directivity of the antenna is given by

__ Maximum radiation intensity

D=

Average radiation intensity

i

T3

$=0 f=0

| Eg |%sin 6 48

(39

The radiation efficiency 5 is given by

Total power radiated

= Dielectric 1ocs W, & Total power radiated

[ RE, |2sin0 e
f=1

214

Hence the gain of the
G =qD.

f {1 B |2 + | E4f |3R?sin 6 4P dR
P=0

R?| E, |?sin ede] . G4

antenna is given by

(3%
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4, NUMERICAL CALGULATIONS AND EXPERIMENTAL

VERIFIC

The field components on the s

ATION

urface of the antenna have been calcu-

9) for diffsrent values of n. The

uted using equations (28) and (2

e

d= s 5975 om
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Frg.3. Normalized lER l?vs 0 for truncated spheres on cones. g, == 2°56: tan §=0"005;

f=9375 MHz.

— Six modes combined ; - - ~ — strongest mode; . . . . . Experimental Doints.
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decay for truncated spheres on cones.
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value of # for which the amplitude has the maximum vajue at the fre
quency considered is called the strongest mode. Figs. 3 and 4, show
typical theoretical and experimental curves of Ez?, E,? and H,® as functions
of 8 and R for the strongest mode as well as for the first six modeg com
bined.

Using expressions (30) to (32) for the radiated field, the radiatioy
patterns have been calculated for different values of n.  Figs. 5 and 6 shoy
some typical caleulated and experimental radiation patterns.

w[
a8

[x
D= & 785 cm
8= 120 3

0 8f

06

2

(eol/1E0 mo.t)

gt asf

5 LT3
S o4
e e e O

B 1N NELRELS ——w
Fi6. 5. ¢ = 0° Plane radiation pattern for spherical dielectric antenna (Theory and experi-
ment).
g, = 2:56; tan & = 0-005,
————— TMog ; ——— TMgs ; ——— TMys ; . . . . ExPeritental points.

The gain has been calculated for several antennas of varying dimen-
sions using equation (35). Table I gives the theoretical as well as experi-
mental gains of several antennas.

More details are available in Ref. 14.

5. CONCLUSIONS

The following conclusions may be drawn from the present investi-
gationst ’

(i) The dielectric sphere can be excited in an infinite number of ™
symmetric modes by a delta function electric field source.
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Fio. 6. Normalized radiation patterns in the ¢ == 0° plape.
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TaBLE I
Theoretical and exper' 1 gain of tF d dielectric spherical antennas
£=2'56; tand ==0*005; f = 9375 MHz
Theoretical directivity in db for mode Experi-
‘e’in fyin mental
cms,  degrees TMg, TMoa TMos TMyy TM,5 TM,s gain by
compagison
method
14925 120°3  10-51 6748  12-35 7-966 9-203 9-456 1125
34925 1143 8-454 7-6354 12:383 6-46 9602 8-76 9:208
333375 1078 7994 7-38 11-767 8-03 9:6714 10°65 16-0
5 1158 9-7526  10-257 9-9826 652 11-328 8-316 10-0
¥1I5 1082 877 10-23 10°35 7-85 11-84 7-783  11'6
301625 122-65 8-998  10-237 9-523 8-07 8189 7-973 9:208
301625 108-7 9.023 8-958 9-4626 7-425 8-832 10-2 93
34925 1294 12:73 8-347  12-5 7224 7-246 9-2446  9-285
¥I75 1564 9-415 9-625 7-1166  7-8244  9-134 4-81 8239
3475 150-0  9-675 8-873 7-935 773 9-873 9-83 8-239
75 1431 9.875  10-05 8-876 7-6797 10-385 9493 11-597
5 1956 9:76 9179 9-667 7682 10-24 9-01 7-446
5 1269 942 6382  10-013 7-65 9-339 91 10-0
¥0I€5  151-75  9-35 9-828 9-47 8-2924 9027 9:3 9-01
Y065 1325 9-s42 9.7 9-7355 82483 9758 83 10-458




R. CHATTERIEE AND A. K. BHATTACHARYA

(i) A trupcated dieleciric sphere excited by a coaxial line has very
nearly the same field configuration of one of the TMg, modes.

(iti) Such a structure can be used as an antenna which has a radiation
pattern with a null on the axis and two major lobes situaied
symmetrically with respect to the axis.
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