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fix this paper authors provr rhe ,following tiire? t/~corcms 011 the choracterjio. 
tion of the spectrum associuled with the rnati.is cfifferentiol operator 

Theoi.en1 ( I ) .  The point spectrun? is identical with file set o f  v o l  values fof A or ic,hich 
the equation (L - hI)  # = 0 has non-trivial solution of L" 

Tileorem (11). If h' is in rhc point syectrum, thr eqimlio!? 

(L-  Az)g = - A  

where f is a given column vector such that ( j ;  f )  e L, /ias no .solution in L2 uidess fis 
orthogonal to E,  (k -- 1, 2) at h'. 

Theorem (111). The spectrum is the complemeizr of the set qf real values ofkfor 
~vhich the equation 

(L- X I ) $  = -f, 

ichere ,f' has continuous fist order dcrivurive i d  ( f '  (xj, f'(x)) E L, has a ~oluiiotz 4 
such that ($, 4) EL. 

These theorems are genrralisutions qf the corresponding theorems of  itchm marsh 
i; for a linear d8erentiaf operator riiscussed in [5]. 

Ks~wo:ds: Spscirum, eigenvecior, boundary condition L%olurion, saltus, Green's mwfX, 
mermorphic, orrhogonal. 
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. . 
The object of this paper is to prove three theorems on the characteri- 

,tion of the.spectrum essocieted with the matrix differential operator 

-dz/dxZ + p ( x )  r ( x )  ' = ( r ( x )  - d2/'dx2 + (x)) 

studied by Tiwari [I 1. 

The homogeneous and corresponding non-homogeneous differential 
equations considered Ere 

( L  - XI) $h = 0, (1 4 

respectively, where 4 = 45 ( x )  = [(u (x) ,  v (x)]  is a two component column 
vector, X is a vauiable pmxrneter real or complex, p (x) ,  q ( x )  and r (x) are 
all real viilued and continuous fmct io~.  of x throughout the interval [o, b) 
where b -z cc and f = f ( x )  = {h, $4 is a real value& two component 
column vector function of x. The boundzry conditions considered are 

a j~u  ( 0 )  + ~ j& '  (0) + ~j ,v  ( 0 )  4- aj4v' ( 0 )  = 0 1 
bjlu (b) i- bj,ur (b) 4- bj3v (b) 4 bj4vf (b) = 0 J (1 .4) 

j =  I ,  2 ,  accents denoting differentiation w i ~  respect to x and 

alla,, - al, a,, -$ 

b~~ bz2 1 4n bzl+ h13 b%4 - b ~ 4  b28 = O (1 .5) 

The relations (1.5) are necessary for self-adjointness of the problem. 

(a) Mk (x,  y )  denotes the kth column of the matrix M (x,  y), 

(b) b, z)  represents the product y T z ,  where y and z are two column 
Vectors, 

if y is complex. 
I I 55-2 



We mention the following results obtained by Tiwari [I ] which aT;re 

required for our subsequent analysis: 

The Green's matrix for the boundary value problem is denoted by 
G = G (x, y, A) = (G,, (x, y, A)), r ,  .s, = 1. 2, which is symmetric in the 
sense that Gij (x, y, A) = Gji (y, x ,  A), where is not an eigenvalue and it 
has the usual properties (of: Chakrabzrty [2], Courant and Hilbert [3] and 
Neumerk [41) 

Let 

where A is not an eigenvalue and (fix), f (x)) t L, then @ satisfies the system 
of equations (1.3) and the boundary conditions (1.4). Also, if h = p + iv, 

and if H (x, y, p) is discontil~uous at p, where its saltus is denoted by n E (x, p) 
= n (E,, (x, y)), then Bk (x, y), k = l ,  2 satisfy (1.2) for any y and (L;k,Ek) 

EL. 

If the Green's matrix G is unique, then the following two results hold: 
(I) If g (x, A3 and h (x, A,) are two solutions of (1.2) or (1.3) for distinct 
eigenvalues A1 and A,, then 

{h, L&,, = (g, Lh),, (2.4) 

m 

(TI) ( A  - X') S G (x, y, A) G (x, u, A') dx = G (u, y, A') - G @, u, A') 
0 

(2.5) 

for any non-real X and A'. 
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1f the Green's matrix G (x-, y, A) is meromorphic, each of its poles is 
eigen value, the spectrum in this case is the set of eigen values and is 

called a discrete spectrum. 

 he point spectrum is defined to be the set of real A for which 
H ( X ,  JI, A $. 0) - H (x, y, - 0)  is not an identically null matrix, when 
Green's matrix is meromorphic. the spectrum is the same as the point 
spectrum. 

T ~ O R E M  (I). The point spectrum is idectical with the set of real values 
of A for which the equation 

( L  - X I )  41 = 0 (3.1) 

has a non-trivial solution of L2. 

Proof. It follows f ~ o m  the definition of the point spectrum that 

Since Ek (x, y )  satisfies (3.1) for m y  y ar.d (Ek, Ek) c L, k = 1, 2;  the 
first part of the theorem follows. 

Conversely, let $ (x) be a non-trivizl solution of (3.1) for a p2rticular 
value A' of X 2nd let ($ (x), 4 (x)) t L. Then it follows from (2.1) that 
(L-XI)@(x,A,u'l)=-$. 

Let 

then 

From the uniqueness of the solution of (3. I), it follows that f is an 
denticdl~ null column vector. Hence 
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Pu,tting .\ = p $. iv,  we obtain., 

on taking the limit as v + 0 and using (2.3). 

Therefore, . . 

It follows therefore that E (x, y) is not an identically null matrix and so 
. , A' is ill the point spectrum. 

THEOREM (11). If A' is in the point spectrum, the equation 

where f is a gwen colum~l vector such that (f, f j  c L, has no solutlon m L' 
unless f is orthogonal to El, (k = 1 ,  2) at A'. 

P~oof. It is sufficient to show that if Ek (k = I ,  2) satisfie 
(L  - XI) 4 - 0 at A' and (Ek, Ek) E L, then Ek is orthogonal to f. 

Now, using (2.4), we have 

--. W k , f  ) O m  = 0. 

THEOREM (111). The spectrum is the complem$ of the .of 1d 
values of for which the equation 
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where f has continuous first order derivative and (f ( x ) ,  f ( x ) )  Le, has a 
solution gi such that (4, $1 E L. 

proof. I f  h' is not in the spectrum, then H ( x ,  y,X) is constant in some 
internal (a, 8 )  containing A' and hence G (x, y, A) is regular for a < Re A < 8. 
~ e t  f and g be column vectors such that (f, f), (g, g) E L. Let 

and 

1 F 1' < K 11 f I/ o,b I! g /lo,bs (3 .6)  

where Kisindependentoff, gand  b, a + 8 < R e h c  /3 - 3 ,  -jg< v<  3. 
Taking g @) = @ (y, A, b) for any given A, we obtain from (3 .4)  m d  (3 .6)  

! I  @ (Y, b )  llo,b < K li f (Y)  I ! o , ~  . 
Hence if a < b ,  i 0 (Y, A, b )  I!,,, < K ll f ( ~ ) l l ~ , b .  (3 .7) 

k t  US put f = (0, 0) in [O, c) where c< b, then 

11 @ (Y, A, 6 )  - 0 (Y,  A, c) /lo,, < K ! /  f b) h,b-c. 

Taking the limit as b  + m, @ (y ,  A, b )  converges in mean for y in [o, a) 
say to @ (y, A) uniformly for X in the above region and in particular at A' 
If y is in [o, b ]  and h is not real 

(L - hI) 0 (y, A, b) = - f (y). 

BY arguments similar to those of Titchmarsh [ 5 ]  and Tiwari [I] we 
obtain on making h + A' and then b + w through a suitable sequence 

'i'his proves the first part of the theorem. 
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Conversely, wc suppose that A' is a real number such that for every 
f (x) which is continuous and has continuous dcrivat~ves, the equation 

has at  least one solution of LL.  

If the equation (3.8) has more than one solution for any f ,  then &e differ- 
ence of two such solutions satisfies the equation 

Erom this it follows that A' is in the point spectrum and it would follow 
thet every f of the above class was orthogonal to Ek, (k = 1, 2), which is 
impossible. 

The possibility 01 more than one 4 corresponding to any f is thus ruled 
out. Adapting the analysis analogous to that of Titchmarsh [ 5 ]  it follob\i 
quite easily thzt 

Since, 

satisfies (L - h l )  dr = - f ,  

i t  follows that 

( L  - A'I) @ = ( L  - h i  + X I  - XI) dr = - f f (A - A') 0. 

Therefore, 

!I @ I I O , ~  < w2 (A') I1 - f + ( A  - X) @ ll,,,w 

where I 

1 - A' 1 < [.\/2 M(X)]-'. 
i 

For such values of A the transformation f - dr IS, therefore, bounded. Let B 
MI ( 4  be its bound. 

1 
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Putting f (x) = Gk (x, u, i), k = 1, 2 in (3.9), denoting the corresponding 
,J by @(kl and using (2.5), we obtain 

OD 

0"~' (x, A) = J G (x, y, A) Gk (y, u, i) dy 
0 

Hence 

Therefore 1 1  G (x, u, A) I/,, , is bounded if X is in some neighbourhood 
of A' and consequently 

is bounded in that neighbourhood. Hence, if A = p $. iv, 

2 rm G (x, U, A) = G (x, U, A) - G (x, U, ;\) 

as v + 0, uniformly in some neighbourhood of A'. Hence H ( x ,  u, A) is 
constant in some neighbourhood of A' and so A' does not belong to the spec- 
trum. 

We should like to thmk the referees for their valuable suggestions which 
went a long way towards impcovenlent of our paper. 
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