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Abstract - .

The characte_rlsuc equation of a cosinusoidally spacing modulated corrugated cylindrical metalij
structure excited in Ey-wave has been formujated by using non-homogencous mixed bou 33 ; adl'c
tion. Power cirried by surface waves inside and outside the modulated medivm which ?s tr: TO{;I d
an artificial dielectric and power lost and hence attenuation constant have been dete;mined | Exc eif
sion for the relative amplitudes of Floquet harmonics with respect to that of the funden';entalp;'ras
been derived by finding the Fourier gap coefficient and using WKBJ approximatjon Surfacé impedance
of the modulated structure has also been determijned. | |

Key words: Surface wave modulated structure, Floquet harmonics.

1. Introduction

In a recent paper,? the authors have introduced the concept of equivalent dielectric con-
stant for inhomogeneous surface wave structures, viz., nonuniformly corrugated cylindri-
cal metallic structures with spacings between the thin (<< 4,) discs being modulated
cosinusoidally. Hence, transforming the surface wave structure to an equivalent struc.
ture consisting of a thin metallic rod coated with a dielectric whose dielectric consiant
is modulated cosinusoidally in the direction of propagation, the problem has been
formulated in the form of Hill’s equation which has been solved' to yield the phase

constant g = (2/=) arc sin (\/A(D) Sin J8,/2). The present paper is concerned with
the derivation of the characteristic equation, the solution of which yields the radial
Propagation constant kX, outside the modulated dielectric medium. The parameter 6,

involved in B contains k,. The radial propagation constant k, insic‘ie tl:le modulated di-
electric medium is related to k, and is a function of the modulation index 6 (<L 1) and

wimodulated dielectric constant e° which isa function-of the sgacing(s) between discs of
radius b and the radius @ of the inner supporting rod of the 'un:f'ormly corrugateq Struc-
ture. The theory of power carried by surface waves outside the m?dulatcd dr%eccig&:
medium relative to the total power has been de'«teloped. Tl_1e Four;}e; gap c}g; eien

C, involved in the power flow expression is determined and using WKBJ appro .

ics with respect to
the . . ard and forward space harmonn_: pect
relative amplitudes of both backw saper concludes with the derivation

that of the fundamental have been studied. The
fac
of expressions for the attenuation constant by the power loss method and 5‘"”:

1ISc—5
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impedance of the modulated structure. The present paper deals only with the ¢
aspects of the problem. Numerical calculations to illustrate the behavigy,

: of sy
waves and experimental verification of thc theory will be reported elsewhere, fag

heore

2. Wave equation and its solution

The wave equation governing the propagation of E-wave in a modulated dielecty

with spatially varying dielectric constant & (z) in the direction (2) of propagatj

Onisgiven
by! |
VXV XVX[¥0 ¢ i) —ki (v X [¥(p, &, 2)i]
(z : = |
Fee(z)) X vV X \% X [W(p, ¢s Z) I:] = 0 ; (])

In order that the axial cylindricalsurfacc wave may be supported by a cylindric;
surface the relation betwecen the radial (k) and axial(y) propagation constants may b
written as

kt= — [k e (2) + 7, | v

where y = if, if the structure is assumed lossless.

Since for E,-wave, d/0¢p = O the wave equation (1) is transformed to

Gy, 1y, y oy, 1 de (2) 0y, i

—a‘ﬁz +‘Eap-k d/r + - EE_E(Z) 0z Oz }’IZI,—O (3]
which yields the solution for ¥ in terms of the modified Bessel functions as follows:

¥ (p, §, 2) = [Al, (kp) + B K, (kp)] O12 (2) “

where @2 (z) satisfies the following equation:

d? de 1 d
[dzg dgz)_ : ({) % + {knﬂ e(z) + ka}] b1, 2 (z2) =0 (5)

Introducing®,

€(2) = E“(l —-écos-z—f—l?

and the new variable & = nz/L, ¢q. (5) is transformed to

OO

[% +9u+ 2 UHCOSZ‘If]Wl:E(f):O (5]
=1
where
W12 (&) = exp (& if&) ; C.(B)exp (+ 2 in &) (69)

L e ]
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which accounts for the Floquet harmonics. Hence
2nz\Ve
Y (o, ¢, 2)= (1 — 0 cos T) [41, (kp) + BK, (kp)].
s R2 ;
X exp(j_- Iﬁ-—zl—) z Cu(ﬁ) exp(i 21'}1['32)
= y [A41, (kp) + BK, (kp)] (7
In eq. (6) 6o =f(k,0), whereas 0, =1, 2,...(n 5£0) are f(5) only (1).
3. Field components
Using the following relations between V¥ and the field quantities
0¥,
fo="%
I cHy 1 ]
i s . 1
E, weue(Z)[é’p T
_ i OHe 8
Ep we, € (2) Oz ..

the field components in the modulated medium (¢ < p < b) where b denotes the radius

of the discs and a is the radius of the inner conductor supporting the corrugated medivm
are given by

Med 2 : a< p<b

Hyo = — Asx [ I, (kop) + %%k—i% K, (k-.ap)]

Eur = za:ix(z) | 1o (kep) - ;f»:(ﬁé’f;) Ko k)

Epeo = — Auy’ [ I, (kqp) + ﬁ'.,(fkf;) K, (kzﬂ)] | 9)
since, at p = a, E,;, = 0 and

1 (kyp) = — (ks p)-1 1o (izp) - 0a)

kap ke
: e
Since in medium outside the modulated structur

Y = J Alﬂn{” (klp)

: mponents are
so that the condition at infinity is satisfied, the field comp
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Med 1: b p <00

A
Hy = — i) %— Ky (k1p)

: 2A,
En =iy Twe g€ (2)

Ko (kl p)

, 2A
Ep = — iy’ IK (k1p) (10

where the following transformations have been used:

2

o (ikyp) = 1= Ky (kp)
; K; (k
K (ko) = — T lap)
1

2
Hy (ikyp) = — 7, Ko’ (kyp)

K, (kip) Ko (k,p)

K" (kyp) = k.p gl k, — (10a)
and
12
¥ = (l — 9 COS 222 Z C,(B) exp (£ i6)
{ i-— O |
, 2::2 “B22nd . 2nmz
£ weye (Z) [ (1 —9% L TR

z C, (B) exp ( i0)

NES ey

+(1—5c 22 . d’f+ﬁ)( ) z C‘(ﬁ)em(+rf’)

| =t

.

- """' 2,-[ 112 =2
+{ 1 —3cos -—L—’—z S‘ dc(ﬂ)exp(-i- i0)

e’
AE=D

+(1_5co 2nz\12 z C’(B)(+2m n exp(im)] (105)

’o-—
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and
0 _ 2nnz npz
L L.
4. Boundary condition
' The inhomogeneous mixed boundary conditions
OF,
l!*;"FI}-:';'I T bl ap] T KI:
OF,,
I a;E.o + b, o = Kog
0H
HIH¢1 + bl (.‘p¢1 — K](b
CH
a:Hyy + b, 6:2 = Kz¢ (11)
can be reduced to the following mixed homogenqous boundary conditions :
aEﬂ _@2 E,, —
al '_a;"‘ + bl ap2 0
aE,g ?2 El2 —_ O
ay _a_p‘ + b2 apz
6H¢1 52H¢1 s 0
ay ap bl ap2 |
Qg - o + D “opt

1t = ing b, and b
Hence by matching appropriate boundary conditions at p=b a:;nb(:a::zg::la? g b .
In terms of a, and a, respectively, the following condition 1s :

a __[ " 0P E.[0p® Jo-s

a, o [ E @Ezl/ap)f]
z1 02 Eﬂ/apz o=
H _(_‘aHtﬁz/aP)g]
[ P2 0% Hyol0p® Jp-t
= (aHm/apP] . (13)
[ Hor — Hy,10p° dp-b
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5. Characteristic equation

By using appropriate field componcents in eq. (13) the followingcharacteristic ¢quatiop
is obtained:

{-’9—%“—9" + K (kmb)}2

Ky (kib) , Ko (ks b)
5 b
B K2 (kD) ]

Ko(klb)'_ K. (kb
[ H52) 4 Ky (ks b)

K, (k1b) - ’{2

+ Ky (i)}

—

m——

. {11-. (ksb) + ,ﬁ: Efzji K, (kab)}

2

(L) o+ Jolladd (Kl | g )]

1 b K, (k.a) b
TS N To (koa) (2K (kD) K, (kD) .
{*G2 — L Ras (Tt T k)]

Il

lo (k@) g (k) + I, (ksb)

K (kqa)
In (kga) $
\ {11 (kb)) + K, (k.a) K, (keb)}
1, (k;) I (kea) ( K, (ksb)
{ 5 — lokd) + =72 ( 5 Ko (kzb))}

(14)

the solution of which yields k; and hence k, can be obtained by using the
relation

kt = k? + k2 [1 — ¢ ()] (13
which is obtained from cq. (2)

6. Fourier gap coefficient Cyp (8)

Con§idcr a uniformly corrugated structure (Fig. 1). Each cell of the corrugated
medium may be considered as a short-circuited (at p = a) radial transmission line. The
field components in the medium 2 (¢ < p < b) are given by
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— MEDIUM 1

|
|
|
j .
|
| - am B 1 <5
- |
¢ 2:=0 z2=nl
FiG. 1. Uniformly coirugated metal rod excited in Eq;-mode.

1w
E® = — u, T, [CiJo(hop) + Ca Yo(kop)] . exp (— iBonl)

= C[Fo(kop)] exp (—ifoni)
H;? = [CyJy (ko p) + Co Y, (kop)] - exp (— ifonl)

= C' Fy (ko p)exp (— ifonl) (16)
since at p =a, E,, =0 and hence
Jo (Koad)
C,= — C, =2
i LY, (k.a)

and where
Folkop) = Jo(koa) Yo (kop) — Jo(kop) Yo (k'na)
F, (kop) = J, (kop) Yo (koa) — Jo (koa) Yy (Kop)

= C]_ ﬂnfa_)- . C; - C]. ___ (16.{1)
Yo(koa) koy’ Y, (koa)

The superscript um denotes field components In uniformly corrugated guide.

C

A wave travels in medium 1 in the vicinity of the corrugated medium such that the
successive gap voltages are given by
17
. Vm = Vo eXp (— in ﬁn,) ( )

Assuming the field to be uniformly dis _
tions at the mouth of the gap (p = b) are given by

tributed in thegap at p = b, the boundary condi-

—Vop<cz<s (18)
E,, exp (—ifoz) = 2

os<z<f
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where z = 0 is at the beginning of the firstcell. Atp=25,
Emr2 (ba Qﬁ) = A, Fo (k“ b)

1L (%) e o) o

A %“ ;lﬁ—n— [exp (iB,s) — 1]
Therefore,
Vo B.s)— 1 Fo(ko B
Ezﬂ (p’ QS, z) —_— — _1_ Z €Xp (igﬂi) _ t. }:‘u Ek{'z; exp (—‘ fﬁnz)
Ky F,(k, in B,s/2
Since
'exp -(EfESi.Z) — 1 Slﬂﬂgig};/z) exp (IBNSIZ)
the Fourier gap coefficient C, is given by :
& _‘an (kop) sin (B,s/2) . - (M

- l,.- .
X Fu (koi)/ anlz

where Fo(kop)/Fo(kob) indicates the nature of variation of the field in the radial direx
tion. It may be remarked that the assumption of uniform field distribution at the
mouth of the gap introduces a very small error as long as s < 4, )

For a particular value of p, the gap éoefﬁciem

sin(B,s/2) '
C, ot Bs)2 (21

i.e., f(B.s/2)

A plot of f(B,s/2) vs B, 5/2 shows that the function f(B, s/2), i.e., the gap coefficient
C.is a very slowly varying function of the spacing s between discs. Hence, inthe 2%
of nonuniform spacing between discs which changes €® to ¢(z), the gap coefficient C, maj
be considered to be the same as given by (20) for the case of uniform spacing withot!
introducing appreciable error provided the modulation index & which is atways <!
1S maintained at a small value.

7. Power carried by surface waves
The pc;wer carried by E, wave inside (Pf) and outside (P¢) the modulated medium&®
given by ide (Fel
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Med 1 : b
2T oo
| l
= ‘_‘_5‘“ f f Ep,H¢ pdp d¢
0 pP=bh
— — Re 442
= — ' | Ki2(kyp) pdp]
=1
. 44,2 _a_‘:f [ Ko® (kb) |
MWeg € (2) 2 k2 T k2b K, (k1b) K, (k,b) — K,? (k]b)] T (B)
Med 2 : (22)
amw b
|
=, Re f f EpoH, pdpdg
$=0 p=g
= ce® i n kqa)
= 7 Re f L A;[!l (k,p) + 7 ((kq - K, (kgp)] pdp
P=a
_ 44y K2 (k b)
T z I, (k.
O 1) + 20D Kkt |
8 [{%_32 (102 iifga) = 1 (kea) — &L (ki{zil o
1 o f 1% (kqob) 21, (k2b) 1; (kob)
-y b (S — 1) = T )}
1 (kqa) 5 Klt:2 (kab) 2 (k.b 2K1 (keb) Ko (k"b)
+K(k2a){ b( b* K (D) + kob? )
k 2K, (koa) K, (ksa)
5 (m D) _ K@ (ko) + T .
N (=97 . (23)
K, (k.a) ko A%
Where,

+ . ; . 2
ﬂ.(ﬁ)=.{¢2 2 C, (B) cos 0 ZCH(/}) sin 0 - -?—5111 %z

(l — 0 ¢OS 27:2)( —— + 5) [ E Cy(B) . cos - BEC,. (B) cos 0

n
« 1

— 2 C(p) sin 02 Cu(P) sin a]

- \ ¢ dC,(h) .
. s + (1 — 0 cOoSs 222’)[ Z Cs (ﬁ)'.f_TOS 0 2} ol sin 0

n
n
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+ Z C,(ff) sin @ Z --—@ COS G]

i ]

+(l -—()cosg-f-: [ ch(ﬁ) cos 0 EC (B) 2-—@3(:05

z C.(B) sin 0 Z C. (B) -2—"-" sin n]} o

The power P.* carried by surfacc waves outside the corrugated medium with respect
to the total power P,7 = P! + Pcan be studied asa function of kb or k,b. Slncek
and k, involve the modulation index factor 9, the percentage of power flow PoIpP 7Y can

be studied as f(4) and compared with that in the case of a uniformly corrugated (0 =0

guide.

128

8. Relative magnitudes of Floquet harmonics

The magnitudes of space harmonics depend on f, (B), The relative absolute values

| £.(B) 1/ (B)]
0 =0

indicates the magnitude of power contained in the spatial harmonics
(m=x1, *£2, +3,...) compared to that contained in the fundamental (n =),

Since 6§ < 1, B, in a slowly varying function of z. Hence, C, does not vary signie

fi:antly with z over a period L, the order of smallness of variation maybe estimated as
(WK.BJ approximation)
dC, C, a2 C, C,

BL Tdp T I
where,

i <'af (29
Hence, f, (f) in (24) can be simplified. The relative absolute values of harmonics with

respect to the fundamental are given by

{C.L B) [_nc_S_ sin 252 sin 20 + ;—f( | — & cos 222)
27

2RI .
e — — H_—l-——l"
x(zdz+ﬁ)c:0520_+(l 5cosL)sm2 13

(B _ (l:&coszzz 00529__]} o

fu(B) 3 . 2nz . Znﬁz T 2z
Cn(ﬁ)[— m——L—-sm +Z(|'—(5COST

z . 2mp:z
X(z-‘-f;+ﬁ)cosziﬁ +(I—5cos-2—z‘?) sin ’f]}
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——

- o . 2mnz
{Cil (ﬁ)[ 7 sin —g— s 20, +g(1 S — 2“’-‘-’)

(. dp
X (_;E- + /f) cos 20, + (l — 0 Cos 2%:15) sin 20, +%3~r

. 2=
Xt 1 -9 TR
f+1(ﬁ—). N ( ¢ COS 7 ) cos 24, ]}
Jo(B) . 0 . 2mz . 2nfi- =~
{ Cu_ (ﬁ)[L“ SIn I - SN Iz/ 4 z(l - (sCOS 22"
f!)) 2 2 - -~
X (:d.{: + ﬁ) COs ‘iLﬁ—- + (I -0 cosz—————z" sin 2}28":”
l (26)
ete.
’
where,
0 — nfz  2nm:
- L L
associated with backward harmonics
nfz  2nc

associated with forward harmonics

. fBss 7S
c., B sin ( 3

/
(= 27)
Co . (
. (ﬁn — %;—t sin (B 5/2)
s ﬁos E
C+1 ﬁﬂ SN _2' + ,
Ce (ﬁn + ?—f-) sin (B 5/2)
etc., since
- Bu=ﬁo+2#, (ﬂ=0, i +2...)

Which plays the role of wave numbers denoting the phase P"ngl'f;Siﬂg ;ljgfla::cf
Z-direction. The factor f8, correspond to the fundamental value of the un

- ' ' whereas
Structure having s and & values corresponding to & used in C%mpmlgg]ﬁt(:j ereas f
associated . with #_ and 0, are the values corresponding to the modula

9. Power lost by surface waves

The power lost in the modulated medium (med 2) 18

PL = é ff H¢2H‘;2 d&-
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Since at p=b, Hy = Hgps,

therefore
Ao ; _ K, (klbL) .
7 2 1 (K
A]' ]ﬂ (kgb) — ﬂ( 2{1) Kﬂ (k2b)

K, (k.a)
The magnetic field component in the second medium
a<p<b
is therefore

Ko (kb)) [1o (kob) Ko (koa) — I, (koa) K, (kyb)]
[1o (kob) Ko (koa) — Iy (koa) Ko (ko6)]

H‘pz -_— ZI.XA].

The intrinsic impedance of the second medium is given by " |

B fwp 1j2 ! 176+ [ o ]1:'2 ;
”"'_[ar+jme] =20 T o, ]

which for a low loss dielectric (assuming the second medium to be of low loss]
o <€ we, at microwave frequencies, reduces to

ns = 376"7 [® (1 — 0)] 112 (1)

since €, + dfiwey, =~ ¢, which for a modulated medium may be written as ¢, (1 —9)

Hence substituting (30) and (31) in (28), the power lost in the modulated corrugated
medium is obtained as follows

b zmw
Pra=mn, [ | Hypo H, p dp do
a 0

K, (k,b) )2
To (ksb) Ko (k@) —1, (kaa) K., (kqb)f

[t - (8 DD

1, (12 (koa) 214 (ksa) I, (ko)
2 i’ a* 7 . Ekgdzl 112 (kﬂa))}

= — 44, y* {

(KEKaD) | 2Ko (ksd) Ko (i) :
(ke {5 64 (*5 o — kD) )

K2 (k a) 2Kn (kqa) K, (kqa
2 ( 2 ak = 1 __) K2 (ko) ) }
3 224 ;

kz u(k‘.:a) K, (kzﬂ)] X 3767

( € (z)) ~12
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here,

vt = (1 — & cos %23) z C.(B) z C. 5.

10. Attenuation Constant

b

The attenuation constant « is given by
PL

o= QT"P? nepers/ni

Since § is a slowly varying function of = over a reriod L. we can approximate df | dz

~ BiL. Computing for the fundamental (= 0)at: = L, the expression for attenuation
(33) becomes

R K, (k.b) F
188 €g 0 = * :
[ @ \/8 (1 ) (lu (k2b) K, (ksa) — I, (kea) K, (k3b)

% { Ko (ksd) . f(ksa, kob) + Is? (ke) g (ksa, kob)

+b—a Iy (k,a) Ko (kqa) }]

ko
o = — _
I K2 (k ,
[5 b* k(121b-) + k_lg:fa K, (k,b) Ko (kb)) — K2 (klb))
¢ L7 gt
I, (Kk.a
{1, e) + 822 Ko (ki)
] 1,2 (k.a) . (b — a)
X {f(kza, Ksb) + ~ [,2((/(2.::) - g(kea, ksb) + %
Io(kqa) }
X X, (kza)} 4 cos Znﬁ]
where,
I, (ksa) I, (ks0) .
f(kza, kob) = [% a2 y % E:;’ga) 21, ( 2::‘12 ( : Ilﬂ (Lgﬂ))
| l 12 (k.b) 21y (ksb) 1, (Esb) — 1.2 (kD
__ibz( = ! k,b! 1(.))]
’ K, (kab) K; (k3b)
g (kaa, kob) = [2{ b2 gfoﬂbgk_b) L 2K kzb’ Kla(kgb))

s—

|, (Ke(haa) | 2Ko (ks) Ky (h) Kﬁ(k;,a))]. (34)
58N 4 kaa”
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11. Surface impedance

[n dealing with surface waves it is.often convenient to specify the Properties of
quiding structure in terms of surface impedance Z, = R, + i since then the behay;
of the surface wave in the surrounding medium can be discussed without the Neceg
of knowing the constitution of the guiding structure. The surface impedance 1S evalyy
at the surface which forms the interface between the structure and the Surroung

E, . .
medium and is defined by Z, = H}—) at p = b which yields
@1

_ | K. (kD)
Ly = . Wege (z) K, (k,b)

_ I. Hl'l” (!k1b) |
= wege (2) HY (ik,b)

Since in the case of axial cylindrical wave thc small argument approximation lik,b;
< | holds good,

H? (ikb) = Jo (9) + iYo (g)

(5

~ 1 + f%_(h: g/2 + 0°3577)

ml-f-i%:!n 0-89¢

=:'2 in 0.89 k,b
n

i (ikyb) = J,(q) + i Y; (q)

. 2 . 2
Nl — R e —
2 ny g
where
q - Eklb
Hence
K,b ,
Z, e ) in 0°89 kb
__(a, —iby) b :
- ;’Ene (;). [/n 0-89 b + In (a, — ib,)]
b

2) [al IH 089b \/al:= + blé iz bl uln"‘l bl /{{1

—iday tan=t b, Ja, — ib, In 0-89b NCREY XS
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Therefore,
R, = - A [“1 In 0°8% a2+ p2—p t:«.m"lijl
. e o€ (Z) o : ) a,
K v [, tan- Oyt byin 0896 Jai f 5]
' weye () | 1 a, . V& .
which can be reduced to the following dimensionless form
b R, | " v o emcmnes b b
i Z, i :E) [alb in 089 \’ai-b- + b,*b* — b,b tan ! a:b] (36)
2nb X, l b,b o g s
o Z - ) [ a,b tan! Eff; + 6,6 In 0-89 \/a12b2 s bﬁbz] (37)
since
;-nf: (Ho€g) ™V = (€oZ,) 2
12. Determination of a, and 5,
Since
k]. = tI1 fe— f'bl
k12= — ko — ¥, y=1ifs
a® — b2 + ko= 2 — a?
and
a,b; = aff
Therefore
a4 + (a2 — B)a + atkyt — a2t = 0
which yields
ay = {(B — 2 — k) £ Jo2— 2+ k)2 + da2p2}]
5 - (38)
a,

Hence the nature of the boundary surface can be determincd from (36) and (37) and
thus the rate of decay of the field outside the surface from a knowledge of the surface
reactance can be determined. Since the resistance is associated with the attenuation
of the surface wave, il is possible to determine the surfaces for which the atienuation
is low.
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