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Abstract

When, by means of surface receptcrs, a cell senses external levels of a chemical, the amount actually
sensed can be strongly influenced by how fast the chemical diffuses away from (or towards) the
cell. For a given binding affinity, the effsct of diffusion becomes significant for smal! valves of the
parameter ((12 k_l}/D) where { is of the order of the cell size, k_; the dissociation rate of binding
and D the diffusion coefficient of the chemical.
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1. Introduction

In many situations involving the binding of a ligand to receptors, the quantity of inte-
rest is the number of bound receptors rather than their concentration; for instance in
the case of a hormone binding to receptors on its target cell. In estimating this numter,
it is customary to make a few simplifying assumptions. The purpose of this paper is to
point out that these assumptions can lead to quite incorrect estimates of the real binding
in some situations. We restrict our attention to ““normal” binding. This will mean
that all receptor sites are identical and non-interacting, and that dissociation of the bound

ligand is a first-order reaction.

The existence of one possible source of error is well known, though this is not
usuallv stressed!. The usual relation for estimating binding:

N B C (1)
No Bo Kos+C
refers to free substrate concentrations C, wl.ler_eas in its place one often finds Co
(= C + B), the total concentration, since only it is known beforehand. Here N, B are
respectively the number and concentration of bount:i receptors, and the suffix O refers
to maximum values. Substituting Co in terms of C in (1) leads us to the second problem,

which is that there is no simple result for N in terms of N, C, and K,.5 which does

not involve B,.
spatially, for instance, due to

diffusion on account of concentration gradients.

qi e ,___..«-“."'":\a

This gives rise to difficulties in situations where the ligand level varies
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2. An accurate expression for binding

After putting C, — B in place of C in (1), simple algebra yields
B = 1/2 [(Bo + Kos + Co) — {(Bo + Ko-s ED Cn)2 — 4Bn Cu}]m]

(2)

The argument leading to an approximate value of B is made as follows:

(@) Suppose that relative to the substrate concentration, the affinity is low, that s
Co < Ko-s;

() now, if most of the substrate stays free, that is B < Cy, one can
(¢) substitute C, i1n place of C in (1), gtving
N B Co C, -

Pt

N, B Cot Kus = Kog 3)

where primes refer to approximate quantities. However, conclusion (b) is correct only
if the additional assumption—usually not explicitly stated—is made that B, <€ K,.;. In

particular, if B,/K.5 1s large, B’ is a very poor approximation to B at low values of
Co/K,.s- Table I gives an instance of this.

As already mentioned, expression (2) is not new, in the sense that (1) is always under-
stood to refer to the free substrate concentration; it is only that the precise nature
of the approximation involved in using (3) is not made explicit. Granted that (2) is
the correct expression to use, a basic difficulty arises when one tries to extract from it
an expression for N in situations where C, is not uniformly distributed in space.

Table |

C, B1 B
0-1 0:-9] 0-09
1-0 5:00 0-90
10-0 9.09 7-30

100-0 9-90 9-89

. . | * = 10,
Legend: Approximate (B!) and exact (B) values of bound substrate receptor 160"1?1""' .E‘!. Vsl
K,.5 = 1. The notation is as in equations (1) and (2) of the text. Using the approximate expresst

Gan sometimes lead to absurd values for the binding (first two rows),
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3. Binding in the presence of a diffusiou gradient

It is impossible to go from (2) to an expressiop ;
within which the binding reaction takes place: or N without a knowledge of the volume

_— this is obvi '
vert 2 number density into a number. 10us, since one needs to con-

In the usua b T 5
problem. Consider however the case | equilibrium binding assay, this is no

of a hormone diffusin
; , : g towards, or away from
a cell. What 1s the appropriate volume within which the receptor molecules m?e eﬂ'ec:

tively in .equilil_:)rium with the substrate? Our intention here is to consider one way of
approaching this question, and more importantly, to point out that the “standard " approxi-
mation—expression (3)}—can lead to serious errors even within the range of validity

expected of it under conditions where the ligand is uniformly distributed in space.

When binding takes place in the presence of non-zero diffusion gradients, one has to
solve the combined reaction-diffusion equation for the system. We shall now per-
form this exercise after making simplifying assumptions about the geometry of the prob-
lém and the kinetics. Consider an one-dimensional situation with immobile receptor
molecules uniformly distributed at a density B, in the region — /< x < 4 1. To begin
with (¢ = 0), let the ligand too be uniformly distributed in the same region, at a den-
sity Co. At later times, the ligand will be partly bound to the receptor and partly free;
in the free state it can exist anywhere along the x-axis. Let C(x, ) be the concentra-
tion of free ligand, B(x, t) that of the bound ligand, that is, of the bound receptor-
ligand complex; and Ki.s the equilibrium binding constant. As the quantity of inte-
rest to be estimated consider {B)m, the maximum value of the spatial average of B _taken
in the range — /< x < + /. Notice that this 1s proportional*to Nn, the maximum
value for the total number of bound receptors. Before progeed{ng to the c_a]culanon,
we note the naive result, which follows on assuming that {.j.lm:lswn is sufficiently slow
to be taken to be rate-limiting. Suppose further that the objections ra{scd ‘;e{gal}dmg (3(;
are not relevant and one can take it for granted that (@) most of the ligand 1s free an

(b) binding is of low affinity. This means assuming
Bo < Kos, Co X Koss

Then one has

4

(5)
t . o~ _...(.;L

. refers to the standard approximation. Note that (B) w < Bs.
inr

i e aga : :
B of the problem s a5 follows:

The correct formiulation
C 32 C _D_E‘ ' X I <!

for I>O, Df-"—-‘DF—Dr
3WC € |x|21
ST*DZJ.YE '
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and at

_ 0, B — 0’ = Cﬂ& ‘ X ' > L and C = () elseWhel'e. (6)

D is the diffusion coefficient of the ligand and K,.5; = k_; /k,. Implicit in the equation
for dB/dt is the assumption that only a small fraction of the total number of
receptors is occupied: otherwise the collision term should have been &k, (B, — B)C
instead of k;, B,, C. The method of solving (6) is outlined in the appendix?2, What
one finds is that for large values of the dimensionless parameter /2k_,/D,

_(Cxty 5 C
G(C(x, r)}_’_Kﬂ‘ﬁ -

(B(x. 1))~ B — = (B)',, from (4)

G
Ko

However, for small values of /*k_4/D,

o BU Cn ! 1 ay F -
(B (x, f)) _— Kn.5 \'ID (:/Ef — \ir:}.) when ¢ 1s large, (7)
and
(B(x,1)) ~ k, By Cy (1 — ay/t?) when ¢ is small, (8)

with a; and a, both positive. By ignoring the terms containing a;, a, and putting

B B,Co | 1
(B =ky, Bo Co t = Kow JD <71 )

one gets an upper limit for {B),. This results in

B, C 2k \1i3
Bn =2 (55) - (10

Clearly this is different from (5), and for a given k,.; one has

(B)m 12k 1)1 3
(B),,  \ =D

(11)

Now, /2/D = 15 is of the order of time for diffusion to be effective over a distance I,
and 1/k_; = ¢ is of the order of time for ligand-receptor binding to equilibrate in the
absence of diffusion. Therefore, one expects {B),, to be significantly smaller than (B)w
when 7p < 7z Crudely speaking, when this holds the ligand can * diffuse away before
it can bind,” so that any estimate of binding which ignores diffusion will be an over-
estimate. As seen from (7) through (9), the expression for (B), desired here 1s already

an overestimate, so that the actual ratio of (B),, to (B) will be smaller than that indica-
cated by (11).

~The detailed expression for the ratio of (B),, to (B)» depends on the geometry of the
situation, and so one should not expect (11) to be immediately applicable to all cases
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he neighbourhood of 2 cell varies in time.

- a - How-
en dlﬂ'u§1on In free space, (B),, ought

to be signi-

ever, the general observation that giv
ficantly smaller than (B),, under the

, _ consider release of cyclic 3’. 5’ .
sine monophosphate (CAMP) by single cells of D, discoideum®. yThe 356'3 ::rcflafe

has‘trectzit‘OLSAt; :ATP, a_nd_ there are reasons for believing that self-stimulation of a cell
by 1ts own re t;ase IS5 important. There one has/ ~ the size of a cell ~ 10 um*
A~ 17x 107%sec™!.® D ~ — HT

[0-°cm? sec~'.® This o
il - gives (I%ky/nDY'? = 0-1. The geo-
metry of diffusion of CAMP released by a cell is 3-dimensional, and depletion of the

cAMP level near the cell surface should be even faster than considered here. Thus
it is probably safe to say that if CAMP is released in a quick pulse, the nun:nber of
cell surface receptors stimulated by it is at most 10% of what W():lld ncrmally be
expected. A detailed examination of this particular problem will be presented elsewhere.,

4. Summary

In considering ligand-receptor binding, one might tend to assume that at low affinity
most of the ligard stays unbourd. This is not always true, ard the assumption that
the free and total ligand levels are approximately the same leads to an overestimate
of binding. The extent of the overestimate at low ligard concentrations deperds on the
ratio of the density of receptors to the equilibrium constant of binding; if this ratio
is large, the error can be quite high. Another possible source of error in estimating
binding is the presence of a diffusion gradient in the spatial distribution of ligard. If
the gradient is sharp, the binding expected by ignoring it can be sigm'ﬁcantly in error.
With the particular geometry studied here, the error is once more an overestimate. As
a consequence, the true binding in the stimulation of D. ffwcoufﬂfm receptors by the
cell's own cAMP should be less than 10% of the naive estimate if the cell releases the

ligand in a sharp pulse.
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Appendix

The method of Laplace transforms is best for solving equation (6). In outline, it goes
as follows:

1. Define the transforms

. o0 - 0
B{x, 5) = o,l' dte* B(x,1), C(x,s)= 0.[ dt e C(x,1). -

2. Use these definitions to convert the equation into a set of algebraic equations for

B and C in terms of B(x, 0). C( x,0) and other parameters:

3. Re-transform B (x, 5), E‘(.r, s) by using the asymptotic relations:

(a) f(s) =z 3"2111 I'({l + my,), s 00
w r
=>f(f)= g ﬂntm", {0 if My > i ]
~ c0 n~1
B) f(B)=2 as:5 520
= f(1) = z ﬂuf'"”/!r(l —- g'), ;- 0O

oo
Here I'(x) is the function [ du "' e *.
0



