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An asymmetrically loaded Grzflth type strip crack in an inJinite isotropic elastic 
medwm is studied. Analysis is based 0 1 2  the finite Hilberr transform technique 
de~seloped by Srivastava and L ~ w e n g r u b ~  and a resulf an singular integral equation 
for  the change c f  order o f  Cauchy principal integrals referred in Ref 2. Closed fcrnz 
solutions are obtained for physically important quantities such as maxrmurn 
shearing stress arzd normal component o f  displacement along the line of the crack. 
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The two dimensional problem of an asymmetrically loaded Griffitb. crack 
in isotropic medium has been. considered by Sneddon and Ejike.l Using 
Fourier transform technique Sneddon and Ejikel reduce the problem to 
that of solving four pairs of dual in.tegra1 equations with sine, cosine kernel, 
and solve the dual integral equations by an " elementary method of dual 
integral equations "lo based on Bessel functiom. J. Tweed6 has further 
investigated the problem considered by Sneddon and Ejikel for two coplanar 
CrriEth cracks. 

In this paper, we study the problem considered by Sneddon and Ejike.l 
we &st reduce this problem to that of solving four pairs of dual integtal 
equations and then give an exact solution using a modified technique of 
Srivastava and Lowengrub.* It is to be noted that the previous solutions 
presented in Sneddor? and Ejikel an.d J. TweedB have been confined to 
b ~ v i n g  the stress intezsity factor and crack shape. In this study besides 
presenting simple closed form expression to normal component of displace- 
W t  along the line of the crack, we also present solutions for complete 
stress field in the upper half plane a t  an. arbitmry poir?t. a recent paper, 
R. w. Lardners has studied &is problem by using dislocation layer metb.od. 



111 section 2, basic formulation of thc goveini~g equations of elasrim 
and general solution correspon.ding to  an asynimnetrical loading ~c 

surface of the crack is derived, it is  shown that the cel'iain arbitrary func. 
tions entering into this general solutioll Can bc determined from solu- 
tion of four p i r s  of dual in.tegral equations. In section 3, a simple cxpres- 
sion for nornlal component of disp1acemen.t along the line of the crack is 
presented. la the last section 4, closed form solutions lor stless cornpo. 
nents c~rrespondiilg to an asymmetrical loading 011 crack surface at aU 
arbitrary point are derived. 

2. BASIC FORMULATION AND  TH THE MA TICAL ANALYSIS 

A strip GriEth crack occupies the t'egion y =0, 1 x < c and 1s loaded 
internally in such a way that for 1 x / < c we have the follow~ng con&. 
tions : 

For the upper half plan-e: 

while for the lower half plane: 

and a,,, oyy, ozy + O  as 1/2T3 -i OQ. 111. the region of the x-axis ouis~de 
of the crack, we assume that all the components of strcss and dxplacement 
are contmuous and normal cornp0net.t of d~splacemel~t ug qat~shcs the 
conditiol~ uz, (x, 0 3) > uy (x, 0 -). 

Using the notation - 
00 

=+?I I t ( P >  Y). P -- XI = j- f @, Y )  "11. (P-i) d~ 
T 

0 

to denote thc Fourier sine wd. cosille tr;.~.sforms of j' (p, y)  iespectivel~, it 
can be show~z" that the equetions of elastic equilibrium have the solution 
of the form: 



For the upper half plane y  2 0:  

G (p,  y )  - [A+ ( p )  + YB ' Cp)l e-P?J, 

H ( p ,  y)  = [Ci (p )  + yDi Cp)I 0 5)  

For the lower' hdf  plane y 5 0 : 

G ( p ,  )) -- [A- ( p )  +- B- ( p )  ~l ePU, 

H ( p ,  Y )  = LC- ( P )  + D- (1-9 Y I  epy (2 6 )  

where, A* (p) ,  B* ( p ) ,  C i  ( p )  pnC1 D+ Cp) are the arbitrary functions of p  
only. 



S nape (u) du = 0 ,  and S &qe (u) du = 0 
0 0 

! where, the functions gk (t) ,  (k = 1, 2, 3, 4) are given by: 



where 

tiis now clear that all  thc eight arbitrary constants A+ (p), B* ~ p ) ,  C* (p )  
and D' ( p )  c;n~ be explicitly determined by 11si11.g equations (2.7) end (2.13). 

&ng equations (2.4), (2.5)  m d  (2.6) and Lhe result on thc change of 
order of Cauchy privcipal intcgval referred m Trlcomi%nd some simple 
results on integrals it can be shown that: 



- *y &?--zT)] 

and H is the usual Heaviside unit function. 

4. STRESS COMPONENTS IN THE UPPBR HALF PLANE 

The evaluation. of the stress compoFents in the upper half plane 
depends crucially upon the four functions Wj (w),  ( j =  1 ,  2, 3, 4) and Ma 
by the following equations : 

WI Cw) = U [PA+ ( p ) ,  w], 'CF; (I+) = U [B* (P). WI 
W, (w) .- U [PC-)- (p), w], W4 (w) )- U [D-I- (p) .  W ]  ( 4 4  

w5.erc - 
u [ f b ) , d = ;  I g / " ( p ) c p w +  ( 4 4  
W -I- p = ix, 



where 

In thc notations (4. I ) ,  u h g  equations (2.4), (2.5) and Ifooke's law of 
stress and strein, i t  c2.v. be shown that 

[oX5 ( x ,  y +) 4- oyv CX, Y -I-)] = 2Re [iW, (GI - W, (GI1 (4.5) 

-! byu (x ,  Y 3.1 - Oxz (x, Y +)I 4- iuxv (x, Y +I - - [W 1  (- w)  ~ - -  w2 ($1 -I- i [W3 ($1 - w4 ($1 

Using tb.e results obtain.ed in equations (4.3) into equations (4.5), 
and (4.6), it can be shown that: 

1% (x, Y +) + a,, Cx, v +)I 

= Re { I ' l )  [ i a , p  (u) - A,y (u), z] $. JP [i&p (u) - A& (u), 211 
(4.7) 

Igyg (x, y 4-1 - oxx (x, Y 3- 11 + i2 +CV (x, Y 4) 

= 1"' [Alq (u), zl 4- I"' [A& (4 .  21 



It can be verified that the expressions obtained ill equations (4.7) and 
(4.8) are in complete agreement with those obtained by R. W. Lardner8 
using dislocation layel method. Special cases of the type of point forces 
discussed in G. R. Irwin5 and th.e constant nor'mal a ~ d  shear loadings on 
the crack, surfaces discussed in S. M. Shatfuddinl1 can also be studied using 
equations (4.7) and (4.8). 

It is pleasure to thank Prof. M. N. Vartak and Dr. B. S. R. Rao for 
their k i d  advice and encouragemcnt. Than.ks are also due to the referees 
for helpful comments on. this paper. 

Consider the expressions given. by the following equations: 

hLA,qe (~ ) ,  XI 



NOW we shall evaluate the exp~essiom Ik [ , x], (k  = 1,  2, 3, 4) defin.ed in 
quations (A.l)-(A.4) for the intervals 0 < x< c and c< x< W. 

Applying the result referred in Tl'icomi to D, I, [&q, (u), 
D, = d/dx in th.e interval 0 < x < c for the change of order of Cauch.y 
principal integrals and using th.e result 

5 

1 f dt , j -xr------- ~ / ( t - -  -2-1 ( p  - y2)- 

and noting that in the interval c<  x i  w direct chavge of order of inte- 
gration is permissible, we obtain th.e following equation : 

Dz 11 [A, q e  ( 4 ,  XI 

d m )  A2 4e ( 4  du, > c. (A. 5) 
(u" xs)- 

From equation (A.5) i i  is clear that: 

11 [A, qe (u), XI 



ID the evaluation of (A.6) we have used the result 

1 ; j * u c 0 - ~ [ 1 / ,  d x > r. 
0 

(A.8) 
In a s i m k  manner, using the result 
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