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Abstract 

Making suitable interpretations to both the index (n) and the parameter (/3) of Jacobi polynomials 
P„tc"P )  x in order to derive the elements of Lie-algebra, we have constructed a four parameter Lie-group 
for this polynomials which does not seem to appear before. By means of group-theoretic method 
a new generating function for Jacobi polynomials is obtained, from which several special generating 
functions can easily be derived. 
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1. Introduction 

The Jacobi polynomial Pn( a , A) (x) satisfies the following ordinary differential equation 

d 2  y 	 dy 
X 2) 

dx2  F 
	 f3) — a — (2 + a ± xj 	(I + a + 	n) y = 0. 

The object of the present paper is to derive 
believed to be new, of Jacobi polynomial, 
taneously with the help of Weisner's' group 

some generating functions, which are 
by suitably interpreting n and ft simul- 
theoretic method. 
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It may be of interest to remark that in the course of constructing Isie-alg
r- 

eb a f  A 12 and 	of 12  Jacobi polynomial, we have obtained two operators, viz., 	4 
— tam., 422  

simultaneously raise the parameter and the index respectively of the sanic iellici 
nomial. Such type of operators do not seem to appear before. Here vie  Petha: 
obtained the following generating functions involving Jacobi polynomial by find: 
a set of infinitesimal operators A i;  (1, j = 1, 2) generating a Lie-algebra. 
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kr-0 P=0 
0.41 

• 

2. Group theoretic method 

The Jacobi polynomial Pr• 0 )  (X) defined by 

+ a)
[ 	

1 +a+P+n;1—xl ilia•P)(x) = 	
!— 2F1 — n, 

1 + a 	; 	2 j 

is a solution of the differential equation represented by (1 . 1). 
d 

Now replacing 

obtain from (1.1) 

by 	, fl by y 4. 1  it by z z!. and Prbin (x) by u 

the following partial differential equation 

Zit  — X2) —b2  — {a + x + a)} 	 2
u bx2  

+yz b2 U 	 bU 	Z 2  U z + 	47- 	= V. by bz 	 bz 	z2  

(2.1.1 
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Thus we see that us. 	Y, 	= P(asP)(x) yg z" is a solution of (2.2), since F'$)  (x) 
is a solution of (1 . 1). Let us now seek two first order partial differential operators 
Al 2 and A22 such that 

Al2 [it P )  (X) 9 	= a12  (8, n) etfan) (x) yfl-Ei znei 	 (2.3) 

and 

A22 EP ' 8)  (x) Y P  zal = a22 (fl, Pr+13-11  (X) yP+ 1  z". 

where 012  (J,n) and a.22 (/1, n) are coefficients involving a, ji and 

Using the relation (2.3) and the relation 

1 
[p(a•e) (x)] = 	Pi 	* (x) - 	+ n) Pta1 P+1)  (x)] sr-7i 	 X 	 it--1 

(2.4) 

(2. 5) 

we get 

1) yz-' -
b

- ?X 

so that 

A l2 [1,03)  (X) yg 	= - (n + a) Far) (x) yfit zn-i .  

similarly using (2.4) and the relation 

, 	1 	„ 
rix [FDP)  (x).1 	- x2 al ± a A- 13 + n)(x + 1) - 2/3) Fcla•In (x) 

- 2 (n + 1) Ptif- -1 ) (x). 

we get 

A = (I x2) yei z - z (x - 1) 	-(1 + x) y-1 22  — 
b x 	 z 

- (1 + a) (1 + x)yri z. 

so that 

A22 [Pr ' 13)  (x) 3713  fJ = - 2 (ii + 1) P:74: r" (x) 9-1 zn41 . 

To find the group of operators, let us write 

z 
Au = y ; An = z • by 

and we have 

[Au , Al2] = Al2 

[A21, Al21 	Al2 

(AM A221 = • A22. 

(2.6) 
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(21 
where [A, BJ= AB — BA which shows that the operators 1, Ail (1).i := 1 ' 

 2) 
the identity operator, generate a Lie-algebra. 	 being 

Now the operator L given by 
.A 2 	32 

L = (I — x 2) - — {a -F (2 + a) .4 	+ (I 	x) 	yz  
x2 	 eybx 	bp z  

+ (2 + a) z ! z- 	. 
Zz 	bz2  

can be expressed as follows 

— 1) Lu(A =-- 22 Al2 	24411  — 2aA 21) u. (2.8) 
it can be easily verified that the operators A4, with i, j = 1, 2, commute with 
(x — 1) L, i.e., 

Rx — 1) L, AJ = 0. 	 (2.9) 

The extended form of the groups generated by Ai) 	= 1, 2) are given by 

en-4 u u (x, y, 
eanAn u (x, y, 

earAi2 u (x, y, 

egrAn u (x, y, 

z) = u (x, el" y, z) 

z) = u(x, y, eau z) 

z) = u 	— any , y, z — a1 2y 
z 	y 

z) = 	  y a22 (x + 1) z) 

+ct 

a22  (I +  z 	y (y + 2a22 z) 	Yz x u y + a22  (1 + x) z ' y + a211. (1 + x) z ' y + a22 (I + 9 Z) 

where Ain i = j = 1, 2 are constants. 
Thus we have 

econ 602,2122 	ea,„An u (x, y, z) 
Na41 

where 

e  z {xy + a22  + 	
- an  (y + 2a22z) fy  +  a22  (x + 4 

ty + a22  (x + I) zfiz — 	(yr+ 2a22  z)} 
= east 	(y + 2a22z) 

a22( 1  + x) z 

[An, A21] = 0 

[A211 A22] = A22 

[A22, 412] = — 2 [2 A21 + 	4-  a)]. 
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y {z — 	+ 2a22z) 
P 	y + a22  (1 + x) z 

3. Generating functions 

= 	I  From the foregoing discussion we see that 14 	y, z) 	ITP )  (x) ye3  z" is a solution of  
the system 

Lu = 0 ; 
	

Lu = 0 ; 	 Lu = 0 
(Au  11) u = 0 
	

(A21 — u = 0 
	

(An  + An  — — n) u = 0 
From (2. 10) we easily get 

S((x — 1) Li) (P:s a 'fi )  (x) yig  z") = ((x — 1) L) S (P:7 4 P)  (x) yP z") = 0 

where 

S = elS:2 ei2A„ ean 42, ea„A„ .  

Therefore the transformation S [1:1?' (x) yP el] is also annuled by L. 
By putting au  = 0  = an we get 

tnAii eavAn int 8)  (x) yP el] 

	V+a+P-Fig 
0,  + 2anzr {z - 	Cy + 2a22z))" = y + a22  (1 + x) z) 

[z fxy  x 	 + a22  (x + 1.) z} — 	(y + 2a 2  Pm ° P 
{y + a22  (x + 1) z}{z — an  

Y + a22 
+ 2a22z 

1 + x) z}1 

(3.1) 
But 

9nA22eaavi [pla. (x) yg 

=co 

 2

00 
 —022Y`anY (— ce  n),(— 2)k (n p + 0k 
, k 1p !  

k=0 p=0 

X P (a.P+P—k) 	yP+P—k 	I: 

Equating 	

n—P-Ek 

Equating the results (3. 1) and (3.2) we get 

+ 	(r.rfiz
)1 Ct4 fi.fn 

+ 2 a22 z) 13  {z 	+ 2a22 

x  pa,p)  z fry + a22  (x + 1) z} — 	(y + 2a22z) fy + a22z (x + 1  
TI {y + a 22  (x + 1) 2) {Z — a (cy nap  z)) 

(3.2) 
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00 	00 

	

= 2 	(a22na12Y 7.,T. ..rp  ( - a — n), ( — 2)k (n —p + 1X 

lost) •s0 

X Ps17.4:71-1/ ) (.0 yfi+P-k et.-P+k .  

Now we shall consider the following cases : 
(33) 

Case I 

Let us put a12  = 1, a22  = 0 and writing ylz = i we get 
00 

0 . t  ys p i a 9  0 .§ ■ [X ' t . 7 I r P.  1 _=t ej 	( - n — - 	---1 	a),  

	

4.__I P . 	 n-p 
J)0 

(3.4) 

which is (1.2). 

Case II 

Let an  = 0, an  = 1 and writing ylz = 1 -1. we get 

(1 + 2013 _ pm.  R i  r X + (X + 1) t  1 
fl + (1 + x) tp-Fa+P+11 n  I- Li + (x + 1) t j 

co 

5) 7cLi  (— 2)4  (n + 1)k  Ittbk )  (x) tk. 	 (3.  

k=0 

which is (1.3). 

Case III 

1 If we put au = — — 
CO 2  

a22  = 1 and write yl z = t -1  we get 

(1 + 2013  It + j;  (1 + 20) *  

{1 ± (1 is x) t }Lk a 4-13.0,  

t {x + (x + 1) t} + 1- {1 4- (x+1) 1 } 
!Ts. p 1 	 w 
	 ._.-------------- 

{1 + (x + 1) 1} 11 + -1; 0 A- 201 

00 Co 5- E  (J.:  2? ( 
iii- 

k=0 Pro 

1" 

(o) (n  .... 
Tre 	P + 1)t ( — a  . n),  p.m.:try 0 l

oci 

(3 . 6)  

which is (1.4). 
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4. Derivation of Feldhim's formula from (3.5) 

t1. 
putting n = 0, t = 	3 in (3.5) we get 

pi 	co 
0  „y? 0 	Dy a  =-- 	pLa.,_. (,)ii k 

 2. 2 
0 

which is Feldhim's formula 2 . 
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