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Abstract

Making suitable interpretations to both the index (n) and the parameter (8) of Jacobi polynomials

P,‘.“'ﬁ} x in order to derive the elements of Lie-algebra, we have constructed a four parameter Lie-group
for this polynomials which does not seem to appear before. By means of group-theoretic method

a new generating function for Jacobi polynomials is obtained, from which several special generating
functions can easily be derived.
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1. IﬂtTOdUCﬁOH

The Jacobi polynomial P.p) (x) satisfies the following ordinary differential equation

(l“x‘*)ii-é’—+[ﬁ~a—(2+a+ ﬁ)x]:—g +n(l+a+ B+ ny=0.
(1.1)

The object of the present paper is to derive some generating functions, which are
believed to be new, of Jacobi polynomial, by suitably interpreting » and f simul-
tancously with the help of Weisner’s! group theoretic method.
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[t may be of interest to remark‘that in the course of constructing Lie'algebr
Jacobi polynomial, we have obtained two ope?ators, viz., 412 and 4y, 01'52”",'
simultancously raise the parameter and the index respectively of the Samew
nomial. Such type of operators do npt seem to appear before, Her, We
obtained the following generating functions involving Jacobi polynomis| by ﬁndi‘l
2 set of infinitesimal operators A; (i, j = 1, 2) generating a Lie-algebra,
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2. Group theoretic method

The Jacobi polynomial P!*-# (x) defined by

P'{lu_p)(x) — (l—::gj)zFl[ - n, 1 + Cllv':ﬁa'l' n E i -;x:| (2[']

1s a solution of the differential equation represented by (1.1).

y = W
Now replacing% by %—:, B by y._a._, n by zb%and P@.p) (x) by u(x,)-,-)

oy
obtain from (1.1) the following partial differential equation
0% u . du d% u
1 — x? - - — -
( x)ax2 {a + x(2+a)}bx+y(l x)ayax
D2 5 (2':]
+ yz u+z(2+a)?£+zﬂu=0.
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Thus we see that 4, (x, y,z) = Pia.ﬁ) (x) ¥ 2" is a solution of (2.2), since P% 8) (x)
v ¥ i . x

is a solution of (1.1). Let us now seek two first ord C |
Ayz and A, such that ¢r partial different al operators

A [P B (x) yB 2] = a5 (B, n) P{%8+1) (x) pF+1 o (2.3)

and

Ags [P@:8) (x) YF 2] = ags (B, n) PSF7Y () yhe1 21, (2. 4)
where a,s (8,n) and @ (8, n) are coefficients involving a, # and n.

Using the relation (2.3) and the relation

d (@ e b a
= [Pf: '8) (JC)] =T — 1 [ P'(I -ﬂ)(x) - (a + n) P:'lﬁ“}(x)] (25)

we get

0 b
= —— 1 — il ——
Ap =(x — 1) yz- ix Y3z

so that
Apy [PleB) (x) yP 2% = — (n + ) P2F™) (x) yB1 2,

similarly using (2.4) and the relation

gd;[Pf.“‘ﬂ’ ()] = 3 j o (1 + a+ g+ n)(x+ 1) — 28} Plap)(x)
— 2(n + 1) Pl:8-1)(x). (2.6)

we get

<
oo = {1 — Xx2 P — _D_ — -1 '.’_b_
n=(-x)ytzs —z(x l)by (1 + x)y7 2% -~

-(14+a)( + x)ylz
S0 that
Ap (PP () pF2 = = 2(m + 1) Pf:f"’(x) yB-1 znt,

To find the group of operators, let us write

0 d
— 3 Ay =z —.
21 Z}Jz
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[Ass Ayl = 0
[Azl,: AE2] = Ay
[As2 A = — 2 [2 Ay + (1 -+ @)l
where [4, B] = AB — BA which shows that the operators 1, Ay (i,j = 1,3 | (27]

the identity operator, generaic¢ a Lie-algebra.

Now the operator L given by

2
L=(1-x ——-—{a+(2+a)x} - 4+ (I - x + __Bf_
L =¥y ) 555 Y2 ez
32

P
+(2+a)z—'+ i

can be expressed as follows

(x — 1) Lu = (Aze Aps — 243, — 2aAy)u. (2.9

It can be easily verified that the operators A, with i, j= 1,2, commute wi
(x — 1) L, ie.,

[(x— 1)L, 4] =0. (29

The extended form of the groups generated by A, (i,j = 1,2) are given by

Cutuu(x,y,z) =u(x, eny,z)

eadnu(x,y,z) =u(x,y, en2)

e'rhuan(x,y,2) =u (zx i 4

2 =&y )y

Qonhze = y N
e u(x, y, z) (y + ay (x + 1) Z)

2 u(xy + a5, (1 + x) z y (¥ + 2ay2) yz )
Y+ an(l+x)z° Y+ a(l + )2’ y+ G (1 +X)7

o Vs £ — alzJ’)

where A, i = j = 1,2 are constants.

Thus we have

€1z %81y @%4n 8,4, (x,y, z)

=( y a1
Yy + ass (1 +x)z) u(g’ 1, p)

where

§=z{xy+"22(x+1)z} ays (¥ + 2a,, + o 1) z;
W+ ap(x+1) S {z — a:(j») -{l-y2aq2a;)§l = )z
y(y + 24a,,7)

Y+ ax(l + x)z°

n= en
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_y{z = ap (y + 2a552)
p__ y+a22(l+)f.')2‘ ]

3, Generating functions

From the foregoing discussion we see that u(x, y, z) = P(.f) (X) P z" is a solution of
no

the system
Lu=0; Lu=0,; Lu=0
(Ay —Bu=0 (Ay —mMu=0

(A11+A21“ﬂ—n)u=0
From (2.10) we easily get

S((x = DL (PP (x) ¥ 2") = ((x = 1) L) S (P*F (x) yB ) = ¢
where

ol i PPudy gl
Therefore the transformation S [P,"'F’ (x) y# 2] is also annuled by L.
By putting a,, = 0 = a5, we get

€ 2181 %2412 [P:'“‘B' (x) yﬁ z"]

N y l+¢+ﬁ+' 8
= (y F oo F 0 z) (y + 2a,.2)F {z — a3 (¥ + 2a552))"

X Pia.g) [Z {xy + Qse (x + 1) z} — Qyo (y + 24,,2) {y + a,, (] + x) z}
) {y + an (x + 1) 2}{z — ay, (y + 2a,.2)} -

(3.1)
But

en4n %A1 [P:lﬂ-. 8) (x) yB zn]

W o0

L P
B z 2 %E?' (ili)‘(- @ —n)y(—2)(n—p+ 1)

k=0 p=o

p&ptr—k (x) yﬁ+n—k W=Dy k- 3.2)

n=—p+k

_Equating the results (3.1) and (3.2) we get

s y l+u4.ﬁ+n .
(J’ + s (x F 1) z) (y + 2 ay, 2B {z — ay (y + 205 z)}

X Pa.g) [:,:’:'_{EJ’ + @y (x + 1) 2} — aa (¥ + 2a5:2) {y T+ 82 (x + 1)}]
" (y + @ (x + 1) 2}{z — are(y + 282 2)}
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= Z (i—,fg-!):%—?)’(-a—n),(—2)‘(n—p+1)t

k=0 p=0

% P IE R gRer Rtk .

Now we shall consider the following cases :

Case 1
Let us put a; = 1, @ = 0 and writing y/z = ¢ we get
Q0
. x—=1t |
(1 = t)* Ple-g’ [1 — IJ = z o (—n— &), P:_-pﬂﬂl (x) 17 o
p=0

which is (1.2).

Case 11

Let g, =0, a,, = 1 and writing y/z = -1 we get

(1 + 2¢)B —P‘“"B’I:x + (x+ 1) ¢
{1 + (1 + x)t}ls0+Ban " n 1 + (x + l)t]
I
= z 77 (= D4 n + 1) PA™ (x) 1e. 3

which is (1.3).
Case 111

]
If we put a,, = - ¢ G2 = I and write y/z = -1 we get

a+20ffe+ — @1+ 2:)}'

, 1
t{x + (x + 1)1} + = {1+(x+D
- P’:u,ﬁ, @ e

{l = (l e x) t}1+¢+ﬁ+ﬂ

{1+ &x+ D} {t + -1(;(1 +2t)} _

@ oo l:( L AP
- -2 T o "
— z z L—l 5 ? (n—~p+ 1), (— a—n), P;_'f: B (x) !
0.8
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4. Derivation of Feldhim’s formula from (3.5)

putting n =0, 1 = — gin (3.5) we get

u

—1-a-8 —_
(1 — u)f (1 -5+ 1) = z PR~ (x) 1t

which is Feldhim’s formulaZ.
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