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ABSTRACT

This paper presents an analytical solution of unsteady states flow 1o a nonpenetrat-
ing cavity well having the bottom as a segment of a sphere, in the lower layer of
an artesian aquifer of infinite depith and extent. The problem is treated as one of
flow to a well in a two layered aquifer. The upper layer js less pérvious than the
lower layer. The well knowr: Laplace transform technique has been used to obtain
the solution in terms of rapidly converging error functions. However the merhod
of contour integration is also employed to obtain the solution in terms of a certain
integral which is found to be more suitable for numerical compuration. The
solution for a nonleaky aquifer is obiained as a particular case.
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1. INTRODUCTION

The hydraulics of steady state flow to a nonpenetrating cavity well having
a hemispherical bottom is given by Muskat.!

Mishra er al? and Chauhan® have analysed on lines similar to that
of Muskat.! They have modified the hemispherical bottom considered
by Muskat into a segment of a sphere as expected to be existing in a
cavity well. Sarkar? has recently studied the unsteady flow into a
nonpenetrating cavity well in a nonleaky aquifer with hemispherical bottom
by considering the radius of influence of the circle to be infinite.

In this paper, the solution of unsteady flow into a nonpenetrating
cavity well in a leaky aquifer having the bottom as a segmient of a sphere
in the lower layer of an artesian aquifer of infinite depth and extent has
been obtained. The well-known Laplace transform technigue has been used
to obtain the solution in terms of rapidly converging error functions. How-
cver, the method of contour integration is also employed to obtain the
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solution in terms of a certain integral which is found to be more syiigh)
for numerical computation. The solution for a nonleaky aquifer i oiata'u g
as a particular case. e

NOTATIONS
K Hydraulic conductivity,
S Storativity of the lower pervious bed,
A Leakage factor,
I'w Radius of the well,
[¢] Rate of pumping,
T Depth of a segment,

I (ur) Bessel function of the first kind of half order,
Ky (ur) Bessel function of the second kind of half order.

2. THEORY

This study is based on the assumption that the change in the rate of
leakage is proportional to the drawdown, /.e., the water in the aquifer over-
lying the semi-pervious layer in steady and the hydraulic gradient through
the layer has adjusted itself completely to the new potential distribution
due to pumping. When this is not so, unsteady flow exists.

The problem may be treated as one of flow into a well in a two layered
aquifer. The less pervious upper layer of hydraulic conductivity X' and
thickness 3’ overlies the lower pervious layer (X, b) in which the well botton
is located. It is assumed that the cavity developed by pumping water is
symmetric and is a segment of a sphere of radius ry;, the resistance to the
flow within the cavity is zero and that the radius of the infiuence circle is
finite. The storativity in the less permeable upper bed is neglected.

The differential equation and the boundary conditions governing the
flow system in spherical polar coordinates are given by

s(r,0 =0, r>0 22
S(R, ) =0, t>0 @3
28 .4
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where

ke

3. GENERAL SOLUTION

Employing the Laplace Transform with respect to time ¢ and using the
iitial condition (2.2), one obtains

ary | 2 ds 5 _p.
TV TRTT o 3.1

The solution of (3.1) can be written as
i=4 \/75? L (pr) + Bdﬁ; Ky () G.2)
where
2 2y L
an(vu—,-xf)’ v2=p/C,

Using the boundary conditions (2.3) and (2.4), resuylts in

ALy (uR) + BEyo (uR) =0 (3-3)

(%) ey = H'\/% [AIL5 (prw) — BKas (uhy)]- (3.4)
Thus from equation (2.4), one gets

b S 3 s ) —BK s (i)l = 5o (3.5)

Evaluating the constants 4 and B with the help of Egs. (3-3) and (3.5)
one gets

_ QK p(uR)
A=PE @ roui) ©-8)
_ _Qh, R
B~ iR v G-
where
E = (2u3 ry W)V KT

S (R, rw, y.) = Ly(prw) Kya(pR) + Ksolprw) ]112([-"R)
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Substituting from (3.6) and (3.7) in (3.2), one gets

Q '\/Z?:—r Huz @R Ky wr) — Lig (WR) Ky (uR)}

5= PE (R, 70s 80 69

The inverse Laplace Transform: of (3.8) is not available as such; so
using asymptotic expansion of 7, (z) and K, (2) as given by Mclach,lans
one gets

[Kyja 1) L (pR) — Lyp (ur) Kyjp (uR)]

= ZI,E (rRy¥2 [exp {u (R — 1)} — exp {— u (R — r)}] ¢.9
SR, 1, 1) = jll;(rwli’)‘l’2 [(1 - ;i;) exp {— p (R — rw)}
+ (1 + ;,1;) exp {p (R — rw)}] . (3.10)
Employing (3.9) and (3.10) in (3.8) one obtains
= ;T—;%:"_ [exp {u (R — A} — exp {— u (R~ A}

PEr

= (1 £ ﬁ%) exp {u (R — ryp)} + (1 ___’;1;;) exp {—p(R — ny}
G

Tk

Neglecting the higher order texms and after simplification, one gets

s Qrulexp{—p(r—rp)} —exp{—uQ@R—r—rmll ;p
2a KTrp (1 + ryp ) e

Resolving Eq. (3.12) into the following factors, one may write

5= Zg;éun fexp (— dg&—bfﬁ)’ (— dym)] 3.0

where
aZ

g (a, b,p)=[(az_bz)(a+m) + 3b(a T+ b)(a_-b-}-m)

T 3b(a—= b‘)lTb‘“‘F ) ]

A ey r— Iy
a= -, Vp+ bR =m, dy = /e

dz=(2R—ré—rw), bzz%
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Now employing the shifting property of Laplace Transform and the
result contained in Carslaw and Jaeger,® one gets

s‘zgzrcwﬂ [ {a

a? 5 ;
Cipey exp {ad; + t (a® — b2}
x erfc (T\L/r -+ a \/t) 4 {Iv‘az}%';(:}_ Z)dl) erfc Wt—- b Vt)
aexp (bd) . L
2~ zvt"‘b‘/’) R ey =

% exp {ad, + t (a2 — 172)} erfe (27 +a w) - _.(_%__b)

X exp (— bd,) erfc

2,\/t ) 3{a b)eXP(bdﬂ
x erfe (Wt+ bvt)]. (3.14)
AH
S=(Ho~H) .
6L —— o GL—

! Qxefh [ ||
K Ki b
K K>>K' b
]
ARTESIAN AQUIFER b>>b

FiG. 1, Well having segmental bottom in the artesian aquifer,
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where
o

erfe@ = [ exp(— Y.

-

Letting R — oo, Fy — 7, and b —0 in Eq. (3-14), one obtaing

- 2 T_ P
s= gt [ exp (ady + a%) erfe (a \/t+2i/t

erfo (5 ‘il/t)] 3.15)

This is the solution for a nonleaky aquifer, obtained by Sarkart

However, the inverse transform of 5 can also be obtained as follows:

From the table of transform® one has

exp (—dAp) - exp (— d*/4r
v, = J e [T
— exp (ad + a® £) erfo (a Vi 2—‘1—/ 1)] dt. 3.16)

Substitution of (p 4 5%) for the variable p in Eq. (3.16) gives

exp(—dVpEE) [ exp (— d¥4t — b* !
@rvrrwy = J ew oo [FREEDZED

— aexp (ad ~ a®t — b2 ¢) erfe (a At 4 2—\‘71;)](1& 3.17

Finally, using the theorem that multiplication by p—* of the Laplace
Transform of a function corresponds to integration with respect to the time
of the original function, it is found that

exp (— d+/p 5+ b3 - < . exp (— d4r— b1
P@F V69 .f owpn [ [ =TT

— aexp (ad + g% 7) erfe (2 f/T + a \/v') a"r] dr. ¢.1§
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Employing Eq. (3-18) to determine the Inverse transform of Eq. (3.12),

one gets

o Qrypa
8= o0rKTr

— exp (— do2/4t)} — aexp(att — b2p)

x { exp (ad.) erfc (a A1+ 2%’/7) - exp (ady)
X erfe (a Vi 2%13)}] dt.

4. EVALUATION OF THE INVERSE LAPLACE TRANSFORM

S [0 (— 52 ) foxp (- a4y

(3.19

It is found that results (3.14) and (3.19) are not suitable for numerical
computation ; hence the inverse transform will be evaluated by integrating

along the contour shown in Fig. 2,

which consists of a line R (s) = y and

a large semi-circle to the left of it, having a pole at 5 == 0 and a branch cut
extending from s = - A® to the real negative axis.

»
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Employing Cauchy’s residue theorem one obtains

1 Vo

e [7_{:"‘1{ + I1f@expls)ds
= X Residue )

where I' is a large semi-circle of radius R, having a branch cut from — b
to the negative real axis and f (s) is given by

5 exp{— & (V5 -F D} — exp {— dy (/s F B9}
F)= BT CEv e D =]

In the integral on the cut, substituting (s-+ 5%) = p e along the lower
side of the cut and (s- b?) == pet™ along the upper side of the cut and
since the integrand on I'is of 0 (R=?) and R — oo; it follows that the inte.
gral along I'" vanishes and finally, we have

YHioo
1 — db?) — — 2
5 f F(s) exp (£5) ds = exp (— ¢ l(a}__{:_z)p_gﬁdzﬁb) a7
- YOO
42
where
2 F sin (dyt) — sin (da)
1= 2 [ ov— @+ o0 ifa {TEOTRE0)
, cos (d, @) — cos (d; a)
Tl @D EE T o) ]d“'
Using Eq. (4.2), one may finally write
_ Ory afexp (— d, b%) — exp (— dy b?) .
s =] NCER)] +1] @3
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