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Abstract

Regular, comtext-frec and contexi-sensitive controls are imposed on the tables of TOLAS and the
hierarchy estabushed. The effect of control with appearance checking and minimal table interpreta-
tions are investigated over the tables of Part ETOLAS. It is interesting to note that the regular
control on the tables of Part DETOLAS will not increase the generative capacity of Part DETOLAS.
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1. Introdoction

L-systems, introduced by Lindenmayer, ariginally in connection with some problems
in thearctical biology, have later stimulated a substantial amount of rescarch®® In
these systems one doer not distinguish between terminals and non-termipals, productions
are applied in parallel on 2 word and the starting string of the system is of lengtn greater
than or equal to one.

In trying to extend this concept of parallcl rewriting to two-dimensions, we propose
OL and TOL array systems where parallel rewriting of cvery symbol in & rcqtangu_l?.r
array is considered, each symbol is replaced by an array of the same size or dimension
to avoid distortion of rectang :lar arrays and the axiom is a rectangular array®. The vse
- of non-terminals is a very well established mechanism in formal langeage theary. WII?
L-systems, this notion is represented by Extended TOL and Bxtended OL systems. W¢
have investigated ETOL and EOL array systems in detail’.
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[n siving languages, various control devices are introduced lﬁo incl'cﬂ:ﬁe the generatye
capacity of given grammars®. Once control is intraduced, 1t is meanln_gful to consider
the id:a of appearance checking which is exhaustively studied for string languagesa_

In Chomsky grammars with regulated rewriting, at any step in 2 dcr%vation of the
grammar, the choice of the praduction to be applied is restricted by 2 kind of contrg)
mechapism. In L-systems with regulated rewriting, in one step of 2 derivation, a whgle
subsct aof productions is applied where the chaice of this subsct is somehow restricteq,
Such systems are called Extended partial table OL systems with minima] table intcrpre.
tation®. It is shown that generative capacity of extended partial table OL systems with
minimal table interpretation is stronger than that of regular control and appearance
checking, whereas it is equal ta the combined effect of regulaer control and appearance

checking®.

In this paper, we extend these ideas of minimal table interpretation, regular control
and appcearance checking on partial ETOLAS and we observe that most of the results
af N elsen® will carry over to Port ETOLAS. Wealso consider in this paper the effect
of coatext-scnsitive, context-free and rcgular control on the tables of TOLAS. We
observe that cantext-free and context-sensitive contral on the tables of TOLAS will
generate array languages which are not generable by TOLAS with regular cantrol.

2. Control on TOL array systems
First we review some definitions needed for this paper.

L:t / be an alphabet—a hnite non-empty set of symbols. A matrix M, (or array,
over I is 2n m X n rectangular array of symbols from 7(m, n > 1) and the dimensians

of the matrix M, is denoted by | My, | = (m, n). The set of all matrices over 7 (includ-
ing 4) is denoted by /** and I+ = I** — {}).

Definition 2.1,

A tabled OL arrey system (TOLAS) is 2 3-tuple G = (£, @, @) where T is a ﬁni'tc non-
cmpty set (the alphabet, say X = {q,,.. 2 @&}) 3 we L His the axiom: and & consists of

2 finite sct {P,,. .., P} for £> | and cach P, is a finite subset of £ x £** called 2 table
with the following two conditions.

(i) (VP),(Va)g (Fa)g4y ({(a, )€ P);
(i) (Va)g (T (a, a)),, a’s are of the same dimension.

Definition 2.2
Let

----------
---------------

H'S ., smew v =
. andv= ..., . 51 § where g, € %
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MyeZ**, 1l <i<m, 1< j<n We writc u= v if a, = M, are in table P ip P and
that | M| 18 a constant. =% is the refloxive, transitive closure of = ‘

Definition 2.3

_ . ]
LC[ G =(}:;$g w) be a TOLAS Wh‘ rc P = {P p° ey PI}- u:;" v(u:"v(h», lf VIS
derived from u using table P, whose labelis ;. © = * v (w) cxtends i = v (/) in the

usual manner, where we{l,, /5,..., I,}*. where /; is the labcl of the weble P,

Definition 2 .4

A controlled TOLAS is & 3-tuple (G. C. L) where G i1s 2 TOLAS, L is the sct of

a

labels of the tabls of G. Cis o lenguage over L. L(G, C, L) = {xeX**op =>*x,
a € C}.

Notration

We denote by F(TOLAS: X) the femily of Ionguag.s gercrated by TOLAS with control
language from family X. |

Now let us investigate the cffect of regular, context-free ard context-sensitive controls
on the tzbles of TOLAS. It is intcresting to observe that context-free (cortext-sensitive)
control on the tables of TOLAS, will grnerate arrey languag.s which are not generable
bv regular {context-free) contral or the tables of TOLAS.

Theorem 2.1

FTOLAL C F(TOLAS: R)C F(TOLAS: CF) c F(TOLAS: CS).
+ &

Proof : Inclusions follow from definitionrs. Proper inclusions are csteblished by the
following cxamples.

(i) Let G = ({., X} 1Py, Pyl x.) be 2 TOLAS where
X%,

- x
Pl ={qu-1x""xx,' - v, -...’_x}’ P2={x—)x,x—!* .

ke ST } Let ¢ = (P*Prn, m>1) be a regular control.
x a
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We consider some arrays of L(G: C). Then

X X X..X
b 3 x b < X X..X X.xXx X. xX..X% b 4
= => => => . => ]
X XX .x X XX X.. X X..X
XxXxx X.Xx% x.xXx
X..X%X
X. xXx.X A S
: ==" )
X xX..X
XXx..

Here we get a finite number of matrices as the matrix of the lowest oider. Let
G =(,P o) be a TOLAS so that L(G) = L(G: C) where we have a finite
number of matrices 2s the matrix of the lowcst order. Hunce choose one of them
as the axiom, say,

x-lﬂi

r .x-.
v =

XXXX
To g:t oth.r matriccs of th: sam~size, we must haveoteble {x - ., x - x,. = ., . = x}

g'?ﬂﬂ'r?.t&:d by any TOLAS. 4 - ( . C) canrot be

(i) Corsid.r the TOLAS G = ({a, b}, {P,, P;}, ab), where

_f{,_ ab ab aa bb
Pi—{a ﬂb'b_’db}’h"*:{a-’aa‘b_’ } Let

C={P"PMn21} be 2 CFL. Tt is not diffi:
2 . ; ) ;ult to show thet L(G: .
generated by any TOLAS with regular control. (GC) cennot be

(iii) Consider th = & '
) Consider the TOLAS G ({a}, {a " m},a) and the CScontrol C = {P/n > L},

It can be proved th~t th's lengeage L(G: C) wi
. - o - ke l.-l [ ) Will n t b ': ] l ; =
with CFcontrol. Hznce F\TOLAS : CF) C (TOLAS: GS). ToLAS
+ -

3. Control on partial EDTOLAS

We first de ; .

nﬁnjt;in :,t] du‘fg;: :ll;:;o:iffts :sed in this section. The idcas of eppearance checking and

Shiscking on ;hp fof ¢ ;-llon on the tablcs of partial ETOL systcms and appearance

partial cxtondeditablma angrages heve been exhaustively studied™®. Now, we define
’ ¢ OL array systems with appearance checking, minimal table inter-
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pretation am? with regular control. Intuitively, at each Step of derivation if the ele

of an array is exactly equal to the left hand sides of the rules of a table in & Ot{ne n
ETOLAS then we say that the svstem is a partial ETOIAS with mipimal table ; -
pretation. ‘ s

Definition 3 .1

Let 7 be a finite subset of £ x T** then reg (1)

={ge XL /da€EL** g > acl)}.

If X e Z*, then Min X = {aja€ X|.

Definition 3 .2

A p:rtial ETOLAS (Part ETOLAS) 18 an ordered 6-tuple G = (V, 2, L, L*, w, %),
where Vis 2 firite. pon-empty set (the alph~bet of G), £ C V, the target alphabet, e V+4
is the axiom. & 1s o finite, nop-cmpty cellection of finite subsets of £ x £** such thay
if 1€ P, then ¢ = {Z x XZ** T** are arreys of the rfame dimension}. The elements of
P are called tebles and th. clements of the tables are called productions. L is the set
of labels of & (there is a one-lo-one correspondence between the elements of Pand L).

L™ is a subset of L.

Definition 3 .3

Let G =(V. P, L, L”, w, ) be a Part ETOLAS and let X € Vtt, Y € V** Xis said
to derive Y directly in G, X = Y if and only if

AT 1) I , where a,eV

for L<ism L<jsn M,eZ** 1<r<m L<s<nand M, are of the same

dimension ;
/

(i) F€P: [(ay, My)etfori=1,2,....m j=1,2,....n] We also_write X = ¥

where /is the lzbel from L associated with the table . X is s2id to derive lfdlchﬂ)'

i.ndzr th: minimal table interpretation S=== Y iff (i) and (ii) above are satisfied and
G mi

(iti) reg (1) = Min (X) for 1 € &P satisfying (il). We 2lso write X:t y (1) where / is the

* ¥ w L]
Jabel associated with 7. = * (:a- )is the reflexive transitive closure of = (=m)-
' mt _ .
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Definition 3 .4

Let G =(V, P, L. L*, w, L) be a Part ETOLAS and let Xe V‘++, Ye V*j“ and Zel*
Then Xis said to derive ¥ with control word Z (under the minimal: able mtcl‘pt'etation)

X=> Y(2) (X => Y(Z)) if and only if,
G G mit

(i) Z =lly...1, where (e L for i =1,2,...,d;

(ii) there exists arrays M,, M, ..., M, from V** such that M, =x, M, = Y ang
Mey=> M) (M =>me M(I)) for every i =1,2,...,d
X is said to derive Y with contral ward Z (vnder minimal table interpretation) with

appcarance checking. X =>** Y(2) (X:-:» :f! Y(Z)) if and only if

(i) Z =1dy...1, where l,e L for i =1,2,....d;

(ii) there exists arrays M, M, ..., M,, from V** sich that X =M, Y = M, and

for every i = 1,2,...,d (1, denotes thec table assoziatcd with the label /) if Min

(M) = teg (1) (Min (M) =veg (1)} then M, => M, () (Mo =>u M, (1))

otherwise /,eL* and M, ,= M, The language generated by G is defired as
.

L (G) = {xe 1*4d Ze L*: w:-*; X (Z)} , where / may be the index m or not and
G
j may be the index ac or not.

Definition 3 .5

A Part ETOLAS with regular contral (RC-Part ETOLAS) is a 7-tuple G = (V, . L,
L®, @, X, R) where G' = (¥, &, L, L*, w,X)is a Part ETOLAS and R is a reguler

f:ontl‘ol over L. Then L{(G) ={XeX**/AZcR w= { X(2), whire i may be the
index m¢ or not and j may be the index ac or not.

Definition 3 .6

A partial ETOLAS G = (V, &, L, L%, w, Z) is colled on ETOLAS iff for cvery t€ P and
for every ae V, thore is an M, e V**, r and s are fixed numbers svch that (a, M, )€EL
G 1s called deterministic (Part EDTOLAS) iff for every 7 and for every ae V there
1s at most one M,, e V** r and s are fixed nu mbers, such that (a, M,,))er. G is called
propagating (Part EPTOLAS) iff for every 1e & and for cvery acV, (a, )¢t The
languages generated are denoted by Part EDTOLAL and Part EPTOLAL.

Now- let us investigate the relations between the famili
milies of DETOLAL, Part
DETOLAL{, RC-Part ETOLAL! (i may be ac or not and j mayv be mt or not).
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Theorem 3 .1

# Port ETOLAL = FPart ETOLAL®
# Port ETOLAL,, = & Part ETOLALY,.

Proof . Proof is similar to theorem | of Nielsen®.

Thecorem 3 .2

FETOLAL = FP.rt ETOLAL,

Proof . Let G=(V, P, L, L%, o, L) be a Part ETOLAS. Let Fbe a symbol not
in V. Define an ETOLAS G = (VU {F}, @', L, L*, w,X) where &' = {P'|P e P},
If /e Lis the label of Pe Pthen P' m Py {a— M',aércg P} U {F - M’ where M’ is
the rejection array whose dimension is cqual to that of the dimension of the right
hand side of the rcles of P} The label of P’ in @' is I. Hance L(G) = L(G), ie
F Part ETOLAL C FETOLAL. But by definiticn FETOLAL is contained in & Part
ETOLAL. Hence the theaorem.

Now we state the following theorems without proof as the proofs can be found in
Nirmal’,

Theorem 3.3
SFPort ETOLAL = FRC-Part ETOLAL.
Theorem 3 .4

FEDTOLAL = FPart EDTOLAL! = & RC-Part EDTOLAL/

where i (resp. j) is the index mr (resp. ac) or missing.

Remark 3 .1

It follows from theorem 3.4 that regular control on the tables of Part DETOLAS will
not increase the generative capacity of Part DETOLAS.
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