1. Appendix

A.l. WAVE EQUATION IN AN INHOMOGENEOUS MEDIUM

Using D = ¢4 €(p) E and B = pouH in Maxwell’s equation for a source-
free, isotropic lossless medium and assuming harmonic time dependence
for the field vectors, we get

V XE=— jopsH
V X H= — joee(p) E
which. on elimination of H. yields |
V(V . E)— V*E = ki*c(p) E. (A.1.1)
Since |
vV .D=0,
V . leoc(P)E} = € [V . e(p) E]
which reduces to
eole(p)V . E+ 7 e(p) E] = 0. (A.1.2)

The following wave equation for an inhomogeneous medium is obtained
with the aid of the two equations (A.1.1) and (A.l.2)
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A.2. CONDITION FOR THE VARIATION OF e (p) OVER ONE WAVELENGTH

The order of magnitude of the terms occurring in equation (A.l.3)
was estimated and the first and the last term which are of equal order are
found to influence greatly the magnitude of equation (A.1.32. The
following analysis is applied only to estimate the order of magnitude.

Using the approximation

ky? € (p) E ~ (2;")" E (A.2.1)
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:no the operator V in the second l?t:m of lhe_ equation (A .1. 3)
and l:plf‘clgfe with respect to some direction S in space, its order of magni.
by a deriva

tude can be written as
€ , V €(p)
v|E. Ye‘(f)ﬁ)J = s[E oo J

V €(p)

= (2;)5 v;sZr:v(’)D) T EBES{ «(p) ] (A2,

We are intcrested in the case when the secqnd term in equation (A.1.3) j
much smaller than the first term. Indicating the order of magnitude by
placing the expressions in brackets and comparing the second ard 1,

third terms in (A.1.3),

Ry = [v {E. v&ﬁ;’)}]/l"f € (p) E]

e krdie)

which yields

Rg = 7 [51-% ‘::légf’)] (A.2.3)

where the order of magnitude of the gradient of e (p) is indicated by the

ratio of the difference [e,(p) — €11(p)] of the dielectric constant of two
closely spaced points to the distance AS between them. Considering

AS = A, equation (A.2.3) reduces to

1 € (p) — ¢ .
Re = o (P)E oy (p) (A.2.4)

If Rz< I, i.e., the relative change in (p) over the distance of one wave-
length 1s very small compared to unity, then the second term in equation

g&; -3) can be ignored and hence equation (2) can be simplified to equation
a).

Tl'{e ma{(imum values of 4 and for different dielectric profiles have been
determined in the following way.
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e{p) = e [1 — (dp')*] "

P’=P_r2:

. e(p) = ¢ [— 2d* (p — ry)]

If
where
and
Rx —
or
€ ()
€(p)

A oin
27 €(p)

< 1

'<ku\f;§’j

which leads to

d< ko v e [1 — (dp')*1¥%/2 (dp)

Similarly we obtain for the other profiles

(i) d < ky [1 — (dp')']*%/4 (dp')?

(iti) d <€ ky [1 — (dp’)? — (dp’Y*1*'¥[2 (dp") + 4 (dp)?]
(iv) d <& ky [sech (dp)]¥/2[tanh (dp’)

(v) d < ky sech (dp')/2 tanh (dp')

(vi) d L k, exp (— dp’)/2.

; The maximum values (d,,) taken for different profiles are given in
Table A 1.

. Type of

dp’ . profile

W

01
0-2
0-3
04
05

= - - .

(i)
40
2:0
1:25
075
0°55

TABLE A 1.

Values of dpux
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(11)
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2000

27'0
80
30
1°5

(111)
40
19
-0
06
03

(iv)

o — e - | il S

85
4-4
29
22
175

(v)

e WmaEE

43

24
16
10
0°8
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(A.2.5)

(vi)
042
0-4 |
0-38
036
0-34

Yy
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chosen appropriately from the value,

d p have been
tions reported In the text.

[he values of d an
erical calcula

of doy, and dp’ for DUl

A.3 SOLUTION oF EQUATION

The soluuon of equation
£y  dy 4y

xdx& +dx'«“( X[U “ra’b’}+2r,bx-—x21y=0 (A‘3,])

where

b = kidja, and Y is related to Ez as

Ey = ye % 1 found by assuming
y = x" (Co 4 egx + Cax? T .- .) and determining the coefhicie
nts

Coy C1» C2+o" The first solution 1,

y1=xf(co+clx+ch2+...+cnx"+...) (A
where 4

_ ___:"___l‘ i1 - .

= (r+ n)? (b ) (1 — ra* 6% eng 2by ben-g — Cn-d]

The second solution 1S found by substituting

_ byx bax*

Yy =X [l fr o Py e o |
:.-l (r+l)3+(r+*2)3+..]

where

by, =5 e ( ?‘)2(1 — ry2 b ¢y

by=—(§) [0 = 12 5% &1 + 2ribey)]

and so on, in equati

: on (A.3.1), carryi
' | =g yin ce :
and after some manipulation, | B oot the scory SEMRtREE

ve=plogx + £ dn xn
(A.3.3)

where

dn=_ 2 a.\°2
[" ‘s T ‘(Fé) E(l — ry* b dn_y

+ 23, bdy_y — dn_‘}]

-
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with
d{}:O, d1==0, d2=_02
Cﬂ:l! Cl=0 ( ) (l—'rng?)
and so on.
The above results are applied to the different cases as follows.
(1) Profile :
e2(p) = & [1 — d*(p — 1y)?]
wave equation
1 dy 5
+= 2+ {; ) [l — (x — rsb)*]y = 0
where
. Kk, d
X = bP, b — 'al
Solution
p = (Cl ~+ Co log x) 2 Cn xt 4+ Cy 2 dn x" (A)
n=0 =0
where
Cn — — bﬂ) [(l rf bE) Cn-2 == 2r2 bcn-——a - Cﬂ-—ﬂ]

dn = — {20 + ()10 = r2* 6% dng + 2bdns — dr a1}

(ii) Profile
eo (p) = € [ — d*(p — ra)’]

Wave equation :

d-J 2 T J]l j{+ (?)-[l — (x = b)Yy = 0

1.1.Sc.—5
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where¢
x = bp and b == (:::)1/2 d
Solution @ s given by (A)
where

al) [(1 — rs' &) Cn- g+ 4r* b Cn-s

Cn = — \bn
- 6’.22 b: Cn-4 - 4!'2an_‘5 e cﬂ-—-ﬁ]
(2¢ ?

dn——‘-—_—lnﬂ ( ) [(]——r24b4)(]n_2

e By D i oFa” b?dp-y T 4robdn-s — dn—a]}

(iii) Profile :

) = Ll — & (p— ) = o= )

wave Equation:

d- 2
T o+ () ) Fii)z(x — ra) |y =

where
kyd

x=bp, b= ;
ay

Solution : As given by (A), where
Crp — — a-l ; — 2 he
a=— (D) 11 = rtb P — 1 b enog + Qrap + 4r? 67 F) cas
S (1 + 6!’22 b2 P) C‘n._4 + 4r2bP Cn_5 . P Cn_ﬁ]

dy = — {2;“ ' (bn) (1 — —r2b% P — ry2 6% dns

+ (2ryp + 4r;2 b° Py dn — 3 — (1 +6r,2 b* P) dn-s
+ 4ryb P dn_5 — Pdn—s]}

(iv) Profile
€2 (P) = €& sech d(p — rz)
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Wave Equation:

#y  Vdy | o, i
d.r{_i— iﬁ£+alh[] s pn(_x_.,-z)zn-lyzo

= '=1

where

ky

x=l —
s Pn 91

)z 42" b,

and
o0

P 2N+2 ' 1
bn = (= D" sn }: (— 1F k= 1y

k=1

Solution : As given by (A), where

9 n—2
Cpn = — (_{3_1) ? Pkln-k-2
n s
k=0
= N ZCR ({1 2 S d J
dy = [ " +(r¢‘) Pien-k -2
k=)
. ke C (ZH) ' - d ,
e =(=1) E k! (2n — k) Printee
where
m=(k + 1|2, for k, odd
m = k|2, for k, evén
(v) Profile :

€,y (p) = €, sech?d(p — rz)

Wave Equation :

d* y ldy , 2[1 5 (x__,.)ﬂm]ym()
ib T+ g YA F 5 BETR

where

kX
X=p and qn' =:( 1) fi"n S\ bkbﬂ—k

A all e ol
k=0
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Solution : as

where

and

>y 1y aﬁ[l-i— 3 fn’(x—r,)“]y—o
det T oxdXx = !
where )
7 T l)n 2
X=2p and [n = ( ﬁ-‘!"* dﬂ (all') .

Solution : As given by (A), where

n—3
2
a
Cn — ( 1) z tk(:.ﬂ_k..z
n
k=g

n—3
dn = — [g-ffl -+ ({::)' ; tkdn_k_g]

e ——tt n 4 3 R S T S S ﬂ"—k
”" E( Dot ™
| ol

In all the above six cases, ¢ =1, ¢, =0, dy =0 = d,.



