
1. Appendix 

A.1. WAVE EQUATION IN AN INHOMOGENEOUS MEDIUM 

Using D = Co (p) E and B = !t otal in Maxwell's equation for a source- 
free, isotropic lossless medium and assuming harmonic time dependence 
for the field vectors, we get 

x E = icopr o  H 

• 	V x 11 = jai f o e (p) E 

which. on elimination of IL yields 

V(V ,E) 	2  E = k 0 2 € (p)E. 	 (A.I.1) 

Since 

. D 	0, 

V • Ri f  (P) = fOr • E  (P) Ei 

which reduces to 

Eok (9) 	E 	c7  E  (P) (A. I . 2) 

The following wave equation for an inhomogeneous medium is obtained 
with the aid of the two equations (A . 1 .1 ) and (A . I .2) 

V E(P) 7 2 E + 	[E -
( 

- 	ke 2  €(p)E = 0 	 (A . .3) 
E p) 

A. 2. CONDITION FOR THE VARIATION OF E (p) OVER ONE WAVELENGTH 

The order of magnitude of the terms occurring in equation (A . 1 .3) 
was estimated and the first and the last term which are of equal order are 
Sound to influence greatly the magnitude of equation (A . 1 .3). The 
following analysis is applied only to estimate the order of magnitude. 

Using the approximation 

277) 2  
k o 2  (OE (- A 	E 	 (A.2.1) 
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and replacing the operator •
\7 in the second term of the equation (A 1 

by a derivative with respect to some direction S in space, its order of magni_ 

tude can be written as 

v [E. -v-1:01 "-= 	1E vEE(:,; )i 

(

21r) r. E r *lel 
A  . (p)  e KS (p) (A.2.2) 

We are interested in the case when the second term in equation (A.1,3) i s  
much smaller than the first term. Indicating the order of magnitude  bv  
placing the expressions in brackets and comparing the second and thee  
third terms in (A . I . 3), v 	

) IRO2 
E (I)) El 

Rx  = 	1E 	(P) I 
g2ir 	(p)1 //2/T\ 2  

(p) ijk -Aj 

which yields 

A fel  03) — en (PA Rx  sz- 	-46,75 	(p) (A.2.3) 

where the order of magnitude of the gradient of c (p) is indicated by the 
ratio of the difference [ 	— en  (p) of the dielectric constant of two 
closely spaced points to the distance AS between them 	rmIciftsr;,,. 
AS = A, equation (A.2.3) reduces to 

R 1 fi (P) 	(P) 
x 	2/r 	E (p) (A.2.4) 

if Rx < I, i.e., the relative 
length is very small compa 
(A.1.3) can be ignored and 
(2 a). 

change in e (p) over the distance of one wave- 
ed to unity, then the second term in equation 
hence equation (2) can be simplified to equation 

The maximum values of 
determined in the following 

d and for different dielectric profiles have been 
way. 
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If 

€ 	= [ 1 	(d/1 421 

where 

p 	p — r2, 

(p) 	ei  [— 2d 2  (p r2y1 

and 

R A  Et  (P)  < 1 x 	27T E (p) 

or 

which leads to 

(dP') 21 31212 (dp1 

Similarly we obtain for the other profiles 

(ii) d<k 1 [1. 	(dp19 3 1 214 (dp1 3  

(iii) d cCki[ 1  — (dp') 2  — (dp') 4 ] 3 ' 21[2 (dp') 4- 4 (dp)s] 

(iv) d<  k 1  [sech (dpr 2  itan.h (dp') 

(v) d < k 1  sech (dp 1)12 tanh (dp') 

(vi) d < kl exp (— dp')12. (A 2 . 5) 

The maximum values (dana taken for different profiles are given in 
Table A I. 

TABLE A I 

Values of dams 

•,, Type of 
profile 	(I) 

_ 	. 
0 . 1 	 4 - 0  

(i i) 	(iii) 

200 • 0 	4•0 	8'5 	
4• 3  

(vi) 

0 . 42 

	

0 . 2 	290 	27'0 
	

1 . 9 	4 . 4 	2 .  1 	0 - 4 

	

0 . 3 	i• 25 	8 . 0 
	

1•0 	29 	1 . 6 	0. 38 

0•4 0 . 75 3 . 0 0'6 2'2 1 . 0 0 . 36 

0 . 5 0•55 1'5 0•3 1'75 01 0•34 
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 values of d and p 
have been chosen appropriately from the a tie s  

of dina and tip' 
for numerical calculations reported in the text. 

A .3 SOLUTION OF EQUATION 

The solution of equation 

d2  y dy 
X 	-1- etc 	b 	x [(1 — /02 2  b 2) 	2r1  bx 	x 2 1 y - 0  (A .3 .1) 

where 

b 
	and y is related to Ez  as 

Er 
	is found by assuming 

y xr (co  + cix c2.0 	) 

- The first solution is, 
co, Cl , C2 • • •  

and determining 

cnxn 	 .) 

the coefficients 

(A .3.2) 

where 

— I (c10 2  ed r2 2  b 2) en-2 	2b2 ben-8 — end] 
CT' = (14: 10-2 h 

The second solution is found by substituting 

b ix 	b2x! 
- 

x
r 	 4- 

± (r ±-1” 	2) 2 	a 1  

where 

=" 	-1))-  
64 2 

( 
	0 	r2 2 b2) co  

b2 	Ki 	t2 2  b 2) 	2r2bc0)1 

and so on, in equation (A. 3 . 1), carrying out the necessary differentiation 

and after some manipulation, 

y2 = yl  log x + A xn  
s=0 

(A.3.3) 

where 

2 
= — 	

, a l) 2 t 	r2 t b it) dti., 1 cm -r  

-1- 23 2 b dn-41 	4-411 
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do  = 0, 

Co = I Ch \ 2  
Cr  k 2b 

— r2 2 b 2) 

and so on. 

The above results are applied to the different cases as, follows. 

(1) Profile : 

E2 (P) = [ 1  — d2 (P — r2) 2] 

wave equation 

d2  y 	1 di* 	ichN2  
[1 — — r2b) 21y = 0 

dx2 -T-  dx -1-  U;# 

where 

d 
x b p , b 

Solution 

	

oc 	 cc 
y (ci  c2  log x) E cn  xn c2  dn  xn 

/1 = 0 	 14=0 

where 

a  
cn  = — (- 1

) 2 
 R1 — r2 2  b 2) en_2 2, 2 bc3 — Cn.-41 

bn  

2c 	(a ) 2  
fin 	 -I- 	[( 1  — r2 2  b 2) dn--2 	2r2b4-3 — dr --41} 

(ii) Profile 

€2 (P) = El [ 1  — (P(P —  r2ri 

Wave equation : 

dx2m  dx 	b) 

(A) 
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where 	 k _ ) 1/2 

x hp and b ( a: 

Solution : as given by (A) 

where 

Cn 	— (
al )

2 
[(I 	13') en- 2 ± 4/.23  b 3  ca-3 

bn 

6r22  b 2  cr,_4 	4r 2bcr,...5 	cn-6] 

2c,, 	al ) 2  
dn 	 - 	eges [( — r24  b4) tin — 2 

t n 	On 

4r23  b3  d„_3r2 2  b 2  cin_ 4 	4r 2bdu-s 	d_ 6 1 } n-6 J 

(iii) Profile : 

ezel [ 1 	(12 	T2) 2  — 	(t)  

Wave Equation : 

d2  Y I dy (aS2  

dx 2 	x dx 	b I I. 

f a 1 2 
I — 	r 2b) 2 	— r2b)4 1 y = 0 

k, 

where 
kid 

x- bp, h = - - • 

Solution : As given by (A), where 

=-- 	(a' bn
)RI — r 24  b4  P 	1.2 2  b 2) cn-2 	(21'4) 	4r23  b 3  413) cites  

— (1 + 6r22  b 2  P) 	4r 2bP cn-5  — P Cn.-6] 

2cn  I 002  4 =— 	 RI 
\bn 

• 4 p p 	142 2  b 2) 'fl-2 

(2r2b 4r23  P) dn — 3 — (1 1 6/.2 2  b 2  dne4 

4r2bP d n_s  P 4_61} 

(iv) Profile 

E2  (0 = e l  sech d (p — 
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Wave Equation : 

d2  y1 dy 	 00 
di.): 	x,-  -dx  -F al 2 

[ 	f pn (x ra 2n iy = 0 

where 

x = 1, pn  = kir d2 n bn  
al  

and 
co 

1211+2 5-'` 
bn (— 	 (— 1)k -i - —1  pn+i • 

7T 	 (2k 
k=i 

Solution : As given by (A), where 

C;) 	

%--2 

Cn 	
2 	

Pk Cn—k —2 

ke0 

n-2 

	

/7 	0 dn 
	
[2:n  Ci) Pk(41--k-2] 

ic•mo 

00 

Pk = 	
(2n) ! 

where 

in = (k 	I)! 2, for k, odd 

m k 12, for k, even 

(v) Profile : 

E2 (P) 	sech 2  cl (p 	r2) 

Wave Equation : 

d2  y 	1 dy 1-1 ,2[1 	E  qn 	r2r1  y 
(IX 2 	ex dx 	 nmi 

where 
• 

ki\ 2  (pm  5-1  L  ocuri_k 
X p and gni 	aii reaos 
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Solution 	
as given by (A), where 

n r's 

qk Cri-k —2 

n-2 

2Cn 	( at 
dn re= 	I 	4- 	) 2  5: qkdn.-k-21 

n 

(211)-!---  - X gm' 

qk 	1 	k! (2n 	k)! 
„ssm 

where 
k, odd 

and 
in= lc/2 for k, even. 

(vi) profile : 

E2  (p) = el exp [— d (p ra], 

Wave Equation : 
co 

d2  y I dY + a  2 [ I ± 	t ri! — r 2r y = 0 

	

+ iv 	 n=1 

where 

p and int re (-Mir dn kA 2  
n ! 

Solution : As given by (A), where 
n-3 

	

alycon 	— (-
72 	

tkCn-k-2 

k= 0 
a  n-s 

= [2cn  ta ll° 
tkdn-k-2] 

\ni 
t=0 

co 

	

tk 	
n! 

- n-k 
(n — k)! k! r2 	• 

smt 

In all the above six cases, c o  = 1, c1 = 0, do  = 0 --= d1. 


