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ABSTRACT 

This paper deals with the elasticity problem of a spherically anisotropic elastic 
medium bounded by two concenrtric spherical surfaces subjected to normal pressures. 
The material of the structure is spherically anisotropic and, in addition, is conti- 
nuously inhomogeneous will: mechanical properties varying exponentially along 
the radius. An exact solution of the problem in terms of Whittaker functions is 
presented. The St. Venant's solution in the case of homogeneous material and 
Lame's solution in the case of homogeneous isotropic material are derived here from 
the general solution. The problem of a solid sphere of the same medium under the 
external pressure is also solved as a particular case of the above problem. Lastly, 
the displacements and stresses of a composite sphere consisting of a solid spherical 
body made of homogeneous material and a nonhomogeneous concentric spherical shell 
covering the inclusion, both of them being spherically anisotropic, are obtained when 
the sphere is under uniform compression, 

Keywords: Radial deformation, Stresses, Spherical shell, Nonhomogeneity, Inclusion. 

1. INTRODUCTION 
I. 

 The elastic behavior of a spherically aeolotropic material was fist 
studied by St. Vernant in 1865. He considered the problem of a spherical 
shell under uniform internal and external pressures and applied his results 
to some piezometer experiments. A description of his analysis may be 
found in the treatise by Love [11 or in the book of anisotropic elasticity by 
Lekhnitskii [2]. 

Increasing use of composite materials in aerospace applications calls 
for the study of problems of 	nhomogeneous anisotrpic elastic media. 

Grief and Chou [3] have treated a dynamic problem of a non-homogeneous 
cylindrically aeolotropic shell. Sengupta and Basu Mallick [4] have investi- 

gated the radical deformation of a 	nhomogeneous spherically anisotropic 
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where  Cii are functions of the elastic moduli, Poison's ratios, and (for a non.- 
homogeneous material) also functions of the spatial position. For the 
present problem Co are already mentioned in equation (1). 

Now for a purely radial deformation of the body, the displacement 
components (7, .5, iii) must be of the type a a (r), i == 0 and 

Due to this assumption the strain 
ments, are 

ai7 
err 	d 	

- 
r ' 	90 	r 	effro 

ego  .= er 9  

(3) 
components, in terms of displace- 

(4) 

The non-zero stress components in equations (2), in terms of displacement 
and Au, may now be written as 

du 
(TT = eXP 	k [A 	2A2 z-fl 

du 
(5) ao r- a ce exp ( —  

In the absence of body forces, two equations of equilibrium are identi- 
cally satisfied and the non-trivial equation of equilibrium becomes 

d 	\ 	2 , 

	

dr‘'n 	ker de) = a 

This equation of equilibrium, with the help of equations [5], stands as 

2  d2 	 n I A22 + A23 ±  (kr  — 1 ) Al2} =  O. — kr) r 
r  dr 2 	 dr 	I 	An  

(6) 

3. METHOD OF SOLUTION 

We use transformations 

rq x = kr and a = exp 
	 (7) 

i n the equation (6) and rewrite it accordingly, 

2 d2  v 	dv 
	

- 2 (A22  -I-- A 23 — Au) 
x 	7 

	

dx2  -x di 	- 	 -- 
nu 

2A1,) x  
Aii 

A 	V ==., 0.  
4 

(8) 
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where 

2A 1 an  (r) -r-- [
kr — 2 

2kr An ± -Vi AC _±. (kr) + AliM';,÷, (kr) 
, r kr — 2 

P±P (17  = 1_ 	Al2 + - 2kr 	
A22 + 

Aa I A1171 .  -4-p ( la) + Al2 A t ;..± (kr)  -- kr 

(18) 
The prime indic qes the derivative of the function with respect to its argu- 
ment. 

4. THE PROaLEM OF A 
NON-HOMOGENEOUS SPHERICAL SHELL 

We consider here a spherical shell a < r < b. The structure is made of noahomogeneous spherically anisotropic material. 	The shell is under 
the influence of uniformly distributed internal and external pressures. The 
boundary conditions are as follows : 

45.1* = 	Po' on the surface r 	a 
-  p i, oa the surface r b 	 (19)  

On application of awse boundary conditions in the first equation of (17), 
we get 

Actp (a) ± Ba-p (a) E .-  Po a exp (ka12) r- 0 
Aap  (b) Ba_ p  (b) 	b exp (kb/2) re 0. 

Solving the above equations for A and B and inserting their values in equa- 
tions (16) and (17), one obtains the complete solution for radial displace- 
ment and stresses as 

exp (kr12) 
Mkr if/hba_p (a) exp (kb12)—p oaa_p (b) exp (ka/2)1 Mkt]) (kr) 

+ {Poaap (b) exP (kal2) hbap (a) exp (kb12)1 	WA I 

ar — ex-
p (— kr12)  

Mr 	Upitta_p  (a) eXp (kb12) p oaa_p  (b) 

X eXp (kal2)} a p  (r) fpoaap (b) exp (kal2) 	bap  (a) 

x exp (khan a_ p  (r), 

a9 	(— kr12)  
6 	 Air 	Rp i ba_p  (a) exp (kb/2) — p oaa_p (b) 

x exp (kal2)) tip (1) {p oaap  (10 exp (kal2) p iba p  (a) 

x exp (kb/2)} ft p  (rA, 
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Radial Deformation of Elastic Media 	 309 
Stresses of such a shell 

may be found from the second and third equations 
of (20) on making k > 0 and they are 

ar  ns- lt (dr) = 	a Vr19-31(2b \P Li(Paib:2 P 2  ) 
k40 

kE• 

, 1 
Pt
,_ 

oasi 2  bP r 2P p1b 312 aP)j 

Similarly, 

rp-312 	[(AM" _ i 
[ 

bP ) 
co  = a 4, r--  i ercP lib )13 	air 

b ) 	k a ) 

2 (Ao 2  + A22) ± (2P  — 
 I)  Al2 	rzpi  (p ea' 2  bP  po lb 3 2  aP) -4.112  + (2p 

2 (A,-,2  4- A23) 1- (2p  + 0  Al21 
41\12  — (2p + 1) An 	_I (24) 

respectively. 

It is to be noted that the following limits are used to compute the 
stresses in (24) 

Lt M; P (lc o Lt  k011;.-±- p 	 = (e \1±1)  , 	± e 	P  
r A 1 	(kr) — 	' , 6  M, (kr) 

(24 a) 

Same sign of p is to be retained for the above limits. 

The expressions of stresses in equations (24) for the above shell problem 
are the same found by St. Venant and given in Lekhnitskii [21. 

4 , 5 Isotropic Body and Love's Results 

is describes The elastic property of a spherically anisotropic material 
by five elastic parameters and they reduce to two independent 
for isotropic material. It is treated as a special case of spherical 
For thepresent nonhomogeneous problem the relations are 

parameter 
anisotropy. 

C11 	= (A0 + 21L0) exp (— kr), Cl2 = C23 = Ao exp (— kr) 

C44= IL0 exp (— kr) 
	 (25) 
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since 

At; (z) Lt -
M;

'9 	 z (z) 	
0, 	Lt 	- * 9—=0 s.+4, 	(z) 	11-*0 M:... (z) 

and 

Lt m. - -(z)
(z) 	

± P. (29 a) 1+3 	kat. 

5. THE PROBLEM OF A COMPOSITE SPHERE 

We now consider a homogeneous solid sphere (0 < r < a) of spheri- 
cally anisotropic matrial surrounded by a nonhomogeneous concentric 
spherical shell (a < r < b) of spherically anisotropic medium and the 
whole body is acted upon by a uniform radial pressure on the external 
bounding surface r = b. At the surface of separation r -= a the materials 
are sufficiently rough to ensure the continuity of radial stresses and displace- 
ments. The relevant boundary conditions are then 

ler = pi  on the surface r==b 
and 

U Ü , r  = ar  on the surface r = a 	 (30) 

In the case of a homogeneous solid sphere (0 < r < a) Co = Au for 
k = 0 in equation (I) and the stress equation of equilibrium correspond- 
ing to the equation (6) turns out to be 

d 2  dli) 2 (C22  ±  C23 Cu) 
dr 	dr 	 Cll.  

The general solution of the above equation may be put as 

u = 	2  ± Dr'n 
where 

U + 2 (C22 ± C23 — 
	 (31) 

To ensure the finiteness of the stress at ever/.  point of the solid sphere, 
including the neighbourhood of the origin, we are to take the displacement 
and stresses as (supposing m > 3/2) 

U = Cron -1 ) 12  

or =es Cainrernr-3) / 2  

cre 	4:7# = Cbmr("3-3)12 	
(32) 
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ar  = pib exp  [k (b 012] [{am ezpa  (ka) 
Nr   (/ca) 	~_p  (a)} ap  (r) 

{ am  ekxpa  (kr° m it  vao 
~p  (a)} a_p  (r)j, 

where 

N  = 
P

(0  {am  exp (ka) 
Mt.„ (ka) ap (a)}  ka 

0)  {aim  exp (ka) 
P 	ka 	M,,, (ka) 	a_p  (a)} . 	(36) 

6. NUMERICAL RESULTS 

All the results are for structures with finite outer radius b that is twice the inner radius a. It should be noted that the results previously derived 
are quite general. The problem investigated involve inhomogeneous 
materials with properties varying exponemtially with the radius according 
to the equation (1). 

We choose the elastic constants Au= 26-92, A22 = 8 4 472 A  1 2 = 13 .46, 
A 23  = 3.12, A 	6-53 in terms of a unit 10" dynes per square centimeter 
and k = 2/a (numerically) for Material I. The present analysis may be 
useful in studying the stresses for layered media having exponentially increasing 
or decreasing stiffness. We make use of the values of Aij in equations 

(12) and (13) to obtain p 	1/3 and 7; = 0 and from equations (18) we get. 

rl a a, (r)ir (4/3) a_, (r)11' (2/3) pi, MI (413) /3_, (01 11  (2/3) 

111 	 54.03 	24•89 	29.96 	12.87 

2 	161•40 	64.33 	89.03 	35.30 

For the first problem the internal surface of the shell structure is 
always under a uniform normal pressure p o , whereas its surface is supposed 
to be stress-free for system I and is subjected to a pressure which is half of 
the internal pressure for the system II. Our main interest lies in computing 
the stress Concentration near the vicinity of the caivity. The above obtained 
values for Material I are applied to the last equation of (20) and it yields 

— 540-9 F (2/3) F (4/3). Ultimately the equation (22) shows Emma . 
(— .2776 Po) and (— .5297 Po) for the leading systems I and 11 respec- 

tively. Also the third equation of (20) leads to [e el = (-0105po) and 
(— .2748 Po) for the loading systems I and 11 respectively. 
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