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A BSTRACT

The effect of the inclusion of the Hall current due to electron dynamics on
the gravitational instability of a finitely conducting medium has been studied using
the modifications indicated by Cowling and Lighthill including uniform rotation.
It has been found that excepting for a few specal cases, Jeans criterion still
determines the gravitational instability The inclusion of Hall current affects the
criterion only when the disturbances are propagated transverse to the magnetic field.
Numerical estimates of these new dimensions have been obtained and compared
with Jeans’ result. The conclusions were also justified on the basis of physical

arguments,

1. INTRODUCTION

The gravitational instability of an infinite homogensous medium has been
discussed by many authors '8 under various conditions. In a fully ionized,
low density and high temperature medium the Larmor frequency of the elect-
rons is large compared with the electron collision frequency and hence the
Hall-efect has to be taken into account as pointed out by Cowlingg. In tt}c
present note we shall study the gravitational instability of medium hke Gala.cu,c
Halo and H 1l Clouds taking into account the Hall-current and the Coriolis
force in the presence of a uniform external magnetic ﬁe]q. In pflrt A, we
consider the gravitational instability of an infinitely con@c}mg medium, w]_nle
in part B we have studied the influence of finite conductivity on the gravita-

tional instability of this medium. 9]
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We note that in the case of infinitely conducting mcd‘ium, jn the p_resffﬂce

f magnetic field along the direction of wave-propagation, Jeans criterjop!
0 gneilc al instability applies for wave-propagation In the direction along
for grawtgflﬂ‘; © to the direction of rotation. The particular case when there
S POApes i at of magnetic ficld along the direction of wave-propagation is of
- er Cﬂngpo:z:e here due to the inclusion of Hall-current, the instability does
1ntere$i:. ?:cc .| the senss of Jeans but is entirely different.  However, tpe
- ta'ufdg of the linear-dimension of the galaxies, estimated by taking some
:t]aas:i]:ird values for the physical parameters, is of the same order as ({btained
by Jeans. Also in this case we note that when th? ?ave-propagat;on IS a]on.g
the direction of rotation the critical wave-number is m.depcndcnt o the mappi.
tude of rotation, while in the case of wave-propagation perpendlcula.r to the
direction of rotation the critical wave-number depends on }hc magnitude of
rotation and if Spitzer's condition® is satisfied the system is stable for a

wave-numbers.

In part B we note that the finite conduc.tivit.y does not affect thf: Jeans
Criterion when the direction of wave-propagation 1s a!ong'the magnetic filed.
When the wave-propagation is perpendicular to the direction of the magnetic
field, we find that when the direction of rotation is along the direction of
wave-propagation the critical wave-pumber introduc?c; by Hall-current is
removed by the effect of finite conductivity and instability takes place in the
sense of Jeans, and when wave-propagation is transverse to the direction of
rotation, once again finite conductivity removes the influence of Hall-current
and the system is stable for all wave-numbers if Spitzer’s condition is satisfied.

We note however, in the cases when wave-propagation is perpendicular to
the direction of rotation and magnetic field, on reinterpreting the expression

¢; k*— 4n Gp,y + 4 Q%,
which determines the stability of the system, that if Jeans criterion holds the

stability of the system is assured and the effect of the rotation is to elongate
the linear-dimensions of the galaxies.

2. LINEARIZED EQUATIONS AND Di1SPERSION RELATION

We consider an infinitely extending homogeneous self-gravitating medium
—»

f’f ﬁnit? conductivity rotating uniformly with an angular velocity 2 embedded
In a uniform external magnetic field Ho. The undisturbed state of the medium

Is taken to be uniform with pressure Po and density p,.

I:et o p, S'P, dU, v, h be the perturbed density, pressure, gravitational
potential, velocity and maguetic field respectively. The linearized hydro-mag:

netic cquation_s determining these perturbations are following Chandrasekhar’
and C. Uberoi and C. Devanthan'® -
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Equation of Continuity :

ddp
Q¢

+p0diVV=n0 [2‘1]

Equation of Momentum :

3V it
Po ['a"-t+29>(‘i:l= —gr3d3P+p0V5U+-—]—-[(V Xh)XHO], [2‘2]

assuming the effect of the gravitational forces on the density fluctuation to be
small.

Equation of State .

dp=cidp, C;m Zﬁ_‘!, [2.3]

the sound speed corresponding to the undisturbed medium.

Poison’s Equation :

ViOU=-4nGdp [2.4]
Maxwell’s Equations : (e.m.u.)
divh =0 [2.5]
2 2 . 2(7%), [26]
— = curl (va0)+qV h — curl (curlh x Hg) +
ot 4 1w ne a.hp
where
2 [
n= < , o being the electrical conductivity and ¢ the velocity of
4o
light,
2\ 4
il wp_(411’ﬂ€)’
m

the plasma frequency ; e, n, m are the charge, particle density and mass for the
electron gas.

The equation [2 6] is obtained by linearizing the induction equah&:;
given by Spitzer'!. The electron pressure gradlem term vanishes as

temperature of the medium is taken to be uniform'.

at
We shall suppose that orientatlon of the co-ordinate axes are so chosen th

Ho —-(Hx, 0 lq) Whlle Q (Q.n Qy: Q)
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are independent of x and y co-ordinates 3
f waves in the s-direction. Hence we aSSu::]d
e

s exp [i(w! + kz)]:

94

We shall seek solutions which
correspond to the pwpagalion 0
that all the perturbations vary a

From cquation [2.5] we have h; = 0. Substituting this in equation [2.6
and eliminating 5p, OP i [2_2] with the help of cquatic; ]
[2.1], [2.3] and [2.4] respe ' —t
0y, Uy U h,and h,:
fe Uy + 282, 0 — 22,0, — At h, =0

4'I'Tpo |
ikH, B, =0
41Tp0

. s
_29y0x+29x0y+uz(fw*c§%+i4ﬂGP0)+E—Hxhx-0 }[2
4} 4‘TTPO '7]

- ‘ 2.2 2
_:kH,vx+1kav,_+hx(fw+qk2+’_‘._f.2_".‘:’)+0k H, b, = 0

2QZUI+ i{.ﬂﬂy-— 291—'”!—

W p 4d-rne
: ck® 2.2 ’
™ wp J

’tl'lilc' condition that the set [2.7] of Jinear homogeneous equations admit
rivial solution leads to the dispersion relation, S RO

wﬁ_5296w5_w‘(925+2934+.Qza-r.qu+-Q} +482°)
+iQcw’ (20% + 25+ 202 +80Q%) + w [Q% + Q% 2%
+ Q20 +20% + QY + 4Q0) + 427 (Qc + Q) +42; 2
440,004 +40, Qn 04025 +4(2, 94— 2. 25)]
iR QUL+ 40N +4 2,25 +4(Q. 24— 2. 25)]

2
-~ QR4 +4Q2 (R + Q) +492,2424] =0 [2.8]
where
k‘.‘ P
Qc= Lo, 0} - k" H; , k' H; ck* H
A Mdnor . 2T ) , 8y = -
Po A® 47 po Ndnne
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3. DISCUSSION OF THE DisPERSION RELATION

PART A

We shall discuss the following special cases -

Case[: q-oa H:?£0! Hx-0191¢019,¥-9.p=0.

In this case the dispersion relation [2.8] splits into two factors.
w -~ D= [3.1]

and
w' - (205 +0Q5+402) +(Q4 +40Q104+40,2,0))-0.  [3.2]

Considering the equation [3.1] we note that there is 2 mode of wave-propagation
which will become unstable when Q7 < 0, i.e., when

Cf k" < 4 Gpg

and this is precisely the Jeans condition for gravitational instability.

The equation [3.2] gives two stable modes of wave-propagation

mf, 2= (2 Q%+ Qh+40Q7) + g [(QF -4 Q) +4025(Qy-2 )1

These are four Alfven waves each two running in opposite directions with
velocity modified by rotation and Hall effect.

Hence Jeans criterion for gravitational instability is unaffected by the
magnetle field, and the Coriolis force when the direction of wave- propagation
is along the magnetic field and direction of rotation, even in the presence of
Hall-current. This result agrees with that obtained by Chandrasekhar’.

Case II. n :_‘:0: Hz?'éoj H.‘L=Oi Qz"'o: QI?EO! I(2.1"5'-'40'

Here the dispersion relation can be written as

f(x)=0,
where
F(X)=Xx3— X2 (204 + Q4+ 2} +427)
+Xx[0Q4+ 2] (29A+QH)+4QT(QA+QH)] Qioy,  [3.3]

Y= o? and Q=025+ {25

1S
When QF <0, equation [3.3] has always one negative root, hence there

always one unstable mode of wave- propﬂga“f’"
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When 27 >0 we have

£ _ _[(Qi+491) _ 52 (0f+40}- Q0.
-Q}i 4 Q27

Hence the cubic equation [2.3] has three real roots w,, ws, w; lying in the range

0 < w; <min (2% Q}+4927) <w < max (QF, 27 +4097) < w,.

For >0, therefore we have three stable modes of wave propagation,

Thus in the case when the wave-propagation is along the direction of
magnetie field and perpendicular to the direction of rotation the gravitationa]
instability takes place in the sense of Jeans, whether Hall effect is taken intg

account or not.

Case Ill. =0, H, =0, H.=0, 2,=0, Q,=82,=0.

The dispersion relation reduces to two factors
w> —8495 =0 [3'4]

and

o’ — (22 + Q7) =0. [3.5]

The equation [3.4] gives a stable mode of wave-propagation with frequency
whose magnitude is twice that of the rotational frequency of the system.
From [3.5] we note that there is always an unstable mode of propagation when

Q; + !2} <0
i.e.,
k2 Vz

l+c2k2/w2 +c§k2—4"70P0<0, [3 6]
P

where V.= +/(H:[4po), the Alfven velocity for the transverse component
of the magnetic field,

Tpe critical wave-number k* for which the expression [3.6] is negative is
determined by the equation

2
(c Ci/wf-) K+ k2 [(V2 +¢2—4x Gpg (cszf,)] — 471 Gpyg=0. [3-7]
As k, the wave-number is taken to be real we have

—(d+vi_g 2/ .2
k¥ o Z G+ Vi — 47 Gpy?lw))
28 dfat U+ Vi—dm Gpo'fwp)’

+ (4“:'2 C‘f/mf,) 4 N G po]l/g Cz Cil/wi. [3.8]
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The system is unstable for the wave-numbers k <k*, From the equation [3
we note that the critical wave-number &* depends on the plasmc;_ frleon 1'8]
w, which is introduced by the inclusion of Hall-current. Hence due toql-:f‘ﬁy
effect the criterion for gravitational instability is ditferent from that obtai;ed-
by Jeans. It is also interesting to note that the critical wave-number k* i
independent of the magnitude of the frequency of rotation as is expected sincl:
the transverse velocity and magnetic field are decoupled.

We shall compute the value of the wave-length Ay = (2 /k*) with the

help of equation [38] and A;=2m (c/4 7 Gp,)! as obtained by Jeans, by
taking the following numerial values for the physical parameters occurring in
the equation [3.8]:

po=1.7x10"* gmfem’,  n =1 particle/en’, Vie5 x 10" cm?/sec,
2 =2.25 x 10%cm?[sec®, ¢* =9 x 10° cm?[sec?, e=4803x10"Yes.u.,

m=9.108x 10"%gm, G=6.658x 10" gm™" cm® sec™?.

The numerical values for Ay and A; are:

Ay>=1-42 x 1022 cms., Ay =79 x 10*' cms.

We therefore note that though the Hall-effect changes the instability
criterion, the numerical estimate of the linear dimensions of the galaxies is

almost of the same order as obtained by Jeans.

Case IV: p=0, H,=0, H,»0, 2.=0, R.#0, 2,0,
In this case the dispersion relation [2.8] reduces to

w?= Q%+ 0 +4 01 [3.9]
There is always an unstable mode of propagation when

(% +Qf+401) <0

[3.10]

2 ¢y2

M +c§k2-4ﬂGpo-l—4_Q%«:0.
1+czk2/w:
025> wGpo, 15 satisfied the

Her ‘tzer’s condition _
 hen kg Shat W S the system IS stable for ali

expression [3.10] is always positive and hence
values of the wave-number k.
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When Spitzer’s condition s not satisfied the system is unstable for a|

wave-numbers k < k*, where k* is given as:
ke[ = (V42— 4mGpClog + 4 0Q% w12 & &l

+[(Vi+ci- ¢*fwp+ 41 G po+ cfwy - 4271)°
+ (16 & 2w?) (7 G po - R7))'7/[2¢% S w]).  [3.11]

Here we note that unlike the Case IlII, the critical wave number k* aj5q
on the magnitude of the frequency of rotation. Taking the same

depends :
p es as in Case 111 for the physical parameters and Q7 = 107'¢/sec.

numerical valu
we get

Ap=>=1.44 x 10%cms., Ay =7.9x 10*! cms.

Thus the effect of the Hall-current is same as ip the previous case, Byt
the other point that we note here is that when there is no component of the

magnetic field in the direction of wave-propagation and the direction of wave.
propagation is perpendicular to the direction of rotation, whether the Hali-
current is present or not the system is stable for all wave-numbers if Spitzer's

condition
.er} n G Po

is satisfied. [ Refer (3) ].

PART B

Case I. n#0, H; %0, H. =0, 2,%0, 2,=0, =0.

In this case the dispersion relation reduces to two factors

Wis 21 =0 [3.12]
and
Wi-2Qc W+ W2 (QL +20% + Q4+ 402 - 20, W(Q2E +40Y)
+[0h +40Q2 (04 + 02) +40.0,03] =0,  [3.13]
where

i W e w.

From equation (3.]22) we find that there is always an unstable mode of wave-
Etﬂpagat]mn th-'n 2i<0. The equation [3.13] can have only positive roots
' “omplcx conjugate roots. When all the roots are real we have four stable

modes of wave-propagation. Wh . : _
real part of W is ¢n W is complex, the equation satisfied by the
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64 (Re W)~ 1920€ (Re W)*+ 32 (19% + 2.0% + Q% +4.0%) (Re w)*
— 64 Qc (200 + 2027 + Q5 +427) (Re W) 4+ 4[(Q2 — 402)
+49% (Qn - 22.)" + QL (99 +24. 2% +109% + 40 QY] (Re W )?
—4Qc[02(QE + 825 + 224 +8 Q1) + (024 — 402)?
+40Q% (21— 22.)°} (Re W) +40Q% OLIQE + (24— 20,))] ~ 0. [3.14]

From equation [3.14] we find that (Re W) is never negative. Hence the
equation [3.13] has always stable modes of wave-propagation.

Thus the system is unstable when Q7 < 0 which is just the Jeans criterion.

From the discussion of case I in Part A and of the present case we
conclude that the Jeans criterion for gravitational instability is unaffected by
finite electrical conductivity when the wave-propagation is along the direction
of the magnetic field and rotation even in the presence of Hall-current. This
conclusion agrees with the results obtained by Pacholczyk and Stodolkiewicz’,

Case IT: 50, H,#0 H, =0 2,=0, 0,20, 2,=0.

The dispersion relation is given as
W20 WS+ W (QL+20% + Q4+ 95 +4071)
~20c(Q% + 0%+ 40%) W2+ [Q% + Q) (0% +2.24 + QR)
+40H(Q% + Ok + QD) WP —20c (25 + 40D Qh + Q50 =0,  [313]

where i We=w.

When Q% <0, the equation [3.15] has always one negative root and hence
there is always one unstable mode. When _Q}::- 0 this equation can'have
positive roots or complex roots, When there are only real roots there Is nto
unstable mode of propagation. Cousidering the case when there are complex roots

we find that the equation satisfied Dy (ReW) is ot.' 17th ljdlrzegrr;-':e (;neciv Sxalz
alternatively positive and negative signs for the coefficients.  Hence

, 2
always positive, consequently the system is stable when £2;>0.

. ircction of

Thus we conclude that when wave-propagation is - tjh;fsl Criterion

magnetic field and at right angles to direction of rotatlgl;{ o mgtieity.
remains unaffected even in the presence of Hall-current and 1nl
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Case I11: n #0, H.=0, H, = 0, Q. #0, Q,=0,=0.

The dispersion relation reduces to three factors

(w—-c)=0 [3.16]
(W?+40;) =0 [3.17)
- W - QW+ (b + 25) W - QcQ=0. [3.18)

The equation [3.16] gives a viscous type of damped wave modified by
Hall-current with frequency z
ink”
|+ ok

w

The equation [3-17] gives a stable mode of wave-propagation, propagating with

the frequency
) = 2 Q:i

The equation [3‘18] has all three positive real roots or a pair of complex
conjugate roots and a positive real root when .Q}}O. The real roots will

give three stable modes. In the case of complex roots we find that the
equation satisfied by (ReW) is

8(Re W) —80c(Re W) +2 (% + Q5+ Q7) (Re W) — Qc 05 = 0.

Thus (ReW) is always positive. Hence for _Q}:»O equation [3.18] gives three
stable modes of wave propagation.

When Q2<0 the equation [3.18] always has a negative root, i.e. the
system is unstable in the sense of Jeans.

From the discussions of case 111 in Part A and of the present case we
note that finite conductivity of the medium removes the influence of Hall-
current. Hence the Jeans criterion for the gravitational instability of a
finitely conducting medium remains unaffeoted by the transverse magnetic

field, Hall-current and rotation with direction parallel to the direction of
wave-propagation.

Case IV: 50, H, =0, H,#0, 02, =0 0,0, Q,0,

In this case dispersion relation reduces to two factors

(W-0c) =0, [3.19]
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which gives
_ in k*
1+¢° kz/wf, ’

a damped wave,

and
W3- Qc W? +(Q5+ Q% +403) W - 0, (27 +402) <o, [3.20]

When (27 + 4027)<0 the equation [3.20} will always have an unstable
mode. When (_Q} + 4827)>0 it possesses either all real positive roots or one

real positive root and a pair of complex conjugate roots. For a real root the

mode of wave-propagation is stable. When Wis complex we can show that
the equation satisfied by (ReW) is

8(Re W) ~8Qc(Re W) +2 (QL+ 2%+ 02 +40Y) (Re W) = 0. 0 = 0.

Hence (ReW) is always positive. Consequently the system is stable when
Q5 +4 07> 0,
ie., cck*—4x Gpo +4 Q7 > 0. [3.21]

It is interesting to note from equation [3.21] that when magnetic field
and direction of rotation is perpendicular to the direction of rotation even for

a finitely conducting medium and in the presence of Hall-current if Spitzer’s
condition

.Qz-p) nG £o

Is satisfred the system is stable for all wave-numbers,
When Q2 < = G po the system is unstable for the wave-numbers kK < k™,

the critical wave-number, given by

TTGP —.Q% 112‘
R

Comparing with the case IV in Part A we find that here again the finite
conductivity removes the effect of Hall-current and magnetic field.

4. CONCLUSION

From the discussion of the dispersion relation for infinitely conducting

medium we find that in the presence of the component of magpetic field in the

: " . . . . : i-
direction of propagation of perturbation Jeans criterion for gravitational 1nstab+
t right angles to £

lity applies for wave-propagation in the direction along or a
and these results are independent of the Hall-effect.
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f magnetic field in the direction of wave-prop,.

When the component O _ i ‘
gation is absent, We find that due to the inclusion of Hall-current the criterigg
for gravitational instability differs from that of Jeans. However, In both the
cases, when wave-propagation is along or pcrpendlc}llar to the qlrection of

: he linear dimension of galaxies for the

tion, the wave-length giving 1 . .
rotation er as obtained by Jeans. This is probably

considered system is of the same ord : - y
due to the fact that for system under consideration the plasma frequency W, is

much larger than other characteristic frequencies .of th.c system thereby
removing the effect of Hall-current as seen from the induction equation [2.6].

Thus the critical wave-numbers k¥ obtained in cases II and III for large w,

reduces to the values given by

e (4-,.1r c;po)“z o B [4(-:19}0 - 9%)]“2

2 2y
4 V2 (c5+V3)
respectively.

These are just the critical wave numbers obtained by Jeans where the
hydrostatic part of the magnetic pressure is added to the ordinary hydrostatic
pressure of the fluid due to the presence of the transverse magnetic field. This
explains the order of the wave-length Ay to be of the same as A,  The other
fact which can be explained from the above discussion is that if wave-propa-
gation is perpendicular to 2, the system 1is stable for all wave-numbers if

Spitzer’s condition is satisfied even in the presence of Hall-current.

The Jeans criterion for gravitational instability remains unaffected when
the medium is finitely conducting in the presence of a uniform magnetic field
along the direction of the propagation. In the case of transverse magnetic
field the effect of Hall-current is removed by the finite conductivity and Jeans
C}'iterion holds for the wave-propagation in any direction, except when it is at
right angles to £ ; in the latter case the system is always stable if Spitzer's
condition is satisfied. We also note that in the present form of the induction
egu?tiop [2.6] the effect of Hall-current can approximately be treated as another
dlsmpat'lve mechanism for magnetic lines of force and hence we expect that
cxf:cp_t 1In some particular cases the Hall-effect should not affect the stability
criterion, ‘These results are in accordance with the general principle of Jeans'
that any dissipative mechanism will not affect the instability criterion.

" Also we ﬁnfl tpat the system does not possess any mechanism of overstabi-
ity as has been indicated by Kalra and Talwar'2,

Comblizez S?sequent paper we have considered the effect of viscosity and the
eliects of viscosity and finite conductivity in the presence of Hall-

C
urrent. We find that results are substantially unaltered.
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