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Prediction of void ratio-osmotic pressure relationship of clays
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Abstract

The osmotic presswc or the repubsne pressure duc (o difference in concentration of ions between
clay platclets and the bulk solution is popularly predicted by the use of Gouy-Chapman theory. The
existing procedures arc time consuming, difticult and laborious. 1in this paper a simplé, quick and
yet an accurate proccdure has been presented (0 obtain the repulsive pressure at any value of d (half
distance between clay platclets) or the void ratio or the vice versa. The results are obtained directly
by using the tigures and tables presented.
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1. [ntrodaction

The relationshup between the osmatic pressure and the distance between clay platelets
is ¢f importance in the field of soil science and soil engineering. Several research workers
have showr thzt the Gouy -Chapman theory predicts reasonably well the relation between
the repulsive pressure induced by the intercction of electric dctble laycrs and the distance
between parallel clay platelets (or the equivalent void ratio)*—2,

At present, the methods vsed to predict the relatignship is essentially cither .the one
suggested by Bolt? or the one by van Olphen®, These methods cannot be used directly
and are difficult and time consuming. In this paper, an casier, quicker and yet accurate
procedure is detailed to find the relation between the two variables, viz., repulsive pres-
sure (hereafter termed as simply pressurc) and distance between the clay platelets (or the
equivalent void ratio). |

2. Bolt’s procedare

(@) The distance between the clay platelets and the concentration of cations at the central
plane between the platelets is related by

- T W W
v /BC, (%o + d) = 24/C/C, | :/1 (Cmr)2 sin® y
. y=0 . C, ‘
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where
» = Valence of the cation

87 F?
B = {000eRT

F = FPFaraday’s constant

< ] x 10¥®cm/m mole at 20°C

Dielectric constant of the pore fluid

€
d = Balf distance between parallel clay platelets
R = Gas constant
T = Temperature
C, = Concentration of cations in the bulk liquid

C, = Concertration of cations in the central plane

Xg @ 4/l [=1/v A for illite, 2/v A for kaolinitc and 4/v A for mont-
morillonite, 1 A = 0'1 nm]

I’ = Surface density of charge in meq/cm?

w = Variable related to the central concentration, the actual value of
which is immaterial for the evalvation of this elliptic integral.

(b) The repulsive pressure is found as the diffcrence between the osmotic pressure in
the central plane and the osmotic pressure in the bulk solution. The osmatic pressure
is found from vant Hoff’s equation (cquation 2)

p = RIG,(C,/C, + Cy/C, — 2). (2)

(¢) Por saturated pure clays, the distance betwcen the clay platelets can be expressed
in terms of void ratio of the system as

e = (1, 5d (3)
where |

e = Voud ratio

G = Specific gravity of soil particles

7 = Unit weight of water

S = Speci.ﬁc‘ surface of soil.

Hence to find the void ratio of the system corresponding to the repulsive pressure of
p, first equation (2) is used to find C,/C, then 4 is evaluated from equation (1) and
finally e is found from equation (3). Tt is very difficult tc find p for a given value of ¢
and the procedure is time consu ming. Further, the estimation of x, (equation 1) involves
approximation.
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3. van Olphen’s procedare

van Olphen® has given tables, based on the Gouy-Chapman theory, for R .
to find the relation between e and p. In summary, the procedure is as follows - z_irses
two 1mportant equations used are - The

(i) f. (2coshy — 2cosh u)~t dy

i § - XA

®

(i) — (dy/d€)p—e = (2cosh z = 2 cosh u)'/?
= a \/2%xfenkT (at X = (0, y = 2) (4)
where
y =ved kT, u = veg, kT
§ = Kx
é = Electric potential at a distance x from clay surface
¢. = Electric potential at midplane
e =4-8 x 10~ esu
k = Boltzm&nn constant
K = +/8mefo¥ekT (5)

n = Concentration of ions in the pore fluid in molar

x = Distance measured from clay platelet.

van Olphen has given for particular values of (dy/d€),, @ list of valves for u, z and
Kd. When void ratio e is given, d is found from cquation (3) and K from equation 5;
hence u can be estimated from corresponding values of (dy/d€),-o. Knowing the value

of u, p can be determined by Langmuir’s equation, viz.
p =2nkT (coshu < 1)

It can be shown that :quations 2 and 6 are onc and the samc.

(6)

The main difficulty in this methcd is that tables are nct given for all values of dy/d¢
and u. Hence interpolations are difficult and inaccurate.

4. Simplified procedare

(i) Known data are:
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Table I (a)

Values of Kd or Cye or Com for various values of u and P/v/neT

e — - =

. —

P/l\/ neT (meq/100m*® -\/—“K molar)

" —
0-001 0002 0003 0004 0-005 0006 0-007 0008 0-009
0-1 3649 3989 4115  4-179  4:218  4:245  4:263  4-277  4-288
0-5 2.013 2-347 2-472 2-536 2576 2:602 2:620 2:635  2-645
1-0 1-277  1-5%92 1-Mm4  1-778  1-817 1-843  1-861 1-875  1-886
1-5 0-844 1-127 1:244  1:307  1-345 1-371 1-389 1-403  1-414
20 0-5¢¢ 0-797 096 0967 1-004 1-029 1-048 1:062 1-073
2-S 0359 0:554 0653 0710 0746 0771  0-789 0-803  0-814
3-0 0229 0-377 0-462 0-514 0-548 0-572 0-590 0-603 0-614
3-5 0-143 0249 0-319 0-365 0-397 0-419 0-436 0449  0-459
4-0 0-089 ©0-162 0-215 0-254 0-281 0-302 0318  0-330  0-340
4-5 0-055 ©0-103 0142 0-172  0-195 0:213  0:227 0-238  0-247
. 0-033 0064 0091 0-133 0-132 0-146 0-158 0-168 0-177
0:020 0040 0057 0073 0-087 0098 0-108 0116 0-124
0012 0:024 0036 0046 0-056 0064 0072 0078 0-084
0010 0020 0030 0038 0046 0-054 0060 0066 0072
0-008 0-017 0024 0:032 0039 0-045 0-051 0-056 0-061
0007 0014 0020 0:026 0-032 0:037 0043 0-047 0-051
0-006 0011 0017 0:022 0-027 0-031 0-035 0-039 0-043
0-005 0009 0014 0018 0-022 0026 0030 0-033 0036
0004 0-008 0011 0015 00i8 0021 0-025 0027 0030
0-003 0-006 0009 0012 0-015 0018 0:020 0:023 0-025
0-003 0005 0008 0-010 0-:012 -0:015 - 0:017 0-019 0-021
0002 0004 0006 0008 0010 0012 0014 0016 (017
: 0002 © 0:003 0005 0007 0008 0010 001 0013 0014
8-5 0001 0002 0003 0004 0005 0006 0007 0008 0-009
9-0 0-:001 0001 0002 0003 0003 0004 0-004 0005 0-006
9.5 0:001 0002 0002 0-002 0003 0003 C-003
10-0 0-001 0001 0001 0001 0002 0-002 0-002
10-5 0:001 0001 0001 0001 0001 000l
11-0 0-001 0:001 000!
11-5 0-001

The soil properties are: the base exchange capacity, BEC in meq/l00 gm and the
surface area, S in m?/gm and y, the density of soil particles.

Let P = BEC/S in mecq/100 m2,

In other words, this is expressed as charge density, o in esu/cm?®,
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Table T (b)
' fr"‘l?.'
Values of Kd or C,e or Cym for various values of u and P/y/neT
e P e e stiyratongs
P|+/neT (meq/100m* 4/°K molar)
u e e s S —
001 002 003 004 005 006 007 008 0-09
0-1 4297 4:336 4350 4:356 4-360 4363 4364 4366  4-367
0-5 2-654 2-694 2707 2714 22718 2720 2722 2723 2-724
1:0 1-895  1-935  1-948 1955 1958  1:961  1-963 1964  1-965
1-5 1-423 1-463 1-476  1-482 1-486 1-489 1-49]1 1-492 1-493
2-0 1-081 1-121  1-134  1-141  1-145  1-147  1-149 14151 1-152
2-5 0-822 0862 0875 0-88) 0-885 0-888 0-8390 0-891 0-892
3-0 0-623 0662 0675  0-68) 0-685 0688 0690 0-691 0:692
35 0468 0:-506 0519 0:526 0-530 0-533 0-3534 0-536 0-537
4.0 0-348 0-386 0-399 0-405 0-409 0412 0-414 0-415  0:-416
4-5 0-25s 0292 0-305 0-311 0-315 0318 0-320 0321 0-3122
5.0 0-184 0-219 0-232 0-238 0-242 0245 0-246 0-248 0-249
55 0-130 ©0-162 0-175 0-181 0-185 0-188 0-189  0-191 0-192
6-0 0-089 0-119 0-130 0:137 0-141 0-143 0-145 0-146 0-143
6-2 0076 0-104 O0-116 0-122 0-126 0-128 0-130 0-132 0-133
6-4 0-065 0-091 0-102 0-109 0-112 0-115 0-117 0-118 0-119
6:6 0055 0079 0090 0096 0-100 0-103 0-105 0-106 0-107
6-3 0047 0060 0080 008 0089 0092 0094 0095 0-096
7-0 0039 0060 0070 0076 0079 0-082 0-084 0-085 0-086
T2 0-033 0:051 0-061 0-067 0-070 0-073 0-075 0-076 0-077
71-4 0028 0:044 0-0533 0059 0-062 0:065 0-067 0-068 0-069
7-6 0023 0038 0046 0052 0-055 0057 ©0-059 0061 0:062
7-8 0019 0032 0-040 0.045 0-048 0-051 0-053  0-054 0-055
8-0 0-016 0-027 0035 0039 0-043 0-045 0-047 0-048 0-049
8-5 0010 0008 0023 0027 0030 0-032 0-034 0-035 0-036
9-0 0-006 0:011 0-016 0-019 0-021 0-023 0-024 0-026 0-027
9-5 0-004 0007 0-010 0012 0014 0-0l6 0017 0-0i8 0-019
10-0 0-002 0004 0006 0-:008 0010 0-011 0-:012 0013 0-013 -
10-5 0-001 0-003 0-004 0-005 0006 0:007 0-008 0-009 0-009
11:0 0-001 0002 0-002 0:003 0004 0005 0005 0-006 0-006
11-5 0-0014 0-:002 0-002 0:002 0:003 0:003 0-004 0-004
Since .
me
T(TO'%E = 289104 esu/cm? -
o = 289104P (esu/cm?) (4)
(i1) Since
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Table I (¢c)

Valnes of Kd or C,e or Cym for various values of u aud P/+/neT

- e

P| \/ﬁ (meq/100 m? 4/°K molar)

— —— i m—

JJJJJJJ ———————

§ 01 02 0-3 0-4 05 0-6 07 0-8 0-9
01 4368 4371 4373 4373 4374 4374 4374 4374 437
1-0 1 -966 1-970 1-972 1-972 1-973 1:973 1-973 1:973 1-973
1-5 1-494 1-498 1500 1-500 {401 f-501 1-501 1-501 1-501
20 1-152 1-157 1-158 1-158 1-159 1159 1-159 1-159 1-160
2-5 0-893 0-897 0898 0-899 0-900 0-900 0-900 0-900 0900
3-0 0-693 0-697 0-698  0:699 0-699 0-700 0-700 0-700 0-700
3-5 0-538 0-542 0-543 0-544 0-544 0-544 0-545 0-545  0-545
4-0 0-417 0-421 0-422 0-423 0423 0-424 0-424 0:424  0-42
4-5 0-323 0-327 0-328 0-329 0:329 0:330 0-330 0-330 0-330
5:0 0-250 0-254  0-255 0-256 0:256 0:256  0-257 0-257  0-257
55 0-193 0-197 0-198 0-199 0-199 0-199 0-200 0-200 0-200
6-0 0-148 0-152 0-154 0-154 0-155 O-155 0-155 0-155 0-155
62 0-134 0138 0-139 0:140 0-140 0-140 0-140 0-141 0-141
6-4 0-120 0-124 0-125 0-126 0-126 0-127 0-127 0-127 0127
66 0-108 0-112 0-1i3 0-114 0-114 0-115 0-115 0-115 0-115
68 0-097 0-101 0-102 0-103 0-103 0104 0104 0-104 0-104
7-0 0-087 0-091 0-092 0-093 0-093 0:094 0-094 0-094 0094
1:2 0-078 0-082 0-083 0-084 0-084 0-085 0-085 0-085 0-085
7-4 0070 0-074 0:075 0-076 0:076 0-076 0-077 0-077 0077
7-6 0062 0066 0068 0068 0069 0069 0-069 0069 0-069
7-8 0-056 0060 0-06] 0-062 0:062 0:062 0062 0063 0063
8:0 0:050 0054 0-055 0-056 0-056 0056 0-056 0-057 0-057
8-5 0-037 0-04] 0-042 0043 0043 0044 0044 0044 0-044
9-0 0-027 0-031 0-032 0-033 0-033 0-034 0-034 0-034 0-034
9.5 0-020 0-023 0-025 0-025 0-026 0:026 0-026 0-026 0-026
10-0 0-014 0-017 0-019 0-019 0-020 0-020 0-020 0-020 0-020
10'5 0-010 0013 0014 0-015 0:015 0-015 0-015 0:016 0:-016
11-0 0-007 0-009 0:010 0-011 0-011 0:012 0:012 0:012 0-012
11-5 0-004 0-006 0-008 0-008 0-008 0009 0-009 0-009 0-009
_ —_— ) _
From equations 4 and 7 it can be written
— (dy/dE) ey = (2coshz — 2 cosh y)3/3
= 2513:61 P/+/enT (8)

where
P = BEC|S in meq/100m?
¢ = The dielectric constent of the medium
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n = Concentiation of ion in molar
T = Temperature in degree Kel in.

(iii) The pore fluid property K is given by equation (5) and can be written ag?.
K = 50:272 v 4/n/eT in 1/A

or 50272 v 4/n/eT in 1/nm. 9)
(iv) Equation 3 can be written as
d=e¢efyS
where

? = Density of sotl solids and the non-dimensional parameter
Kd = becomes Ke/yS or C,e

where

C, = K)S, a dimensionless quantity.
Since

¢ = mG, (where m = moisture content)

Ke[yS can also be written as C, m
where

Cy = K/, and », = density of water
(v) Since p = 2nkT (cosh u — 1)
p/nT = 0-1694544 (ccsh u — 1)

where
p 18 in kg/cm?
n is in molar
and T 13 in degree Kelvin,

Figure 1 (a-c) and table 1 (a-c) present relationship between Kd or Ce or Cym
ard P[/neT for various values cf v. Theae tebles and figures ]‘1.ave been ?repated by
numerical integraticn using DEC system 1090 computer.  Knowing the soil and fluid

propetties, viz., P/a/n € T 2né K and the hxif distance b:twc?n the platelctsf d, thelnolx:-
dimensional parameter u(=ve p./kT) reprusenting the m_tdplane potential couﬁd 2c
determined. Knowing u values, p/aT could be dztermined either from table )1 ord g.In.
For lower values of u, curve 1 and for higher values of u curve 2 could be used. E

table II the values of p/nT could be tzken as linearly varying in between twolzu;ccm f
values of . This does not lead to any errov of practic.?:l significance. 'It Shmt]hod c( ;IEE'III')
tioned here that the surface arca determined either by nitrogen ab_sorptlonh n:; s
or water vapour absorption methcd or ethylene glycol absorption met c;) t;c -
does not resuit in an unique value. Further, the surface area does depend on
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Table LI

Values of P/aT (kg/em?/°K molar) far various values of #»

ut 0-0 01 0:2 03
0-0 0 0- 0008 0-0034 00077
1-0 0-0920 0-1133 0-1374 0-1645
20 0-4681 0-5328 0- 6046 0-6841
3:0 15366 1-7151 1:9126 21308
4-0 4-4580 4-9444 5.4820 6-0761
50 12-406 13-728 15:190 16-805
60 34-012 37-607 41-580 45-97
70 92:745  102-52 113:32 125-25
8:0 252-40 278-96 308-32 340-76
9:0 68638 75859 838:39 926-58
10:0 18661 2062-3 2279-3 2519-0
11-0 50728 5606 - 3 6196-0 6847-6

0-4 03 0-6 0:7 0-8 6-9
0-0137 0-0216 0-0314 0-0432 0-0572 0-0734
0-1950 0-2292 0-2673 0-3098 0-3571 0-4097
0-7722 0-8697 0-9776 1-0970 1-:2290 1-3751
2:3721 2:6389 2-9337 3-2596 3-6198 4-0180
6-7327 7:-4584 8-2604 9-1468 10-127 11-209
18-590 20- 563 22-743 25-153 27-816 30-759
50-823 56186 62-113 68664 75-903 83-903
138-44 153-02 169-13 186-94 206-62 228-36
376-62 416-25 460-04 508 - 44 561-93 621-05
1024-0 1131-8 1250-8 1382-4 15278 1688-$
2783-9 307617 3400-3 3758:0 41532 45900
75678 83638 9243-4 10216-0 112900 124770

e e e ——————— e ———— S A —— e S S

t Read u values first vertically down and then horizontally towards right, e.g., u == 6-2, value of leT- 41-58 ; for u = 8-4, pinT =
376-62. For in between values of u, linear interpolation is valid.

SAVID 10 JTBSNOLLVIEY INNSSIWd DILOWSO-OILVM (IOA 40 NOILOIQEYd
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of exchangeable cations. Thus, variations are possible in determining the values of P
for patural soils.

Two werked out exemples are given in Appendix 1.

5. Conclasion

A simple, quick and yet an accurate procedure has been presented to obtain the repul-
sive pressure at any value of d (half distance between clay platelets) or the void ratio e
or the vice versa using the Gouy-Chapman theory, The procedure directly yields the
result either by referring to two tables or two figures prepared in this study.

Acknowledgement

The authors thank Prof. T. S. Nagaraj, Depaitment of Civil Enginecring, Indian Insti-
tute of Science, for the useful discussions they had with him.

References

1. Borrt, G. H. aND Compression studies of illitc suspensions, Soil Sci. Soc. Am. Proc.,
MiLLEr, R. D. 1955, 19, 285-288,

2. Boit, G. H. Physico—chemical analysis of the compressibility of pure clays

Geotechnique, 1956, 6 (2), 86-93.



PREDICTION OF VOID RATIO-OSMOTIC PRESSURE RELATIONSHIP OF CLAYS

’ 3, WAkiEmlN, B- ‘Pu‘
BoLt, G. H. AND

MiLLER, R. D.

4. ALYMORE, L. A. G. AND
QuRK, J. P.

5. VAN OLPHEN, H.

6. Mzisri, G. AND
OLson, R. E.

7. SRIDHARAN, A. AND
JAYADEV*"I M. S.

8. Qumk, J. P.

Appendix |
Example 1

121

Swelling pressure of montmorillonite, Soil Sci. So
> i Ch i .
1957, 21, 495-497. o dm. Froc

Sweciling of clay water gystems, Nafure (Lond.) 1959, 183
1752-1753. |

4149:; ;'ntroduc:ion to clay colloid chemistry, Intcrscicnce Publishers,

Consolidation characteristics of montmorillonite, Geotechnique
1971, 21(4), 341-352. -

Potontial-distance rolationship for clays, Aust. J. Soil Res., 1980,
I8 (4), 461-466.

Significance of surface arca calculated from water vapour sorp-
tion isotherms by the use of BLT equation, Soil Sci., 1955, 8(6),
423-429,

To determine the repulsive pressure exhibited by 2 montmorillonite clay at a void ratio
of 5-0 given the following data. Bosc exchange capacity (BEC) = 100 meq,; 100 gm,
Surface area (S) = 800 m%/gm, dcnsity of soil solids (p) =2-7 gmcce (2:7 x 108

gm/m?), concentration of tons

in the pore fluid (n) = 0-0001 molar, valence of cation

(V) = 1, dielectric constznt of pore medium (¢) = 78-54 (at a temperature of 257 C),
“Femperature (T) = 25°C = 298° K,

Solution
Step 1 Determine Pl enT

PjJ T = BEC/S/enT = L00/800 /78-54 x 0001 x 298
= 0-0817 meq/100 m? 4/ K° molar |

Step 2 Determine Kd or C,e
From equation 10,

K =50:272 v4/nleT

v Ly

= 50-272 x | 4/0-0001/78-54 x 298

e= 3-286 x 107 1/m

3.286 x 107 .0

Cie = (KIpS)e of 377 310° 800

= 0-07605
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Step 3 Prom fig. 1(a) ar table 1(b) for P|y/enT = 0-0817 and Gie = 0-07605, tp,
value of u = 7-2.

Step 4 From table Il for u = 7.2, p/aT = 113-32 and hence p =3-38 kglem?
Figure 2 could also be used to get the values of p/nt.

Example 2

To determine the void ratio and half space distance d, exhibited by an illite clay at 2
repulsive pressure of 1 kg/em? given the following data. Base exchange capacity
(BEC) = 40 meq/100 gm, Surface arca (S) = 100 m?*/gm, density of soil solids(y) =
2-7 gm/ce, concentratian of ions in the pore fluid (#) = 0-0001 molar. Valency of
cation (v) = 1. Dielectric constant of pore fluid (€) = 78-54, temperature (7) = 25°C

ar 298° K.

Solution
Step 1 pnT =1/-0001 x 298 = 33-557,

From Table 2, for p/aT = 33-557 the interpreted value of u = 5-986 or 6:0. Prom
fig. 2 the same value is obtained.

Step 2 Py'enT = BEC; S+ enT = 40/100 /7854 x -0001 x 298
= 0-2615

Step 3 From fig 1 (a) or table I(c) for u = 6-0 and P4/ enT = 0-26l 5, Kd or Ce
= 0']532.

Step 4 K =50-272 v+/nleT. . .1/1A
= 50-272 x 1 x 4/0-0001/78-54 x 298

= (-003286
Hence
d = 0-1532/0-003286 = 4662 A = 4-662 nm
C, = KJ7S = 0-003286 x 10'°/2-7 x 10* x 100
= 0-1217,
Henoce H‘

e =0-1532/0-1217 = 1-259
or m=elG =1-2592-7 = 0-4663
or 46-63%.



