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Abstract

The flow of a stratified viscous fluid through a porous medium between two paraliel impermeable
. plates when the lowcr. plate fluctuates in time about a constant mean and the upper plate moves

with a constant velocity is analysed. Various graphs have been drawn to show the effect of the
permeability of the porous medium and of the stratification upon the velocity field and upon the
amplitudes and the phase lcads of the fluctuating parts of the skin-frictions on the plates.
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1. Introduction

Fluid m>tion influenced by the d:nsity and viscosity variations in the fluid characteriscd
as strat.fi.d Aow1s fiading application in a larg: number of techaological ficlds, It is
wid.ly applicable to withdraw fluid from a regoon in which fluid dunsity vaiies in the
vertical direction.  Thus type of flow is of griat importance to th: putrolium cngincer
concerned with the movement of oil, gas ar.d watur through the nsurveir of an oil
or gas fi.ld as th: flow bohaviour of th. fluid. in a pctroleum rwservoir dupunds to 2
larg: extunt on th: viscous stratifi:ation ar.d alvo on th. porous propertius of th. rock.
Th.refore, a techaique of such study is nueds d that can gVe nuw or add.tional infor-
mation about the characteristics of the rock and flow buhaviour through the porous

rock.

Y.h® studicd the effects of density variations on the fluid flows. Dorc‘_ has ‘studrcd
forcud oscillations in a viscous stratifi.d fluid in whch the dunsity ard viscouty vary
€Xponentially with vertical coordinate, Channabatappa ar.d R::tngann:a2 st.d.ed th_e
Bow of viscous stratifi.d fluid past a perme.able bud w.th th: anticipation that strati
fization may prov.d: a tech dque forstudying th. poresizu in a porous Im d-“mj G'-‘Pm
and Sharmat studicd the stratificd viscous flow to investigate the efficts of stratification
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on the mass flow rate in the channel formed by a moving impcrmeable plate and 2
permecable bed.

Flow through porous media depends hravily upon Darcy’s law. It is valid under
certain limitations. It has bcen shown that it can be possibly valid in a ccrtain see.
page velosity-domain, outside which morc general flow equation must be uscd to des.
cribe the flow correctly. The porous mcdium is, in fact, a non-homogr ncous med'vm
but for th: sake of analysis, it may be possible to replace it with 2 homog reovs fivid
which has dynamical propertics cqual to thosc of non-homog ncouvs continuvm. Thys,
one can study the flow of a hypoth tical homog ncous fluid urdir the action of the
properly averag.d cxternal forces. Thus, a complicated problcm of the flow through a
porous mecdium rcduces to the flow problum of a homog ncous fluid with some resis-
tance. Rccently, Ahmadi and Manvi! derived a general cquation of flow throvgh
porous medium and applicd the results obtained to some basic flow problums.

The aim of this paperis to study the fluctuating flow of viscous incompressible fluid
of variable density and viscosity through a porous mcdium between two paralle 1 impcr-
mcable plates, the lower one fluctuating in time about a constant mcan arnd the upper
one moving with a constant velocity. We have calculatcd the skin friction at both the
plates and have shown graphically the cfii.cts of permeability of porous med.vm, ard
the stratifization paramcter upon the vclocity ficld and upon the amplitudes and the
phase leads of the fluctuating parts of the skin frictions.

2. Mathematical analysis

Let us consider the flow of a viscous incompressible fluid in which density and visco-
sity vary exponentially with vertical coordinate, through a porous mcdium bctween
two parallel infinite platcs with a breadth 4. Let x-axis and y-axis be takrn along
and perpendicular to the lower plate. Let y, and p, be the viscosity and the di nsity of
the fluid at the lower plate, Let b > 0 be the stratification parameter and k be the
permeability of the porous mecdium.

The governing equations of motion dcscribing the flow of viscous incompressible
fluid through porous medium are :

o =B B Wy p (1.1)
&Y 3% T oy (" ay) k"
BN/ (1.2)
P8 = = 3y
along with the equation of continuity
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where
p=poe™, b =p e and

g is th: fluid velocity along x-axis.

The boundary conditions are :

% = Uy COos nt at y——-O}
u = Uy at y = h (1.4)
where wg is the mcan velocity and nis the frequency of fluctuations.

Let us introduce non-dimensional quantities

¥ > Vol k
o X = 1t =%, a=bh k=2 and n* =

u* =|_l!.‘ y‘ -
VQ.

Equations (L.1) to (1.3), under these non-dimensional quantitics and the constant
pressure, g:.ve (after dropping stars)

du d*u du 1
w Ty kY (1.5)

The boundary conditions (1.4) rcduce to

u=cosnt =Ree™aty=0

Now putting (Stuart®)
u=f(y) +f1(y) Re e™

(where Re stands for the real part), in equation (1.5) and scparating the harmonic
and non-harmonic tcrms, we obtain

D’ﬁ—abﬁ—ino (L.8)

(1.7)

and

D’f}—aDj}-(-}-c+m =0 (1.9)

where




124 PREM CHAND GUPTA

Th: correspaading boundary cond:tions are:

f;l=0!fi=l aty=0}

=L fi=0at y=1 (1.10)

Now solving (1 .8} and (1 .9) under (1 .10), then substituting for £, and f; ip (1.7) and
cqaating th: real part, th: vclocity ficld is obtainud as

u = ¢—*1-*/2 coscch ay sinh apgy + (M, cos nt — M,sin nt)

where

§J » M, = a,ay — aya,, M, = a;a, + a,a,

Fia, 1 Fig. 2



and

20 = (a® + 4/K)?
2a, = — e*/*sinh h, cos hyf(sinh? A, cos® kg 4 cosh? hy sin® hy)
2a, = e</*cosh h, sin hyf(sinh? i, cos® hy + cosh® iy sin? hy)

ay = — 2e*149/ 2ginh (1 — y) by cos (1 — y) Ay

g, = — 2840/ 2coh(l — ¥) bysin(l — ¥) hs

b = [(a® + 4/k) +{(a® + 4/K)? + L6022/ 32 (2)1/2

hy = [— (a® + 4/k) + {(a® + 4/k)* + 16n"}/2P/32(2)Y5,
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The non-dimensional skin-friction at the lower plate is

To "%‘E = g, e **cosrch a, + | By | cos (nr + 0,)
®

where

By
By, -

| By | = (B3, + B3/, 0y = tan™
B,, = e*’*[a, {2k, cosh h,cos hy — 2h,sinh by zin h, — a@sinh hy cos hy)
= a3 {2 sinh Ay sin by + 2hycosh b, cos hy ~ acosh ky sin hy)]
= et [‘-11 {2h, sinh A, sin h, + 2h,cosh A, cos h, — acosh h, sin h)

+ a3 {2hy cosh by cos h, — 2h,sinh &, sin h, — asinh &, cos g}l
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The non-dimensional skin friction at the uppcr plate is

O
y

7y

= (r:ucoth ay + f{) + | Bt cos (nt + 0y)

ye=1

where

. Br
| B, | = (B + B:Y% (), = tan™ B‘- ;
ir

B, = ¢ {ah, — ashs), By, = €& (ahs + ash}

- . L]
2.1, Particular cases .

fwe put ¢ = 0, the results for homogencous fluidare immediately obtained.
the rsuits reduce tc those of flow in an ordinary medium (of full porosity,

A STRATIFIED VISCOUS FLUID

127

If K- ws'
ie =1).



128 PREM CHAND GUPTA

tan8y —04

FiG. 6

3. Discussion

In ord:r to study the cfincts of th- mrmyabl[lty (k) of the porous mrd um ard the
strat fization parameter (a) on th: velocity distribution, we have plottd the velocity
(u) against yform =1. Infig.. 1l and 2, the velocity is plotted at nt =0 ard at nf =
#/2 respectively, Wi observe that at nr = 0, the velocity is maximum rcar the plates
and is m'nimum in the central planc of the channel (fig. 1), but at ar = n/2, the "‘l‘{'
city is minimum ncar th: lower plate ard increases sharply as y increases, makirng it
maximum ncar the upper plate (fig. 2). Itis also cvidi nt that for the same valuc of
nt, th: increasc in K lead. to an accclerat d flow everywhere but the variation in the
.strat fization parameter (@) Iead: to d flerent cfficts at mt =0 ard nr = n/2. Duc to
th: increase in g, the flow is scen accelerat d in the lower region ard di celcratrd in the
upper regon at nt =0, but cverywhere dicclerat d at nt = /2. The velocity close t0
the plates is very less affected by the change in & or a.
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In figs. 3 and 4, we have plotted the amplitudes | B .
of the skin frictions at the lower and the upper lpl::t!e ar:fpt!cfilvlzlgf ;I;;::f e
amplitude | By | (1 Bi[) is seen increasing sharply/decreasing very ;lowly wﬁh 'It}:c
increase in 2. | Bo| (1 Bi 1) is more for smaller/larger k and also for smallc:'ll e
a. Thus thestratification decreases/increases and the porous medium incrcascs/dccrarger
the fluctuation of the skin friction at the lower/upper plate. B

Pigures 5 and 6 show the effect of thf: permeability and the stratification on the phasc
feads tan 0, and tan 0, of the fluctuating parts ( f the skin frictions at the lowcr and

the upper plate respectively.  From fig. 5, it can be observed that an increase in k& or
in @ or in n leads to an inCrease in tan ;. From fig. 6, we observe that tan ¢, decrzascs
with the increase in Kk ¢r in 2 tutincreases as a increases.

Acknowledgements

The authcr wishes t¢ thank Dr, R, G. Sharma for his kind lelp in the preparation of
this paper. Thanks arc also due to UGC for providing the financial assistance in
the forr of Teacher Fellowship.

References
1. ARMADI, G, AND Equation of motion for viscous flow through rigid porous medium,
Maxnvi, R. Indian J. Tech., 1971, 9, 441.
2. CHANNABASAPPA, M. N. AND Flow of viscous stratified fluid of variable viscosity past a porous
RANGANNA, G. bed, Proc. Indian Acad. Sci., 1976, 83, 145-155.
3. Dosrs, B. D. Forced oscillations in a viscous stratified flu'd, Proc. Camb. Phil
Soc., 1969, 66, 617,
4. Gupta, S. P. AND Stratified viscous flow of variable viscosity between a porous bed
SHarMA, G. C. and moving impermeable plate, Indian J. Pure Appl. Math.,
1978, 9 (3), 290-297.
3. STUART, J. T, A solution of Navier-Stokes and energy tquations illustrating the

response of skin friction and temperature of an infinite plate
thermometer to fluctuations in the stream velocity, Proc. Roy.

Soc., 1955, 231A, 116.

6 Ym, C. S, Effects of density variation on fluid flow, J. Geophys. Res., 1959,
64 (12), 1219.



