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Abstract

A generalised sc:heme is given for obtaming copolymer composition and sequence distribution in irrever-
sible copolymerisation by Monte Carlo simulation on digital computer. The schemo has no restriction
on tho number of monomers in the copolymerisation system and i thus applicoble to binary, ternary
or any highor multicomponcnt systems. Several models are uscd in the scheme, such 2. chai;t growth
model based on conditional probability of monomer addition, diad and triad models based on uncondi-
tional probabilities, and modified diad and triad models involving both conditional ard unconditiona!
probabilities. It is concluded by comparison with analytical results that the chain growth model is the

best among all the models considered.
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I. Introdaction

The composition of vinyl polymsrs formed in simple two~component copolym:risation

is described by the well-known Mayo-Lewis cquation®, Similar equations have been
derived for calculating terpolym:r composition®-® and these have been further extended

to multi-<component copolymerisation of four or more monomers¢-®. These equations
afford calculation of copolymer composition, but do not yield any information about

sequence distribution in the copolymer chain. Computer simulation of copolymerication,
on the other hand, enables one to sece the simulated copolymer chain, thus providing

I?Oth the composition and sequence distribution of the copolymer chain at a glance.

Price® was the first to demonstrate the value of computer simulation by the Monte

Carlo approach for visualising the nature of a polymer chain. H?, however, limitt?d
his chains to 101 units of length and as a conscquence had considerable scatter n
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his results. Marconi ef a/*® in simulating binary copolymerisation treated as many
as 10* or more monomsar units resulting in impressive precision of the Monte Carlo
results. Saito and Matsumura!? also used Monte Carlo simulation to determine sequence
distributions. ‘They simulated the chlorinated polyethylene chain by a single “copoly.
merisation * type of process. O’'Driscoll and coworkers!*-2® in a series of papers deg
with simulation of binary copolymesrisation where the possibility of depropagatioy
must be consid:red. A d:tailed account of the concepts of Markovian processes s
applied to polym:r similation in the description of copolymer composition and the
characterisation of polym:r tacticity can be found in an excellent article by Prices.

While the application of the probability concept in copolym=r simulation is firmly
established, the object of the present work 1s to present a generalised approach for
computer simalation which could be applied to copolymerisation of two-, three- and
any higher multi<component systems and to evaluate several stochastic models, ramely
a direct chain growth model and diad, triad, or higher models involving probability
sequences of two, three or more number of units in the chain. [n the present work,
all propagation steps of copolymerisation have been assumed to be irreversible. The
approach will be extended in a subsequent paper to computer simulation of copoly-

merisation with reversibility.

2. Copolymerisation as a stochastic process

2.1. Chain growth model

Tne copolym:r composition as also sequence distribution in irreversible binary copoly-
merisation is dstermined by four irreversible propagation reactions which can be
represented by

¥ ks %x

~~A* + B — s AB*
ks
vwwrB* 4 A > ~AnnBA®
ti
~sB* + B — «w~BB*, (1)

where k;, kg, k3 and k, are the rate constants of the propagation steps, The steady-
state Kinetic solution of this scheme leads to the well-known Mayo-Lewis equation
for copolymer composition. The conditional probability, Po» Of a chain ending in 2
monomer 4 adding on a monomer B can be expressed in the kinetic terms as

_ k, [B] . l
ks [B] + k, [4] I+ r, [ A)/(B]

where r = kfk,

Pay (2)
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Similarly
n— l S
Prve = T BI[A) | (3)
where
re = ky/ks.
The other conditional probabilities are
» I
Pee = T4 1BV (4] (4)
and
P = T ¥ TAlrs [B) (5)
Since a chain ending in monomer 4 can only add either monomer 4 or B,
Pes + Pos = | (6)
and similarly,
Pre TP =1 (7

Knowing the values of the four probabilities p,,, P> Pw and Pse» @S defined above,
one can then carry out random experiments to constrict a polymer chain by stepwise
addition of monom~r units to chain end using Monte Carlo method. We term this
model the ‘chain growth ' or ‘singlet’ model. The sequence of monomer addition,
if stored in computer memory, affords both the sequence distribution and the compo-
sition of the copolymer chain.

Por adapting to computer programming, the four probabilities defined above are
arranged in a matrix form as

(p'i pln (8)
Par Poy

Ror determining the chain end addition by the Monte Carlo technique it is more
convenient to use a cumulative probability matrix. Thus the cumnlative probability

matrix corresponding to the probability matrix (8) is

» Pra
Pas P or (P ‘) 9)
Pes * Pt Poa + Pod -0 1-0
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Por a ternary copolymerisation system involving monomers 4, B and C, the cumue
lative probability matrix becomes

plﬂ Pu .pﬂ
Pee + Paod Pra + Pt Pes + Pob (10)
1-0 1-0 1-0

The cumulative probability matrix for any higher order copolymerisation system
(involving more than three monomers) can be similarly written,

D:pending on the chain end unit, such as either 4 or B in binary copolymersation,
the unit to be added next is determined. Thus, in a binary copolymerisation of
monomers A and B. each chain growth step consists of generating a random number
between 0 and 1 and comparing it with the elements of the appropriate column of the
cumrilative probability matrix (9) in order to determine the unit to be added next. Por
example, if the chain cnd is A4, the random number is compared with the matrix elements
(i,j) in column 1 and if the random number is found to be equal to or less than,
say, the (2, 1) eloment but greater than the (1, 1) element, the monomer unit to be
added is evidently B. Consequently, in the next growth step the random number s
compared with the matrix elements in column 2 to determine the monomer unit to be
added next. Thus, if the random number is found to be equal to or less than, say,
the (1,2) element, the monomer unit to be added is 4. The number of the row of
the particular =lement, 1 or 2, thus corresponds to the monomer unit, 4 or B
respactively. Oa a computing machine the chain addition is therefore conveniently

performsd with the help of the monomer matrix (; , with 1 and 2 representing,
respectively, 4 or B.

Stmilar arguments apply for ternary or any other higher multi<component copoly-
merisation systems. Por example, for ternary copolymerisation the corresponding
1

monomer matrix is (2), with 1, 2 and 3 representing, respectively, monomers A4,
3

B and C.

A general computer program was written based on the above simi lation approach
anc! run on a DEG-1090 computer assuming different values of monomer reactivity
ratios (r,, ry) and copolymer chain lengths.

~ Som# simulation resuits of copolym=r composition obtained for high and low values
of r; and ry are compared with the values calenlated from the Mayo-Lewis equation’
in table I. The agreement is good and is seen to improve as a higher chain length 1S
considered for simulation. However, the improvement obtained with chain length
greater than 2000 is only marginal. The sequence of monomersin a simulated copolymer
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Table I

Comparisos of simulated and analytical copolymer compositions

___————__—_——_——*_._-\-

Monomer feactivity Feed composition Chain Copolymer composition,
ratio length F,
ry ry (4] {B] n Simulated Analytical
e e e D S —— = ___-m — St
0-01 a-ql 04 06 1000 0+ 500 0498
26-0 20-0 04 06 1000 0-360 0316
1500 0-333 0-316
2000 0-310 0-316

chain for r; = 0-01, r4 = 0-01 1s obscrved to be almost completely alternate as would
be expected in view of the low values of both r, and r;, When both r, and r, are
considerably greater than unity 8 block copolymer would be expected to result. The
simulated copolym=r chain obtained directly as the computer output for a feed of 40
mole per cent A and 60 mole per cent B, r, = 20, ry = 20 and a chain length of 1000
units is shown in fig. 1, clearly revealing the expected block nature of the copolymer.

2.2. Diad and triad models based om unconditional sequence probability

In a copolymer chain of monomer units 4 and B, there can be four diad sequences
nm:ly -4-A-, ~A-B-, -B-A- and -B-B-. Thes unconditional probability of finding
a particular sequence, say —-A4-B-, is then given by'? W

Jo (P + Pa.) ( )

where p,, is the conditional diad probability of unit 4 being followed by B and p,,

that of B b:ing followed by A, given by equations (1) and (3), respectively. The

other three unconditional probabilities f,,, /i, and f,, can be similarly defincd and
it can be easily shown that

(12)

fu +ful +flc +fbb = ]

In a copolymer chain consisting of 4 and B units there can obviously be eight triad
sequences. The unconditional probabilities of these scquences, ngmely, caa> Jeabs Jaber
fass frees Soars fore aN3 fipy can be readily obtaincd by multiplying the proper uhs

conditional diad probabilities. Tnus, foe is 8iven by :

fnu_= fn " Poa
ﬂnd SO on,

(13)
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RBBBBBBBBBB BAAAAAAAAAAAAAAABBBBBBBBRRR
;AA:gggEMAA.BBB BE.AAAAAAABBBBBBBBBBBBBBB BBBBAAAAAABBAAAA
AAAAAAAAAAAAAABBBBBBBBBB BBAAAAABBBBBBBBBBBBBBBBRRR
BBBBBRRRBBBBBBBBBBBBE BBBBBBBBBBBBBAAAAAAAAAAAAAAAAA
AAAAAAAAAAAAAAAAB BBAABBBAAAAAAAAAAAAAAAAAAAAAAAAAA
AAAAAAAAAAAABBBBBBBBBBBBBBBBBBBBBBBAAAAAAAAAAAAAM

ABBBBBBBRBBBBBRBBBBBBBBRBBBBBBBBBBBBAAAAAAAAAAAABRB
338BRBEBBBBBBBBBRBB3BBABBBBBBBBBBBBBBBBBBBBBBBBARR
SBBBRBBRBRBBRBBBRBBBBBBRBBBBBBBBBBBBBBBBBBBBBBBBBAA
BBBAAAAAAAAAAAAAAAAAAAABBBBBBBBBBBBAAAAAAABBBBBBBB
BEBBR3RBRBRB3BB3RRBBBRBBBBBBBBBBBBBBBBBBBBBBBBBBBAR
BRBBBBBBBBBB3383888338BB8388888888BB8BB8B8BBB8BBBAA
BBB3BBBRBRRRBBRBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBEAS
BBBBAAAAAAABBBBBRBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBAS
BBBEBBBBRBBBBBBBBSBRBBBBRBBBB3BB8B3BBBEB8BB8EBBBBBAS
RBBBBBBBBBBBBAAAAAAAABBBBBBBBBBBBBBBBBB2BBBBBBBBRBA
AAAAAAAAAAAAAAAAAAAAAAAAAAAAANAAAAAAAAAABBBBBBBBBS

Fu_;, I Simulated copolymer chain : Feed composition [4] =0-4, [B] =0°6; monomer reactivity
ratios r, = 20°0, ry =20-0 and chain length n = 1000,

A copolymer chain is constructed by Monte Carlo techriqie using either diad

uncorditional probabilities or triad unconditioral probabilities. Tetrad and higher
models can similarly be developed.

A number of simulation experiments were conducted to obtain copolymer chain
sequence distril?u'tion and copolymer compositions for different feed compositions and
monomer reactivity ratios r; and r; using both diad and triad models. In all cases,
while the copolymer composition was found to be in excellent agreem~nt with the
value calculated from the copolymer composition equation, the sequence distribution
however, was at variance with what was predicted by the chain growth model and what
would be cxpe:ctcd from the theory of copolymerisation. Thus. a copolymer chain
sequence obtained for r, = 0-01 and rg = 0-01 was considcrabiy less alterpate 1N

character and that obtained for r, = 20-0 and ry = 20-0 showed much shorter blocks
of each monomer than in the chain growth model,

carfhlfea;t‘:ﬁali 1: tS cqtl;fni‘e distribution produced in the above diad and triad models
1L ulead 1o the fact that while the sequence in ea ; ' i

Al L ch diad or triad block
based on the probability principle described above, the linking of the consecutive diads

or triads does not, however, obey any probability criterion, Thus, for example, if 1n
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applying the diad model, 4B and BA are obtained as two consecutive diads
Monte Carlo‘m:-thod, the BB pair in the resulting chain segment 4BBA would exist
without obeyirg any predeterm ned probability criterion. This results in anomalous

sequence distribation as actually observed. Similar arguments also hold good for
triad and any other higher modes.

by the

2.3. Modified diad and triad mod s

Since the sequence anomaly in the aforesaid diad and triad models stems from the
linking of diad or triad segm:nts without obcying any predet:rmired probability criteron,
the atove models have been modified so that at any stage the chain erd unit is taken
into consideration in determining the subsequert diad or triad segment. Thus in the
modified d'ad model for binary copolymerisation of 4 and B monomers, one has to

consider the following two conditional trec structures depending on the terminal unit
being either 4 or B

B A B A B A B A
| ] EEn
B B A A B B A A
V4 V%
Terminal Terminal

" Thus for terminal A4 there are four conditioral probabilities for d:ad addition ramely.
P Porer Peed 8N4 Pog.. cach given by a product of corditioral probabilitics of
appropriate diad sequerces. Thus, Pa, = Pas * Poe ard so on.

Tae corresponding cumulative robability matrix for Montc Carlo simulation of
copolymer chain can then be written as

plll phl
plll + Paed ph' ¥ ph-i (14)
Pece + Poed + Pata Pres F Prad T Pras

l l
and the corresponding monomer MAtrix as

11

12 (15)
21
22

With | and 2 representing. respectively, A and B monomer U“i:‘- ‘Th'fa C;‘m:?:::z
probability matrix and the corresponding qonqmcr matrix can be similarly
for ternary or any other higher copolymerisation SysiCms.
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For the modified triad model, one can similarly write the conditional tree structype
for terminal units (cf. 13), the cumulative probability matrix (cf. 14) and the corres.

ponding monomer matrix (cf. 15).

Computer programs were written for the modified diad and triad mm.lcls based o
the above schem:s and applicable in general] to binary, ternary or any higher copoly.
merisation systems. The programs were run on a DEC 1090 computer using varigy;
combinations of monom-~r reactivity ratios and feed compositions. The modified modgj
resulted in significant improvement in simulation performance _ovcr the original djaq
and triad models. Thus while the simulated copolymer compositions were in excellent
agreement with the theorctical compositions (to within 997,), the simulated chajp
sequences were also in good accord with theoretical predictions.

3. Conclusiops

Using Monte Carlo techniques and several probatility models, namely, a singlet chain
growth model, a diad mod-l, a triad model, and modified diad and triad modek,
copolym-risation with irreversibility has been simnlated on the computer in order
to obtain both the copolym~r composition and sequence distribution in the form of a
symbolic representation of the copolymer chain. In each case, the procedure involves
generating a random number between 0 and 1, and comparing it with the elements of 2
particular column (depending on the chain end unit) of an appropriate cumulative
probability matrix to dstermine, with the help of the corresponding monomer matriy
the monomer unit or sequence of monomer units to be added to the chain end. Ths
procedure is repeatcd till the desired chain length is achieved. A generalised computer
program has been developed which can be applied to any of the above models to simu-
late a copolymer chain. It is observed, however, that no additional saving in computer
time is achieved by adopting more complex diad, triad or higher models instead of
the simple chain growth (singlet) model, all of them requiring about 0-20 second. The
chain growth model is also conceptually simpler as it represents a direct simulation
of the growth of the copolymer chain.

Nomenclature

A : Monomer

B : Monomer

f  : Unconditional probability

F : Mole fraction of monomer in copolymer
k : Rate constant of propagating step

p : Conditional probability

r : Reactivity ratio




Subscripts

a
h

+ Monomer A4
: Monomer B.
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