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Abstract

Stress distributions in the neighbourhood of a penny-shaped crack in an elastic medium under torsion and
having variable elastic coefficients have been determined and the stress intensity factor and the energy of the
crack calculated. Two cases are considered: (a) elastic material is isotropic and nonhomogeneous, and (b)
material is transversely isotropic and nonhomogeneous. Numerical results showing the stress distribution in
the medium have been presented for nonhomogeneous as well as the associated homogeneous media to assess
the effect of nonhomogeneity on stresses. Some of the numerical results have been compared with works of
similar nature.

Keywords: Isotropic material, transversely isotropic material, nonhomogeneous medium, penny-shaped crack,
stress intevsity factor, crack energy.

1. Imtroduction

The presence of a crack in an elastic medium affects the stress distribution in the medium.
When a crack appears in a stressed medium, the associated disturbance may be studied in
two separate regions, viz., the near-field region or the local region near the edge of the
crack and the far-field region or the region close to the wave front propagating away from
the crack. In fracture mechanics, the singular character of the stresses near the periphery
of the crack plays an important role in predicting the failure of the solid. In addition to
the stresses in the vicinity of the crack, other quantities of physical interest are the stress
intensity factor and the energy of the crack. Sack' has shown that the presence of a crack
in an isotropic solid under uniform torsion alters the free energy of the solid. Bassani and
Qu? estimated the low-yielding plastic zones surrounding the crack tips of a Griffith crack
at the interface of two distinct anisotropic media.

In a recent study, Choudhury and Maity® observed that the energy of a srack in torsion
in a transversely isotropic material could be less or greater-than that in an isotropic
medium, depending upon the magnitude of the rigidity modulus of the medium.
Following the same line of study, Chaudhuri and Sen’ investigated the problem in a
nonhomogeneous transversely isotropic medium with exponentially varying elastic
coefficients. The motivation behind such a consideration is quite natural from the fact that
the assumption of homogeneity of the medium does not seem to be very adequate always.
Experimental results also confirm’® the variation of elastic coefficients with position.
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Variations of elastic coefficients in more than one direction have also been observed in
the literature. Singh® solved the Reissner-Sagoci problem in elasticity considering
shearing modulus as a function of r and z. Dhaliwal and Singh’ determined the state of
stress in an infinite nonhomogeneous elastic medium containing a Griffith crack under a
shear force, the material nonhomogeneity being assumed in quite general forms:
L= p(x)g(y) and H=lpp(r)g(z). Chaudhuri and Ray® discussed the stress
distribution in a nonhomogeneous isotropic medium with a penny-shaped flaw
considering shear modulus as a function of » and z. Several distinct models are also
noticeable in the literature to discuss nonhormogeneity in the elasticity problem. As a
matter of fact, the earth crust itself is nonhomogeneous. Hence, the investigation of these
problems in a nonhomogeneous medium would be very interesting and realistic as well.
As the dependence of elastic parameters with position may be arbitrary, investigators
usually think of certain models with specific variations in elastic coefficients keeping in
mind that the goveming differential equations can be handled effectively with the existing
mathematical tools. The applicability of such a rather simplified model can be confirmed
only by experimental results. Anyway, these models indicate how elastic behaviours are
affected by nonhomogeneity of the medium.

In this paper our objective is to study the elastic behaviours in a nonhomogeneous
isotropic and in transversely isotropic media under torsion in the presence of a crack. In
both the cases, the governing equations of the mixed boundary value problem have been
reduced to Fredholm’s integral equations. These equations are to be solved numericaliy to
find the near-field solution for the stresses, surface displacements, stress intensity factor
and the energy of the crack. It is also observed that the results of the associated
homogeneous cases may easily be recovered from our results by letting the
nonhomogeneity parameter zero. Some numerical results have also been presented
graphically to get an idea about the effect of nonhomogeneity.

2. Formulation of the problem

Let there be a penny-shaped crack of radius g in an infinite elastic medium of a
nonhomogeneous material. We shall suppose that the crack is opened by an ‘all-round’
torsion in the medium. In reality we may think of a crack on a plane normal to the axis of
a cylinder whose radius and height are very large compared to the size of the crack and
which is under the action of torsion. We may also think of a crack on a diametrical plane
of a very large sphere under torsion. We shall assume the plane of the crack to be z=0
and use cylindrical coordinates (r, 8, z) to specify the position of a point in the medium.
Further, we shall assume nonhomogeneity of the medium in the form

# = pg(ts Bolz)®

for an isotropic medium, and
Gy = CR(1+ Bylz|)*

for a transversely isotropic medium, & and Sy ( > 0) being real constants.
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From the symmetry of the applied force and also from the symmetry of the material
nonhomogeneity with respect to the plane z=0, it would be sufficient to consider the
solution of the problem for the half-space z 2 0 only. Since the problem is axisymmetric
in nature, the displacement components u, , #, vanish everywhere, and the only nonzero
displacement component u, will be independent of 6.

The equation of equilibrium, which is not automatically satisfied, is
a ? 2
E(o-re)'*':;—z_(o-ﬂz)"'?arﬂ =0. (l)

Let us set
E=rla, n=zla, u=u,la. )
The boundary conditions for the problem are
04,05 0)=0, 0<éx<y,
u(f, 0)=0, é >1, 3)
G &M~ as JE2+77 > oo,
S being the applied torque.

Now, as the stress components depend on the medium concerned, and our objective is
to study the elastic behaviour in nonhomogeneous isotropic and in transversely isotropic
half-spaces, we categorize our discussion as Case A and Case B, respectively.

Case A4: Isotropic medium
The nonzero components of stress are
Ju
oe&m= b
s (C))
u u
G M=pl=z-%|.
P(%)] u( 72 5]
The nonhomogeneity of the medium is given by
=g (L+ A", n20. &)
Using (4), (5) and (2) in (1), the governing differential equation is obtained as
u 10u u  u of ou ‘
—ot — o5+ =0.
JE* £t EP on® 1+Pnon

Thus, the solution of the problem requires the solution of eqn (6), subject to boundary
conditions (3).

®
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Case B: Transversely isotropic medium

In this case the stress—displacement relations are given by

3
0-91(5’ 77) = C44 ?};‘ 5

9
Ju u
Orol& M =Cogl o2 =% |
re(é 77) 66(36 éj]
where Cq4 and Cgs are elastic coefficients such that
G, = Ch(1+Bm®, 120, )

where CJ (i=4,6) are real constants. The governing differential equation in this case
becomes

92u 1du u (32 o auJ ©

= TR é‘z T+ pn an
where
PP =C/CY%.
Our préblem in this case is to solve eqn (9) subject to boundary conditions (3).

3. Solution of the problem

Case A: We take the solution of eqn (6) in the form
u=u(g, 1)

2#Oﬁm[(wﬁm“ ]+—(1+ﬁn) j AK, (A0+ B IBY 1 (A R, (10)

where

m={l— 2. (1)

J1 is a Bessel function of the first kind of order 1 and K,, is the modified Bessel function
of the second kind of order m, and 4(1) is an arbitrary function of A.

From eqn (4) using eqns (5) and (10), we have
Oaul& M) = 5= S+ ) [ AAIK, {41+ B) B) 11 (A8) o (12)
and

o5(8 1) =-S(1+ ﬁn)“”j:ld(l)Km A0+ )/ B} Jr(A5) dA . 13)
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From eqn (12) we find that the third condition of eqn (3) will be satisfied if the
Hanke! transform exists at all. The first two boundary conditions of eqn (3) will be
satisfied if A(A) satisfies the following pair of dual integral equations:

J:AA(A)Kl_m (AR L(AE) dA =1, 0<E<], (14)
j:A(A)Km(A/ﬁ) LABdA=0, E>1. (15)
Assuming B(%) = A(4) K, (M/B), we get from eqns (14) and (15),
jo TAB(A)1+ ¢ (AE) dA =1, 0<Es], a6)
J;BR 8 aA=o, &>, an
where
_ K (A/B)

¢(Z)—W—l. (18)

For solving the dual integral eqns (16) and (17) we shall follow Sneddon’. We assume the
solution of the system (16) and (17) in the form

B(A) = Jgﬂﬁ ) Jay () dx, (19

where O(x) is a certain unknown function to be determined. Introducing eqn (19) into eqn
(17) and changing the order of integration and using the formula'’

= u=v+l vl 2 ypt-1 0<f<a
foz (e, Bty dr={2 zxv(ﬂ —a?)" ! paas, 0)
BT(v—p)
(Rev>Re p>-1)
we note that it is identically satisfied. Substituting eqn (19) into eqn (16) and then after

some manipulation, we arrive at the following Fredholm’s integral equation for the
determination of 6(x):

1t .
6(x)+—TEJ0M(x, ?) 9(t)dt=j4£, 0<x<l, @n
where the kernel M(x, 7) is given by
M, 1) = /Bt [ 2000 J30 (4x) Ty (Af) 1. @)

For the evaluation of 6(x) from the integral eqn (21), the kernel M(x, 9, as given by
eqn (22), should be convergent. We note that ¢(A) — 0 as A — oo and ¢(A) behaves as A~
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for large A. Also, ¢(1) satisfies the convergence condition as 4 — 0, So, ¢(}) satisfies all
the necessary conditions for the convergence of M(x, #).

Using the result!!
L1120, )] = 252, () @3)
and applying integration by parts, eqn (19) gives
AN, (A1) = -\/%w(wm - jol [x 6C0)) 577 T (x) d], @4)

where prime denotes differentiation with respect to x. By using eqn (24) and the standard

results'!

2Ax sin Ax
T Ax

Jyp(Ax) = 25)

and
x/é, x <€

f sm/lx L&) dh = l‘z_;z -x oE

the surface displacement u(&, 0) can be expressed from eqn (10) as

¢
u(E, 0) = — 6[9(1)(‘/1 Z 1)+ jo[x o)) dx

2 __F2
~E{x e(x)]'(x—f——fl dx} , E<l 26)

By using eqns (24) and (25), we get from eqnos (12) and (13),

0ai6 ) =5+22 1+ pryom {e(nj:—’%fﬂh (36 sin, dA

11 Ko AL+ By .
_Joz[xg(x)]' (f%;ﬂ J (A) sinAx dA ) dx:l s @n

K178 A

[ Lixac )]U K, {17;(1(;[/3%))/13}(2112(;5) JO(%)) smlmjdx}

os&m=20a +ﬁn)1‘”‘[9(1) [ Kl D/ [” 18 _ Jo(az;)) sind i

(28)
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To find the stress distribution in the vicinity of the crack, we follow the procedure
adopted by Sih and Embley’>. We note that the infinite integrals in the preceding
expressions are convergent everywhere in the medium except at the singular points which
occupy the crack border. Since the solution near these points is desired, it is necessary to
evaluate the unbounded portions of these integrals in the neighbourhood of the singular
points. We note that the integrands are finite and continuous for every value of 4 ( = 0);
the divergence of the integrals along the crack border, £ = 1, must be due to the behaviour
at 4 —» . Hence, the terms that give rise to unbounded stresses correspond to those parts
of the integrand that are dominant for large A; we shall isolate them here.

By carrying out the expansion for large values of A and retaining the lowest-order
terms, we get, from eqns (27) and (28),

e m= %(1 B | e L (R E) sin A dA+ -, 29

0,06 =25 1+ Py 26D ey A sin A dA . 30)

Using these results,

7 e ; = 2.1
J'O e MJ (A8 sinAdA= cos Z sin ~——

1 F
N 2

W, 7. ‘P‘—'Pz:l

and

¥ -¥

j e MJ (A E) sin A dA = sin

\15152
where £~ 1 =& cos ¥ =& cos ¥, - 2.

By letting ¥, — 0, & — 2, and 77— 0, we get the stress distribution near the crack
border as

Oy, = k cosﬁ-#
SN
o= k sin—L+ -,
v, 2
where
2561
hm ,/2(§~1) G, = ( ) (31)

is the stress intensity factor for torsion.

The energy of the crack is given by

Wi = 2w [ Su(s, 0 a
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4S
R

- jo‘{ j: [x 8(x)) dx - j;[x o)) [——“xz_fz_x] dx} déJ )

3.1. dssociated homogeneous medium

(32)

In the associated homogeneous medium we have a=0, ie, m=1/2 from eqn (11).
Hence, from eqns (18) and (21), we get ¢(A) =0 and 6(x) = nx/4, respectively. So from

eqns (26), (27), (31) and (32), we get after some calculations

5o Ele e (ol S Y2

u(¢,0) =

.
Ooil& 0)=S[——“525_1+5§-%ﬁ} £>1,

k=872 and W; = 2841240,
which are the same as those obtained by Sneddon and Lowengrub'>,

Case B

In this case the solution of equ (9) may be written as

u=u M= T ﬁc“ s [+ By - l]+~—(1+ﬁn)"‘

X[ AK,, A1+ Bn) /pBY (&) 42,

where m is given by eqn (11).
From eqns (7), using eqns (8) and (33), we get

Go (& m=5~S0+ ﬁﬂ)l'me)»A(l)Kl_m {AQ+ By / pBYJ; (A8) dA
and

Orold, 1) = =S+ B [T AGIK, 201+ ) 10}y (46) .
As in Case A, here also we have a pair of dual integral equations

LA 4K AIpBRGH dA=1, 0sE<]

[ anx, B0 G=0, £>1.

(33

(34

ER))

(36)

(37
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Assuming B(1) = A(A)K.,(A/pf), we get eqns (16) and (17), where

_Kin(A/pB)
=TT

Proceeding in the same way as in Case A, ultimately we have
2 1
4K (A 1pB) =~ = [eu)fm(k) - [, (x0T (Ax) dx] .

From eqn (33), we obtain, by using eqns (39) and (23),

u(E, 0) = é‘z; [9(1) (=& -1)+ _[f [x 8] dx
44

..J';[x 8(x))’ (_.._____._WJ , E<1L

We obtain from eqns (34) and (35), using eqns (39) and (25)
> K {AQ /
ouem =5+ 350+ prye] oo [ KenCO LI P

X J,(&)sin A4 dh~ [ ~x0() { KW
x Jy(AE) sin )Lxdﬂ.} dx:l ,

2 - < K, {1+ ) /pf}
06 1) = 21+ pry| oo [ Ke L PP

x (ylx(Tm‘” Jo(,u:)) sin A di

P ] e KA BrpB)
l 5O {-L K,(A/pB)

« (ZLI/%LQ_ Jo (Z,.f)) sin Ax dl} dx:| .
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(33

(39

(40)

4D

@2)

Proceeding similarly as in Case A, viz., expanding eqns (41) and (42) for large A and

retaining the lowest-order terms, we get

Ol =2 L+ P20 [ir 1, (Wsin A dh++,

@3)
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oEm= _§(1 + ﬁn)“”ea)j: MM I (AEysin A dA + - 44)
R

The stress distribution near the crack border is

o = L Y,
6z 7 25} 2
O, === S =+ -,

where
k= Jim JEETio, = 22 (45)

is the stress intensity factor for torsion of transversely isotropic monhomogeneous
medinm.

In this case the energy of the crack is given by

452 )
W, = CMP K—~1] o)+ j {j [x 80x)] dx
- E[x oY (—-V’z'fz‘xJ dx} df} X (46)

3.2. Associated homogeneous medium

In the associated homogeneous medium we have ¢ = 0, which makes ¢(A) = 0 and hence
6(x) = mx/4. In this case we easily deduce from eqns (40), (41), (45) and (46) that

1+W

u(é,O)—ZCO Slog g 0sé<l,
_ -1 1
cgz(é,O)-S{—g—+§E_ﬁ, 1,

k= 8/2 and W, = 1*$p/12CY,
which are the same as those obtained by Choudhury and Maity®.

4. Numerical results

To get some idea about the magnitude of the stresses and also the effect of
nonhomogeneity in the medium, we have computed the values of 0,, (&, 1)/S for different
values of & and 7 and plotted them graphically (Figs 1 and 2). Figure ! shows the
variation of o, /S in Case A for isotropic nonhomogeneous medium, assuming o = 1,



PENNY-SHAPED CRACK IN A NONHOMOGENEQUS SOLID UNDER TORSION 737

11
108 b
L =12 —
108 §
106
106
’ T 104
8 104
2! 3
q - 102
& =
10! @
10
10~
098 098
) 6 1 1. 1 i1 1 0 5 L L 1 I 1 i I
090.2 06 10 14 18 22 ? 02 06 1.0 14 18
K n—

F1G. 2. Variation of s (&, n)/S for different values of

FiG. 1. Variation of oy (&, 7)/S for different values
£ and 7in case B.

of £ and 77in case A.

A
0 04 08 12
05
04
03
n
oy
D
02
B=10
Otk ﬂ:!.é'———o——
P20 —e—
ook a0t
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Fig. 5b. Variation of Cfju(& 0)/S for different
values of £ in case B.

B =1, while Fig. 2 shows the same in Case B for transversely isotropic nonhomogeneous
medium, assuming o= 1, =1, C3 =0.40, C% =0.634. In both the figures the curves
marked H represent the variations in the associated homogeneous medium. The effect of
nonhomogeneity on stress is quite clear from the graphs.



PENNY-SHAPED CRACK IN A NONHOMOGENEOQOUS SOLID UNDER TORSION 739

Figures 3 and 4 show the effects of nonhomogeneity on the stress intensity factor in

Cases A and B for different values of the parameters. It is noticed that the stress intensity
factor is low for a stiffer material in both the media. Erdogan'* and Delale and Erdogan'
have shown that a material may exhibit greater stress intensity factor on the stiffer side in
case the material nonhomogeneity is along the plane of the crack. However, in our
problem we observe no such anomaly assuming nonhomogeneity along the depth.

As regards crack surface displacements (Fig. 5a, b) we observe significant effect of

nonhomogeneity. Similar effects were noticed by Erdogan’® and Delale and Erdogan'®,
although the basic problems and the nature of nonhomogeneity are different.
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