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ABSTRACT

The time dependent problems of heat transfer in the laminar flow of viscous
incompressible fiuid in cylinder and in the cylindrical annulus when the boundaries
are kept at temperatures that are functions of time alone are considered taking
into consideration the source of heat generation, dissipation and the convective
changes in the temperature.

INTRODUCTION

1. Bhatpagar and Tikekar' have studied the temperature distribution
in an incompressible viscous fluid flowing in the annulus between two coaxial
cylinders considering the heat generating source but neglecting the viscous
dissipation and convective changes in the temperature. Pai’ has discussed
the lamipar flow problem and the steady state temperature distribution in .
pipe without considering the heat generating function. Carslaw anc_i Jaftgcr
have discussed the probiem of time dependent temperature distribution mn a
circular cylinder without dissipation and heat generation. In this paper, we
have studied the time dependent problem of heat trapsfer in the laminar flow
of viscous incompressible fluid flowing in a doubly inﬁnii..‘o circular cy_lmdcr
taking into account, the source of heat generation. convective changes in the
temperature and dissipation. We have also studied the flow problem and the
temperature distribution for the same fluid flowing in the annulus between the

IWo coaxial cylinders. ]
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2 In this section we consider the problem of hea} transfer in the
doubly' infinite circular cylinder of radius a for tt{e axisymmetric case.
Taking the axis of the cylinder as the z-axis and denoting by r the distapce

from this axis, the basic equations of the problem are :

Continuity Equation:
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Energy Equation .
2 2
T 1 3T T
pc,[-—aT+uBT+w5T] EsQ+K[?—— s +——-]

ol 4 or 3z ar’ r cor 2 z?

RO R RC ) A

where (2Q/at) is a function of time alone representing the rate of heat
generation per unit volume per unit time in the fluid and other notations

convey their usual meanings.

Initial Conditions :

7(r,0)=T,, Q(0)=0,. [2.5]

Boundary Conditions :

(i) For the velocity field: no slip condition at 7 = g and finite velocity
along the axis r=0

(ii) For the temperature field :

T (0, t) = finite,
T(a, 1) =[1 +g(1)] T}} >0 [2.6]

with g (0) =0,
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= . 3
Effecting the following transformation :
r
,?-—‘;—. f-i, u--.li.' “._i p-*'-—
a U U’ 1 PUil
1'=£E'- 9=.___.__T_T" VQ(‘)
-1 L, f(n) =12

where U 1s a charactcristif: :velocity, e.g. the velocity along the axi
above equations and the initial and boundary conditions reduce )::35. r=10, the

Continuity Equatton :

b=l [2.8]

au ou 2py 1 ]%a 1 2 2

H'——" w—--—-- — —— + C‘ll aEi_ u
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AW AW 3, [;}’w | aw 3

where

R = pia , Reynolds number,

UZ
E = -—, Eckert number,
C, Ti

and o = 2% , Prandtl number. [2.12]

Initial Conditions :
[

0 (n,0)=0, f(0)=/fo. 2.13]
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Boundary Conditions :
u=0, w=0 at 1)—1 and finite at q—O,

i ]

6 (0, 7) = ﬁnite:} 0 | 214
8(1,7) =g(r) S [2.14)
Taking the velocity field, compatible with the Continuity equation, to be
u=0, w=w(p) [2.15]
We have’ |
w= —(P[4) (1-17°), [2 16]
where P = R (2p)[2£) = constant. [2.17]

Now the cylinder being doubly infinite, § becomes independent of £ and
hence the energy equation becomes

2 $ 2
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We now adopt the usual Laplace transform technique assuming that
6 (n, =) and f(7) remain bounded as ¢ = oo.

Denoting the Laplace transform of X (¢) by X (p) and incorporating
the initial and boundary conditions we get

2 2 2

5(p, p) =— (2 1(p) - fo] + 7 4 'Efzr

op 4p op

{g[nWop)][ _pf(p) - fo EP®_ EP’]
AT (7) op p* ap ] a
Since
Iip V(e p)] -

vp) ~ el 220]
~np-le-ti-aVien as |p|—> oo, [2.21]

from [2.20] it is clear that this expresssion has no branch point at p =0,
while 2[2.21]‘ helps us 2in proving that the integral on the circle |p|=-Rm
(i/0)ai < R, < (1/¢) aZ4y, tends to zero as R,—> oo, +a, being the simple

zeros of Jy (a) arranged in the ascending order of magnitude. We can easily
show that

ey e———

L[Viep)] ¢ a1 Ji(an)

31 [{g__[q\/(a P _2 3 ando(onn) ol [2.22]
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Applying the convolution theorem, we get from [2.19
simplification [ - ] and [2_22] after

1 2fo 5 Jolapn). ~alate
0(n 7)=—f(r) =2 = 2 Tn 0" %
(q T) c ( ) a noj (I“J[ (‘Iﬂ)+e

+ EP'¢ ¥ (2] ‘_..2_&) (1- G /o) -_{o(au 7)
e %n 9 jl (“n)

T

=i | LCR

f gu)] e Wi gy [2.23]

0

Knowing that

pe(p)=g(0)+L.T [¢' ()],

. [2.24]
where dash denotes derivation with respect to the argument and that
L”l[ , [m/(ap)]] ~142 3 Jol0nn) ol [2.25]
ph [‘\/(crp)] n=1%y Jo (an)

i

we obtain from [2.19], an alternative expression for 6 (5, 7):

, =Fq 3 ~a* <10 Jo (ax 1)
0(n,7)=g(z) +E P20 2.( Oi_ uﬁ)(l-—e n J)J',(a,,)

n=]

+2 3 _Jo(ang) j[s" (u)—-f':u)] ™% NI gy [2.26]

; 5
n=1 Ug JO (un)o

3. In this section we consider the flow problem and the problem of
heat tranrfer in the fluid flowing in the annulus between two coaxial cylinders

with radii R, and a (> R,) for the axisymmetric case. The basic equations

of the problem are the same as [2.1] to [2.4]. With no slip condition at both
the boundaries the velocity field is given by

Pr)z_ P P(az-Rf)

+
N 4 4  4a*in(Ry/a)

Inyg. [3.1]

We take the initial conditions same as [2.5] in the case of cylinder above

in §2, while we choose the following boundary conditions for the tempera-
ture field :

T(Ry 1) =[1+6,()]T [3.2]
T(a, l’)z= [l +-|(-92(f)] Tc} Lo
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with 6, (0) = 6, (0) = 0. [3.3]

The tranformation [2.7] reduce the energy equation and the boundary condi-
tions as follows:

Energy Equation

2 )
a g + l_.' OQ o a;_q
ey n aq ok 2

P? 1 | { P(a*> - RY) }2 L P~ R
n*l4a” In(R,/a) ) '-]

Boundary Conditions :

6 [(Ri/a). 7] =6, (7)) _
0 El 7) g - (2 ('r)j [3.5]

Taking the Laplace transform, assuming that the temperature and the
rate of heat generation remain bounded as t—> oo and incorporating the
the initial and boundary conditions we can easily show that

2 a’ - R ]+EP2 2 fo_l_f(_‘?;)

0 (1. 'r)--:-EPzﬂ*[

T @ m(R/a) | " 20 ¢ o
+ f Sy (u) F(t—u) du + Ofsz (u) G(t —u) du + S5 (7), [3.6]
with
s (f)-z;-*[sl (=5 ()-EEBan(n], [
-bpl0 SECom L

S;(7) = L"! [Sz (p) =6,(p) - E‘;’; +H ( p)
" —"g—{m {(V(ep)} I (W(op)} + I {V(op)} K, (W(op)}]

_-—-.<Ko{\/ (op)}Il( v (op)) + I{v/(ap)} K,( L/ (o p))>}] [3.9]
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_Eao P a® - R}V

M
16 a* [In(R,[a)}* ° [3.10]

) = L7 [:0) = Lok 02V v 01} + vl o p]
& xu{w(ap}}zl(—g-wp))+zo{M«p)m{Map)}>}].[3.11]

F(r) = L7 [F(p) = {1/D(p); (Ko {0 p)} {9V (0p)} ~ 1{v/(0p)} Ko $y¥/ (s p)D].

G(T)-LHI[G(p)Ef)’%}]{ o{n¥ (ep)} i (-‘%‘-v’(ap)) -
_Ko(-{:}\/ O'P))fu {qx/(ap)} , [3.13]

where

D(p)=1 (%‘-«/ ( ap))KMap) — Ko (‘—"j«f(ap)) Lh¥(ep). [3.14]

Now we can easily check that

jo - f(7) EP'r[a*- R} g)_‘E'f”“":"2
Si(r) = 6:(7) += A (!n(R,/a)' o 2¢ .15]

S, (p) has a branch point at p =0 so that we use the usual contour that

excludes this point along with the entire negative real axis. There are no
poles within or on this contovr. We can easily show that the integral over

the large and the small circles both vanish and we have

S3(7).= }i{j‘?“h’;mIr [ AJo (qu) Y, (nu) - J; () Yo (nu);
= fj' {_;0 (yu) Y, (ﬁ} u) - (_’} u) Yo (q!l)} ]du. [3.16]

Similarly we have

2 2 2
Pz'r( 02—31__1)_£f07 +S£.(1-), [3.17]
4 s

S (7) = 0,(7) + Jo -_‘af('r) + E
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where

Sé(r)-Mr

)

_"!-rjﬂ

[ (0 () Y, () = 7y () Yo (u)}

Bl @B -n (B n@l]a s

d \

4

Following Bhatnaga} and Tikekar®, we have

F(T) - 5.‘. 2:" e-a:-rll' [Jo (”ﬂff) YO (Gn) - Ju (Gn) Yo (aﬂ ﬂ)] [319]

and
6(z) = ni 20: e'a:-rir [Jo( I:z ) Ys (as n) - Jo (o, ) Yo (cr "}i )] [3. 20]
where .
Bn= [fu( il) Yy (a,) = Ji (0,) Y, (Uu il)
}: {J: ( n}?) Yolan) =T (a,) ¥, (0 u“gl)}] [3.21]

and o, are the zeros of

Js (a %-) ¥; (o) = Jo (a) Yo(a }i‘ ) (3.22]

arranged in ascending order of magnitude.

Thus with the help of [3.7] to [3.22] and with the use Fourier-Bessel
series for 1 and 5° we get after simplification

6(n, 7) = (1/0) £ (7) + S5 ()

+ [a B,.,{Jﬁ(an'l) Yolan) - Jo (an) Yo (an '1)} x

n=1

v 3

{l[ <91 (u) _ f£UJ> e- n.:(-r—u},':r iz
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9
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__E‘.Pﬁl'?-(l _e-nn-rfl)}]
N L P R,\)
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X {j<92 (u)_ f(u)+sz( )) 0 (-r u}!rd
0 i
"ﬂ-"l c 2 .2 2 \ T
__-[f_e n?! _EP f‘ zaz —:Bl _1 (l _e-u'-:ft)
a 4ar \a In(R,/a)
EPZU: - !‘rfl
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4, To conclude we note that both in §2 and §3 the solution exhibits
separately the contributions of the boundary conditions, heat generation and
the Eckert and Prandtl numbers. Thus given the boundary conditions and the
rate of heat generation, we can specify the solution completely in each case.
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