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ABSTRACT

The problem of heat transfer due to the slow steadv motion of an elastico-
viscous fluid between two wavy walls is considered. Taking the deformation of the
boundaries to be small, the equations of continuity, momentum and energy have
been solved using the perturbation technique. The solution for the velocity field is
then employed to study the nature of the temperature field, under the two types of
thermal boundary conditions :

(i) both the walls are at the same constant temperature;

(i) one wall is at a constant temperature while, the other is heat insulated.
It is found that the velocity profiles are affected by the stress relaxation time only,
while the stresses and the temperature distribution are affected by _both.strcss
relaxation and strain retardation times. Certain similarities are noticed in the
results of the present investigation and that in reference?.

INTRODUCTION

Using Fourier Transform Technique Citron' has _studied thf: slow motion
of a viscous incompressible fiuid between two rough circular cyhndcm. rotafung
about their common axis, taking the roughness in the forqt of a smu_scudal
deformation of the boundaries extending up to infinity. His assumption of
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s not correct. Bhatnagar (P.L.) and Rao?®
he flow of a Reiner-Rivlin fluid between two wavy circular
cylinders employing ‘he Fourier series instead of Fourier. trat?sforms in order
to avoid the explicit reference 10 the conditions at ‘mﬁr}ny. as when. the
roughness is sinusoidal the vanishing of disturbances at infinity is not possible.

Bhatnagar (R. K.) and Mathur®* have investigated the problem of heat
transfer in the slow steady motion of a visco-elastic fluid, characterised by

Rivlin-Ericksen constitutive equation, between two wavy walls and in a wavy
cylindrical tube, the small periodic deformation in the boundaries being

represented by a Fourier series in the axial coordinate.

azimuthal velocity vanishing at infinity 1

have investigated t

In the present investigation, weé discuss the slow steady motion of an
elastico-viscous fluid with heat transfer in a wavy channel. The constitutive

equation of such a fluid as given by Oldroyd® is of the form

Pix + M[(D/DI)(Pm) — Piidir — Pik d;] = 2uldi + . {(D/Dr) (di) — 2 dis dipc} ),
where Pik = ti + POir,

dip, = 'Ii'(l’f. -+ Uk ):

are respectively the reduced stress tensor and the rate of strain tensor and
A1, A, and u are constants characteristing the relaxation time, the retardation
time and the static shear viscosity. The material derivative (D/D1) is defined as

(D/D‘)(“.j) - (a/af)(afj) + U3 @iy k + Wix Qkj + wik i
where w;j = %‘ (Uf,J — Uj, :‘)
~ is the vorticity tensor.

We indicate the flow pattern by drawing the stream lines in Fig. 1.
After determining the flow field, we discuss the problem of heat transfer under
the following two thermal boundary conditions : (i) both the boundaries are
being maintained at the same constant temperature and (ii) one of the
boundaries being maintained at a constant temperature while the other is
thermally insulated.

| We have drawn the isotherms to indicate the temperature distribution
in Figs. 2 and 3. We mention that we have obtained the solutions to the first
power of the small deformation in the boundaries and correct to the square of
the Reynolds number appropriately defined later.

We note tt}at to our approximation, the velocity profiles are affected by
the relaxation time, while the stresses and the temperature distribution are
atfccted by both the relaxation and retardation times.,
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1. Basic EQUATIONS OF THE PROBLEM

Let a be the average half distance between the walls and U be the
velocity at the mid-plane with the neglect of deformation. Introducing the
dimentionless parameters through the following relations :

4 ’ ' ? 4 d i
X y u 0 p el Pu—=,
X om — o S — S —— - - ’ pfj 2?
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AX oy
a XX a X
X y X ax Ay
u§—£+ _c_t_l______.ig. any_'__?Pyy' [16]
ax QY ey  oX oy
2
ST  oT 1 [3°T T] :
LR I P —— = +—=1 + E(ffk- dfk)! [1.7]
# X y 3y Re [sz 3y
where

(i) Pexs Px» Pyy 21 components of reduced stress tensor ;

(ii) Ap= M, A3 =A.i’::_ are the dimentionless parameters characterising
pa
respectively the relaxation and retardation time constants, p being
the density of the fluid ;

(iii) R=1p aUfu is the Reynolds number ;

(iv) u, v are the dimentionless components of velocity in x and y
directions ;

(v) ¢ = uc/k is the Prandtl number, £ and c being respectively the
thermal conductivity and the specific heat of the fluid ;

(vi) E=U%cT, is the Eckert number, T, being the constant temperature
on one of the walls.

The above system of simultaneous partial differential equations [1.1] - [1.7] is
to be solved under the following boundary conditions:

Velocity field :
u=0=0, on y=y;and y = y,,

where n=1+eZ(a,cosa,x+b,sina,x), )

n=]

y2= =1~ eZ(a,co8a,x +bysina,x), } [1.8]
n—=1

a, = (n/h). J
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Temperature field :

Case (a) T'=1, on y=y and y=y, \
Case (b) T = ll on ye=y;,
}
T
and =0, on y= 5
" ny=y, ) [ ]

2. VELOCITY FIELD

We define a stream function ¢ as
u=,, v=—

which satisfies the equation of continuity [1 4] identically. We expand the
physical variables in powers of the small deformation ¢ in the boundaries and

retain terms upto the first power of ¢ as follows:

0 0) ') (0) (1) {0) (1)
',6 == Sé( ) + € 55{1): Pxx =p€u + ﬁpfui Pxy 2 €Plxy ™ Pxy» Pyy =DPyy + €Pyys

[2.1]

2 =09 4 e p®,

Solutiom of zero order equations

The zero order flow is the flow of the fluid under considcratim{zmin a

channel with plane parallel walls for which 5O, p%, p¥) and pj, are

fun.tions of y alone.

Substituting [2.1] into [1.1] - [! 6] and '[1 8] and equating the terms
independent of ¢ we obtain the following equations:

p@ =21 g P + 22 )t =0, [2.2]
RpQ — At Ry P — 3y = 0, [2.3]
2.4
Fﬁ) =0, [ ]
2.5
.Eg?.y = P.E:o}t [ ]
2.6
Pfgf y P.f'mn [ ]
to be solved under the boundary conditions : -

56;0)(1,_1_. i])no.
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The solution of the equations [2.2] —[2.7] is
(0) 3
(0) — Rp'(Y _
$O0) == ( Tt ) [2.8]

and
20— yp®, P2 =2Rp (M- A2R) e

PV =0, p® = x p¥ + constant. 2.9}

see that the velocity profiles are the same as in the

From [2.8] and [2.9] we
while the stresses are affected by rclaxation and

case of Newtonian fluids,
retardation times.

:s similar in nature to that obtained in [3] where the velocity

This result
_elasticity and cross-viscosity while the stresses

profiles are not affected by visco
were modified due to these.

First order equations and their solution :

Substituting [2.1], [2 8] and [2.9] into [11] —-[1.6] and [!.8] and equating
scients of €, we obtain the following set of equations:

the coe
(1)

PO A RPO[LGA=1) Pl =4 (A1 = A2 R) yp@ (L +y Sl ) - 2y py
(1)

_(2y[R) D] = 2/R) g + 20 RPL [ (2 - 1) ¢ -y (24, — ¥ ))s
[2.10]

{1) d
oD e M RPO[E (= 1) pay s — (1/R) ¢V + 2@ (X] - A1 R) ¥ G - ypiy

= (1/R) (5 = ) 4 M RPO[L (P = 1) (B = i) — ) + 5] [21 1]

P+ N RPO 1L (2 = 1) P« + (2 R) 455

_ (1) r - ,
= — (2/R) YD+ 20 R [L (P = 1) ¢ +y i) [2.12]
R (0) r I (1) (0)
( Px /2) (y( 1) 'ﬁ.:y —RP, y ‘ﬁil)"' _pin"*'P.s:.lt).x +ng}.y: [213]
(P (0 2 )
(Rp®[2) (3 = 1) i) = — pV 4+ p13) . + 58 5, [2.14]

to be solved under the following boundary conditions:

O (x, 1) = g P(x, - 1) =0, \

1) s
y (x, l)-— —Rp(f) P (au Cos u, X + by, Sinaﬂx)’ \ [2 15]

n=1

Dy 0 w
gy (X, = 1) = =RpP = (a, cosa, X + b, sinc,, x)

n=] »
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following form :

(1) - p©
B (x, y) Z [4, (») cos 0, X+ B, (¥)sin a, Xx]. [2.16]
In view of [2.16], we choose Pirs piys 'V in the form :
P:(:.Ir)'= £ [C (J’) Cosa, x + D, (y) sinag,, x] \
Pf:},] - 2 [E, (») cos an X+ F, (y)sina, x], >
] [2.17]
2 = =[G, () Cos an % + Hy (y) sin a, x].
el /
In view of [2.16], the boundary conditions [2.15] take the form :
4. (11) =0, 4, (1) =a,, 4,(-1)=a,
B"(:I_"_ 1)-’0, B;:-(I) =b-ul B:l(_ l)ﬂb:'. [218]

Eliminating p‘"’ from [2.13] and [2.14] and substituting [2. 16] and [2.17] into
[2. 10] [2. 14] and equating the coefficients of cosa, x and sin e, X, we obtain
the following set of simultaneous ordinary differential equations:

Cn+ A1 RO [L (5* ~1) @y Dp+4 R (M1 - A2 R)
x(B,+yB)a,y—-2yE, +2pQy 4] = -20,7" B,
F2A R PO [L (P = 1) a2 Ay + (2 47 +af 4.))), [2.19]

Do+ N, Rp®[-4(y*=1)ay C -4 RPP* (A= X2 R)
X (A1:+J*'A )auy"""zyFn +2p.r yB::,]"'zUﬂPJE'U}An
+2 Az RZP(O)Z[z (y2—1)033;+(—3 +ﬂan)y] [2‘20]

{0)2
£, +A P.EO)R[I Yy —1)ﬂ,,F,,+u,,p_£0JB,;+2RP

< (A} = AL R) 02 3? Ay —y Gl = = pS2{A +aa Au)

+A; R “’”an [—1(*—1)(BY +02B,) +Bu—2y Bl [2.21]
F"+)l RP{O) + (y ""l)ﬂn u"UnPw}An"'zRPw}z
(0) e 2
X(AI_AZ R) J’zBu_‘y Hﬂ]_ ~Px (Bn + Qa B.) ]
+ AZ 1{2 pmz Xy [‘;IT(y —_ I)IA: + a, An) — A, + 2.]" Au]r [2‘22
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) oy [L (32— 1) Hp+2 an PO y Al

G, 4 Ay Bpy
20, p@ B+ 2 R PO -7 (3= 1) 47 + y 4,),

H +A1RP(OH['_' (y —-l)dﬂG +2C1nP.£O)J’Bﬂ]
e 20 p@ A 420 R P2l [- 1 (- 1) B, +y By}

«. (D, — H) + Ex + o Ey
- RZP(U)B o [__;_ (yz_ 1) (B —as Bﬂ) + Bﬂ]

and
K n (G:: C::)) + F: + Clﬁ F,
R0y [5 (OF = 1) (AL - a2 An) - 4],

where dash denotes differentiation with respeet to y.

[2 23]
[2.24]

[2.25]

[2.26]

Since we are considering slow motion, we take R to be small, Using

this physical fact, we set:

An=A0=n+RA‘.sn+R2A2:ﬂ; Bn-_'“BO:n'i'RBl:n‘l'RzBlsn;
C'n'= Cg,n-l'R Cl,ﬂ+ chz.rn; D11=Dﬁlﬂ+RDliﬂ+ R2 Dzm;

E = Eqn+ REpn+ R Enn; Fa=Fon+ RF,u+ R Fryj

Go=Gon+RGiyn+R:Gon; Hi.=Hon+RH,n+1 R H,,

[2.27]

Substituting [2.27] into [2.18] —[2.26] and equating the co-efficients of various

powers of R, we obtain the following sets of equations;

— Coyn=Goyn=2 0y P:EO) Bo; ns
Doy p= — Hoyn= 2 @n i Aty s
Eoyn= —pi¥ (Ao » +ai Aoy )
Fo,n= —p" (Bo,n + 07 Bo, »),
& (Do, n = Hos ) + Eon + 0 Eo, n =0,
on (Gorn = Coy ) + Fo,n+ 07 Foy n=0;

C1,H+A1P(m [2 (}’ l) X n DO n- 2 b 4 Eﬂ: n T+ zp.i(cm y A:}’n]
o -20:?1?(0) Blrm

(
Dhﬂ"‘AIPO)[" 1 (}’ "'1) Op CO: "2.)’ Fo,n+2Pmy le’n]
*20'np(0) Alﬂtl

{2.284]
[2.280]
[2.28¢]
[2.284]
[2.28¢]

[2.28f]

[2.294]

[2.295]
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El,ﬂ+ A]P(m [1 (y = l)aﬂ. FO n +unp{0} BO!I'I

-yGO!n]
I (AI-" Gﬂ Al: n):

Flm"';\lp(m['—'!'(y -1)aq, Es, ,, -

aﬂpu}) AO‘ n —-y HO' o
(0) (Bl n+an Bh“)

Ghn"‘h Pw) l(y -—1)0" Hﬂ:n"'zcnp yA(hn]
"2051:.0(0) Bl!ﬂl

Hlm+A1P(mﬂn ["“"(J’ — 1) Go, n +2 ﬂnP{m}’Bo. n]
- _2GHP(O)AIIHI

“n(Dlrn Hl!ﬂ)+Eln+u El- - 0,

@ (Glon=Clin) + Fl'y +02Fy,, =0:

CZan'I'A P(OJ [z (y - 1) Uy DI ﬂ.+4 Al}z’ﬁnz‘:ﬁrm.}"

X (Bo.n+ Y Bgy ) — 2V Eu+2p0 yAll] = = 20, p®

81

[2.ﬁ9c]

[2.294]

[2.29¢]

[2.297]
[2.29¢]
[2.294]

X BZ- nt 2 )"’ p(ﬂ)Z [_' (,}’ - 1) Un AD: n + (Gn Aﬂr nt 2 AO u) Y1 [2-30‘3]

-Dznn'*'Alp[m[—'l'(y ‘I)UH Cl!u'_4hlpw}ﬁuﬂy

) ’
X (At'l! " +y AG: n) 2 y Fll n+2P{m)' B:fn] 2 “rlpw Ahn

+2 A p [4 (32~ 1) o2 Bo, n +(2By/n + a2 Bo,n) ¥

{02
Ez’"+A1pm)[2 (}’ "l)aﬂFllﬂ +ﬂnp(0)Bl:ﬂ""2alp
X Ct,, y AO'r -y Gll n] e —P(O} (AZ n+ﬂn AZ- n)

+A2p.sc?f;: l(y —1)(30n+0nBﬂ'ﬂ.)+BU!ﬂ_2yBﬂl?t]

r ) (0)2
Fz.n'i'A;pim[—'l' (yz-]) 8 E[.n :;P,&O Al:n+2;\lp

XGZleO’ n""yHlnﬂ]"‘ -.P(O}(B H+0"Bﬂ’")

[2.308]

[2.30¢]

o Az p(on LB P [2 (J’ 2 ]) (AO nt &y AU# 'u) Aﬂ! f + 2}' AO! ﬂ] [2 30d]

(0)
G‘l,n'*'A]p(O) 0'“ ['l (y "—“l) H;.H'i'zﬂnp yAll?I]

=20, 0 B +205 02 a2[ -4 (5* =1) Ao, n +¥ 4o n)

(0)
Hzm-l-?l;pw) [—-—-(y —I)Ghn'*'z“np J’Bll"]
"—zaﬂpxm A"lﬂ"'zhza

[2.30e]

@21 _ 1 (2= 1) By, o+ Boiad [2.30/]
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dTn (Df: n = H;, ) + El:’n + G?l L3 n
w (0, p(ﬂ) [ 1)(30 n=— an Bﬂ) 'n) + B{), ‘ﬂ... [2.30g]
Qn (G;, n- C"L n) g F;’n + (13 F2' 7
=0y p:(cmg [2 (y — l) (Ao n = an AO: n) AU: n] [230!2]

to be solved under the boundary conditions :

Aﬂ:n (:E l) =0r AE!! n (1) = Ony Af;! n (" 1) - Oy, }[2.31‘:]

B{] ‘ﬂ(:: l)-oi Bl;a‘n (l)-bm B(rh 1!(_1)-b;:

Ahn(::l)"A;ru(:’:])”‘oﬁ }[23|b]
Bhn(::l):B;:n(il)"pﬂ I

A;_-,,.(-_—-_-l)-AE,n(;tl)-O, }[2.31(‘]
BZ:?:(::I)_BI;*R (i'l)"'o'

Eliminating Cg. n» Dosw  Eos Fo. n» Go.n and Hp.,, from the equations
[2.28], Ao, » 20d Bo,n are given by

(D“-ZaiD’+an)[’4°’“] -0, [2.32]
By,
where D =(d/dy).

The equations [2.32] and [2.314] give
AO: n = (uhﬂ + Q3 5 y) cosh an Y + (021 nt T4 n y) sinh T Ys } [2 33]
Boyn={(Brsn+ Bany)cosha, y + (L2, n+ Farn y) sinha, y,

! .
where Ayy o — (e dod St 2o = [2.344]
2a,, + sinh 2a,
!
2y m {22 @) COSR G, [2.348]
2a, — sinh 2a,,
(as + a,) sinha
A3p = = -, 2.34¢)
Sﬂ 2a, — sinh 2a,, [
Kty (2, — a,) cosh a,, (2.34d]

2a, +sinn2 a,
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The arbitrary constants g
S 1» Ny Bz‘! ¥ 3 ns and 1
[2.34] by replacing a,s by b.s. 'Fhf f’;nctionﬁ:z: anl}: obt:;;ned oy
'R 0r ns 0s 310 F{h 3

Go e @0d H, » can be easily obtained from [2,28], [2.33] and [2.34]

Eliminating Cy, ,, Dy, o, Ey, o Fy, Gy, and H,,,

and B,, , are given by from !2'29]’ o

(D"_zuiDZ_{_u" [Ahn -
) 3, | =0 [2.35]
which along with [2.315] gives
AI: n=- Bls n= 0. [2.36]

The expressions for Cys o Dy 0y Eyv sy Fiomy Gropn and H, ;
from [2.29] using [2.33], [2.34] and [2.36]. e €28 be oblained

Eliminating Ca, n» D2 ms E2s v F2y me G2y n and Ha, p, from [2.30], 45,
and B,., are given by

(D*- 202 D* 4 0}) A2 n
= dy Pio) [(ﬂ'n ﬁq,. ,,yz = 531 nY = Un ﬁhn" ﬁh n) cosh any +(un ﬁ’a:nyz
- ﬁ‘huy— On 33!91" BZ! ﬂ) Sinhan }’]

2 _(0)2 2 2 3 2 2
+A1 P:(rJ Qp [{Gnﬂs,n}’ +(7aﬂa4tn"'ﬂnﬁlfﬂ)y

_3(0?!’*' 1) 03111)""(3 On 04rrl+ﬂ§al’n+30hn)} COShaﬂy

+ {ﬂg ag, nys + (7011 C3hn— 0?1 X 24 ’H‘.) .|"2

—3(c?+1)agny— (3a,Gan 40200+ 3 @z )} sinhag 3], [2.37]
and
(D*-=2a2D*+c3h) By
- _anpf”[(an U4 n J”z"' a3y n y—Gn Ogyn ™ ﬂhﬂ) CDSh(!“}'

+ (C‘n a3, nyI"U-h n y—an a3 n _Ghﬂ) Sinh u"-y]

2
+e A;‘ Gipiﬁ)i.’ [{G,’-j ﬁ;,n ya +(7 On ﬁ#v n "'"a;:l Bllﬂ.) Y
~3(a2+1) ﬁa.uy—(i"ﬂnﬁnn‘*ﬁgﬁ!m*’?’51"‘)} cosh ey ¥

2 2
+ {0:2: }94-.-::.1’3 +(7 Un ﬁsm-ﬂ: Blm)y -3 (“""' 1) Fa-n) [ 3]
2.3

_ (3 An B."h i U:E ﬁ'z. n Tt 3 )821 :)} sinh a, )’]
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Solving [2.37]. [2.38] along
AZ:n-(Klrn+K3!ﬂy) cosha ¥+ (

’ an s Sﬁhn ﬁlrn_gdhn P .
(O)[{Eﬂy‘_._?'—-y +(——-——- —_ 2 y cosh «, y

with the boundary conditions [2.31c] we get

Kz,ﬂ-l-K.“y) sinh o PV

1602 8a,

+Ps 96 8an
Basn 4  Barn s SBS”F_EM_&:‘)'Z}Sinhany]
i {-ag 4 80.'7;y N 16‘1i 8a, 8 B

+ A;l’.piﬁ)l [{Eﬁgg'ﬁy:" 4 ( n"9{24.ﬂ " Gn;h'n ) y4

+ Endznl __25(13!__11__ﬂia3!u) y3+(2l J4omn qc;;ﬁ
12 48 8

8

> 21a 9a
s P ¢ S PR 2504*!: __EE_(I_""_’.‘ 3 3 3Jvn M m
+(F )y ( 16a, 16

8
where
(0)
P ﬁlsn 11 S )} 2
Ky, p & ——— {24 Ry | —— cosh™ «a
b 2a,,+sinh2a,,[{ 4 B‘“(48 8« "
l llﬁﬂ BI:“} . p
y Tt e e Slﬂh (I"
+{ﬁ4 (8(:,,, 48 ) 4

3 | Bh n\i .
+ ' N + sinh 2
{ﬁ4 ( 16 o, 32) 8a,, l a“]
Xi% p? { (90,, 13a; 21  a:
+_ N e ) — T RncIEY
2a, +sinh 2 a, N 8 ¥ 48 - ] T 8 }

13 91q? 19¢., 13a}
XCOSthI +~[cr s | —— "l — . N n }
U (24 240) N ( 2 43)

2
x sinh? o, + {a , 21 Xn ) _ 9 Sanll.
4 n(l6ﬂ!u + 12, Uiy n 16 + 32 Slnh 2(1“

2 o g a,, &3, az as.
Ay X1 n 2 n U4 n S+ nA3sn n 4
= )y}coshaﬂy+{ 0 y ( C6 96 )y

[2.39]
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2n = S "2:_’"'{‘ B sl —— — l
2a,, ~ sinh 2a,{ | 4 . (43 8%)}
x cosh? q,, {EEJ‘I‘*'B (_'_!_ I
4 Irn 48 san ISlﬁh C[“
Bhn 5 ]
+ e S v
{Ba,, B 1602 +32 )} sinh Za,,]
" A2 por2 1((12 19a,  13q?
2a, —sinh 2a, | { ™ 24 T ag )~ %n
13 9|a2)1 . 9 3
X | ==—==—")lcosh?a, - {a,, [ 2% , 13q,
(24 240 /| " {ﬁz "( 8 48 )
2l az\).. .2 9 5qa;
— ™3y 4| — + — }} sinh ”n " — On
”(8 48)} e +{““’“(16+ 32)
21 ' o
= 3, ﬂ(lsaﬂ +§2—)} Slﬂhzqn}, [2.40b]
(0)
K, - Px ES:n h2 { 3 __5_ _ F_“?’_“} 5
= 2a, - sinh 2 aﬂ[ 4 FOSN" Ky 1P 8 da’: 12 Ay sinh ey
2 _(0)2 3 2
_ 3 Fon sinh2a,{ +— _ ;_J"' {33:1: (z_tr’._“ﬂ 9 an _"n“2~n}
8 a, 2a,—sioh2a, 24 40 6

X 1&3051‘12 x, — {CI 23 -ﬂ("?—

4

Oy 09, 25
+ {2 — gy — +

{ 4 3?:(16

and
(0)

K4:n=' P,. {ﬁhu
2a, +sinh2a,[ (2a,

\

)} sinh? a,

[2.40c]

2 2 21
+5 u,,) Fay, “(9 i 23 Gy

12 40 24  da,

2
3 n")} sinh 2 0:,,,] ,

16

5 5 2
Fas i"(12 4 aﬁ)} "

~Ban inn? oy, + 2 Soen
4 An
A;ZP(OJZ

+
2a,+sinh 2 a,

+5a§
{““" 4 . 12

x sinh 2 or,,]

9
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9a, 23anu _ _?_1_)} sesh® o
+G4!?I('—Z—6_+ 24 4‘1“ 2

86

A

3
3 {alzi f;hn___ 04"2(25 I +9a")1 sinh? o 9%

—54_" 40 /,
Ay A1y n 4+« ' g§_+5{1i)} Sinhz(l,,] [2-40d]
ti1—7 4 P*\16 16

The expression for Bi. 4 and the corresponding dashed arbitrary constants

K. . K. ++- etc, can be obtained from [2.391 and ’[2.140] by replacing
K Ko Kyvw Ka n 53 Kiogs K u Kbuns Kiuws B by o) with siga changed

. . '2 (0)2
in the coefficient of p_f_.O) and a's by ﬁ's in the coefficient of A" p.”“.

Once again the expressions for Co.ny D2iny 2o Forms Gy, » and H,,,

can be obtained from [2.30] on using [2.33], [2.34], [2.36],, [2.39] and [2.40].
Integrating [1.5] and [1.6], we have

par =n®+ 2 [[ei- L Fie PO RO -0 M-y 4140,

n=1 a,

2 _(0)2 2
+aﬂfF“dy+§p"2 u"f()’z—l)Andy} COS O, X

+ {Dn + 1 E 4+ R p©@* [L(y* 1) By—yB,) + Hy— an [ Endy
Ao

2 _ (02 2
$ & "’*‘2 2n [(»*-1) B, dy} sin a,,x] , [2.41]

F . ;
where p i3 a constant pressure.

We note that the velocity field is affected only by the relaxation time
while the stresses are affected by both relaxation and retardation times. This
result is similar to that obtained by us in reference [3] where the stresses were

affected both by visco-elasticity and cross-viscosity of the fluid while the
velocity was affected by visco-elasticity only,

This completes the solution of the general flow problem.

Particular case -

Let the boundaries have sinusoidal deformation defined as
(i) a, = a, =0 for all n,

(i) bp=b'n =0, for n>1 and*h, =b' = 1
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In such a scheme, we have '
a ’ B » - -
>} 021 a]t] (1'4,.:51’1_#?4,1_0
BZII-’ 2cos_hﬁl
2ay—sinh2q,’
Bry = ——20ha
201"‘511]11201
Gy o
Th [2 42]
so that
Ao,y = Do,y = Ep, ¢ = Hy, y =0,
Bo:l-ﬁa,lJ’COShﬂ:J"l',ezuSinh a1 Y, [ ]
243
feo1= —Goy = Co,y = -2*11?(0) [((11 ﬁzsl'i'fa:l) cosh a y
+a, By y sinh a, p], J
AI!I-BI!I-CHI=FI&I=GI!IEOI [1.440]
-Dl:l -A,piﬁjza;[[al ((Il ﬁ.‘!!l + ﬁja [)""(5 £3!l
+ay ﬁzn) ap y°f cosha; v+ {(ﬂf B3,1— 4 a Ez,l—4ﬁ3.1)y
—aj ﬁs,l}’s} sinh ﬂi)’] [2'4”’]
Eiy= =X ay p®2 [{(o} Fs1— 201 Pt - Bat) ¥—ai F31)7} coshar y
+ {(fzf 1 + 0y 53'1'1'01 /72,1)—(3 B3 1 +a Pa1’ @ Y sioh a; v},
[2.44¢]
Hiyy= = Al p @ [{(Fs 1+ L) + (Bs 1= a1 fand) '} coshary
[2.444]

+ {(2 B2 +ay fa:r)y-ﬂt ﬁ,:‘nlyj sinh 01}'];

. ES!I 3
Az,l-K’;,,ycoshu.y+!\’z,l51nhcx1y+pim[ Sa, cosha;y

IF?" 1 i (5 Ba1_ P __53*__!) yz} sinh a, y] ; [2.454]
T 196
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, . 12 _(0)2 f’lassl 5
Bzrl"K3*lyCO5h (’I!_}"'l'K;sIs"]hUly"'f\l P [{ 20 y

- 2
N (a; By 25B31_Ci ﬁu) y3}COSh ay Y+ K?' Bys _ 0 B, ‘) y*
8

21 By 2 B2s 1 aj B3 1) 2} h } [2
e e R g o y'rsinhayyi, 45b
+( 16a; 16 8 ) :

L

' 209 i B3y 25 ai Ba,1) .4
R CELSCELE )

Y ELN:Y 1Byl 3aifyy 1741 fn ) 2
8 2 & 4

)
+';-(G% B 1 +Gi B2 I)J cosha, y + {

19 ﬁ? ﬁs-i ys
40

+ 1_1901 B3;1+47_E1__% .8_2:1__3“% B3el)y3 +(0:l; 83~l 21 EJ'__I
24 12 4

2
_70[;52' -—4(1153,.—1552”))»} sinhal}}

-2 ay piﬂ) [((I1 Krz. y + K;, 1) cosh xQy, Y+ 0y K;,] y sinh ay y], [245C]

Dy, =25 a1 % [{ay (ay Bovy + B, )y —ay(a; B +ﬁsn)} cosh a, y

+ {G% 3-1}’3+6 ai Bs=|y2+(3 B3 1+ 6 oy SZ&I_G%BZ# 1)}’} sinh a, )’]

+ 2 ay P£°)<{(u1 K51 + K3, ) cosh ay y + a; K3,y ysinh ay J’}

96

B3!l 3 SB: ,. ’ . )
+[-— T +(§—;—2-‘—BL‘-—§3—1)y]smha,yj>, [2.45d]

a )
+Pi0){["-l'£§—1y4 —( B3 X B2y +a—‘-§—§-’3—3) yz] cosh ay y




Eg, 1 = AZ a, p(0)2 [t(ﬁf ﬁ.‘.’ul = ﬁ3,

+ {(ﬁl ﬁ3!l +(1f 52: t + ﬁZ!

m)<2{31 K3, 1 x y cosh x y.g.(,a1

(0) ay B3y 3
+ Px {[ . +(-

+ U% Pa.lyq_ 0? B5. 1
48 4

~ ﬁ;—'—')]sinh a,y}> .

89
1= 7 a B2, 1)}’ af B3 1 }'3} coshay y
l)"" (3 ey B3, 1 + nf £, 1) y’} sinh '11)]
Ky 4o, K, ) sinhay y}
18211 33] BS!I 3331
, 2 +5—;)ch0st,_1;
+ﬂ132-1)y2+(5 B:s;!._.g&_l
4 8&1 40.[
[2.45¢]

Fpq= — Mo, p®" [{_ 19 a3 B 1

40

9ay B3.1, 3ai By
+( 4 2

3a2 85,  23al Bay
(2ot Bt

MRE a;ﬁz. : ) 4 (_21 ng L

8(11

5+(43(11f3,1-1.3(1?33.|_230§£2,1 yg
24 4 12

3
ﬂ133~l 25 Fa-l 7BZ=t) )
+ - cosh a
4 8 X1 4 yJ 17

)}’ (ﬁs, +ﬂ1 ﬁz:1+3ﬁ1 B3 1

3ay B @i Brr_ai oy
4 4 2

h!
— 2 Pz")] sinh o y] w) [7 {&1 Kan}’c'DSh @y

3011

+((11 K‘},1+U1K3,.|)51nhﬂ[} ] [245f]

31 af B
G 1= — A2 a; p° [{( 418

25a; Ba1 \ .4 _ §ﬂf53~1 " 30';'_.32,:
T 48 A 4 4

3
3 oy 5211 __ﬁ_.%_l_) yl_(giﬁu.,.‘llﬁ&l)}cosh a; y
B 2

8

2 2

i ] O%ies B 1 Voo
+{_190?6;,1ys+(ga.4ﬁ:3,l+13a.,ez,,_ B3 )y

12 24
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2 %
__?_ﬁ?_'_l 21 ﬁS:L_G%BT‘_ 301_ﬂ2!l)y}siﬂhfl;y]
+ 4 ‘}OII 2 2

+p@[z{a? K3 ycoshayy + (a? Kgo 1 +01 K3 1) sinhay yi ], [2.45¢]

Hy = Aépimz Gi [{(Gl 52: 1+ B3 1) + (53; 1 — @1 B2 1)!2}Cosh ay y

+ 1(2 B2r 1 + @ Bz 1) ¥ — 1 53,,y3}sinha1y]

...pf” <2{<1“,2 K3, yycoshap y+ (ﬂ% K3, 1 + 6y Ky, ) sinh ay y}

2 0 Pa.qy G at B 1
(0) Qg ~ 1 8 i 31 1 21 + i M3l 2 cosh
+ Px {l y ( s T 4 4 ))’j xy Y

6 \ 4:('11 2 4 J
where
(0) . i 1 . 1\
Kz,l g i ' {EZ_!_*_ 3 (_"'"—-)}LOSh-al +J( 5 _] N BSI
201—-81nh2al 4 48 84a1/) l 80.1 48/
B2, 4 . 10 132,1 o 3 I X g om
i —— sinh + {—— - . + —- - sinh 2 2.46
y }x inh® a; 8, 31 6a2 32 | Q) [ "-'"]
(0)
K3,1— px’ __BS* I-C’l'.'.'!Sl'l2 ay + {Bg, 1(-—9—5-——2- —-—B——z—'llSinhzﬁl
2a;—s8inhza; ]| 4 da7 12/ 2a4l
_3 Bt o a,] , [2.468]
8011

r2 _(0)2 3 2

x 5 9ﬂ B ]

Ko oy L P { 220y 03\ @i B2l ooh?
1 2al_sinh2a1[ ﬁ3’1( 24 + 40 _ el

9 Sai 9 a7 23 21
{ H | 12 +’3 t + 7 "‘-‘—"01 199 v ¥

16

; Arzpiﬁ)z 19 3\ P
AP [{sz,l( 2uyBel) g, 1(1_1_9!_21)}005}1201

2 ay — sinh 2q;

L 25 s .
L Y B3 (-— +Sl:')} sinh 2 u,] : {2 46¢]




F’Hfd 9[
a Bz‘t(g*—ﬂ—'+]§nj - 21 aj\) 2
| 8 43 ok §‘+;—§- Jz~:.1nh (ay
( (9 5&2)
+ JBE!I ——+'—_""l* —-ﬁs (__g_l__ 18 ' .
l 16 32 I b6 ay +32 jrSlﬂhZU] [2.4ﬁd]

Equation for pressure :

The pressure is given by

4 (0)
pP+pD =XPpy +€<{[C0-1"(l/ﬂt)ﬂ;,l+Gu,1+G1fF5.1dy]+R![C;,,

= (@) B i+ Go 4w [ By dyl 4 R[S (52 1) Ay -y Ay
+(ai/2) J (" = 1) Aoy dy]} x cosa, x+ DLy +(1/0)) By + H,,,
—ay J By dv] + B[ Dy + (1)) Exy+p0 {5(3* =1) By, y — yBo,
+(ai/2) [ (y*—1) By, dy}] + R p2 [$(»*-1) By -yB,.,

+(a31/2) [ (3= 1) Bo, | dy]} sine, x). [2.47]

In Fig. 1, we have drawn the stream lines for R=0.1, p{® =1, ¢ =0.03,
h=1, }l; =0.1, We note that the stream lines near the boundaries run
parallel to them, the deformity of the stream lines decreases as they approach
the mid-plane where they are just straight as expected, in view of the symmetry
about the mid-plane. This result is similar to that in reference [3]. The
stream lines are slightly pisplaced due to the effect of relaxation time relative

to the corresponding stream lines for Newtonian fiuids.

3. SOLUTION OF ENFRGY EQUATION

Let us now consider the energy equation [1.7] to be solved under the

thermal boundary conditions [1.9]
Setting T=T®+eT®, T =0, 77® being a function of y alone. in
[1.7] and [1.9], the zeroth and first order equations in terms of i are

f3.1]

T + Ee Rpiy - ¢y =0,
and
5O T — g0 7O = (1/R0) [T + Ty

, | 0} (1) a: 3.2
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The boundary conditions satjsfied by zeroth and first order temperatures in
e

said two Cases reduce to:

Case (a):
TO(+1)=1, [3.3]
L . ‘
TV (x,1) = — ;e (I)MZ__?I(.:I.Jm cos o, x + b, sin a, X),
- [3.4]
o o
M (x, - 1) = T (- l)"él(a:, cos o, X + by sin a, x). )
Case (b):

7O () =1, T (—-1) =0, 3.5)

7O (x,1) = = T (1) S (an €08 6 x + by sim 6 X),
n=1

TV (x, - 1) = J}Fﬁ') -1) = (a:, COS &y, X + b, sin G, x))

n=]1

We now take these cases in turn,

Case (a) :
Solution of zeroih order equation ;

The zero order flow is the same as the flow between two plane parallel
walls for which, on substituting for ¢'® and o, T9 (y) is given by

2 _(0)2
70 (y) =1+ 2 (1Y), [3.7]

in view of [3.3].

We note that the zero order temperature field is not aftected by relaxa-
tion and retardation times. This result is the same as obtained by us for
Revlin-Ericksen fluids in reference [3] where visco-elasticity and cross-

viscosity of the fluid have no effect on the temperature distribution in the
absence of deformation in the boundarfes,
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Solution of first order equation -
Using [3.7] the boundary conditions [3.4] reduce to
M Eo R p* &
T(x,1) = : X Et (a, oS @y x + b, sin a, x),
Eeo R2 (0)2 = [33]
T“)(x,-l)-~ 3” 2 (a,cosa, X +b, sin a,, x),
n=]

sO that we choose

TV (x,y) = Eo R p® 3 [, (y) cos X +Jy (y)sina,x.  [39]

n=1
Thke compa.ison ¢f [2.8] and [3.9] leads to

1;,(1)=-— I, (-1)--— \

’ - [3.10]
;,“)='"—' Ju("l)-_;";

The equations determining /, and J, are:

.l'

(D*—ad) I, =[(4) + a2 4,) = (Ep)]y +2 RPP 2, A1 y
+Rp® a, [e{t (F=~1)Ju-0G*3) B} =207 Rl [3.11]
and
(D= a®) J, =y [(B! +02B,) — (Falp®)] =2 R0 p® X1y An

~ R’ L P(O) [0' {'2!' (yz- l) I, — ()’3/3) Aﬂ.} - y A"] [3‘12]

Setting, as before

2
Ii=loon+ R Nynt R Loy [3.13]

Jo=Jon+ Ritn + R J2s s



{. N. MATIIUR
94 N

Ini : ; ' Ard
the equations detsrnuning Iov s Jasms Tioms Jio s L20m aud Ja, »

- {0}
(D —Gn) Ioyn=1DY [lA Qs 2 +“n AU ﬂ) }'-0'- ﬂ//"x ’

( —Qa )jﬂl ﬂ"—y [(B01ﬂ+{1n B[}. ﬂ) Fﬂ “/p(OJ

) )
(D —ad) L, a=2a.0 MY 32 Boyn— (¥ Evnlpd”)s

()
(Dz-ﬁﬁ)Jhn": ""zoﬂ.p.g}) A: Aﬁiﬂﬂ(y F!! ﬂ/p i

(D - Q )!2: n ='y[(A 2nt
e (y3/3) Bg, 'ﬂ} s 2 AzJ’ BO! u]

and

A" n) E2a ume] + &y pﬁ)) [0’ {; (y'l - 1) Jﬂ! n

(Dz"‘ﬂi) JZ!ﬂ-y[(B nt GCn BZ n) FZ! 'n/p(m] an pfﬂ) [a{lf(yz"' I)Iﬂvn

. (y3/3) AO: n} — 2 1\2 J’ AO! ﬂ]‘

which have to be solved under the boundary conditicns :

Iﬂi'n (l) _ﬂn/3, IU!TI ( = 1) ‘a:l/3’1

Join (l)- bﬂ/3: jﬂrn('— 1) ﬂb;/),l
Ihn(::I) =J1m(:: l) =0=

[2,,,(_-_51)-.12,“(_-_:1)=0.

The equations [3.14], [3.15] and the conditions [3.20] give
IO! n "= [L], n— &y n Y + Gy K2 nyz + (2!3) Op Cas n y3] cosh Apy
+[L2nr—02:n Y+ a,ay, ny + 3 Gy Q3, nys] sinh ay, ¥,

and

JD: n "= [Mh n ﬁl: ny ¥ Qy ﬁz- n yz +'§" On 84: n yS] cosh Cp Y+ [A'[E: ¢ U

+0n Pron Y +2 0y P30 )] sinh oy y,

where
a +0
Ly, L e~ 0, @ ( Z
w02 + 092, — F0, a3 ,) X tanh «a
6C08h a, * N r 2 3 Yn 43 n) n»
a a,
n=— %a 3

6 sinha, .

[3 2¢]

[3.21]

[3 22

{3.23]

ﬁ"Z! nYy
[3.24]

[3.25a]

[3.250]
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M, » and M,,, can be obtained f .
s by ﬁr& rom [3.25] by replacing ¢’ s by ' s and

The equations [3.16], and [3.17] and the conditjogs [3.21] give

Ilr ;) "‘Pll n cosh Tp Y + Pz, nsinh Un."f‘a\:pio“' % [{(ﬁh"_i" }31”‘ ¢
strn 4 'f.. :

, |
_ﬁ41n)y+(anfhn__£_2-_1_1+§§__ut)y2+(aﬂ£hn Gﬁﬁh::_

p
8 a;, 8 Bixy 4 L 6

; a, Fs. a,; B, 2 8.,
-gfz—"))’s*‘( 53“— gﬁzﬂ)y‘—*——-—u ﬁ';"y"'}coshm.y

%

BZ! "n a, Bzm ﬁ‘h (l'z ﬁl B ﬁ
ke il - Ly nilsn  FMha 4rnl) .2
{(Ba“ 4 8a2 )7 T\ T 4 S 8q./°

dy Bzv n ﬂi ﬁS- n )83: n 3 qy P-h n 03 Bh n) 4
+ + - g A
( 4 6 12 )y ( 3 s )7

¥, 53:1‘-_
- u"l%" L ys} sinh a, y] , [3.26] .

- {Bzm & s, . (‘_I_'z.'_._.l _ = )} x tanh a,,J i {3.274]

8a, 15 12 8a;
and
2 1 \)
3! _(0) B> n .‘E'.._.!____—) coth a,

1 2 a, , 1 \! [3.275)
+‘[ﬁl:n(“§'“%)_f4wl("—8 +30’,.)I1|

obtained by replacing

‘ ' tants
The expression for J;, , and the oy o [3.26] and [3.27] by

Piyw, Po,n by Q1 n and Qs , can be obtained from
replacing 8's by a's with sign changed.,
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The equations [3.18], [3.19] and the conditions [3.22] give

3 2
]2,,.=R1,f3005h ay y+ R2-n5iﬂh any+[(—§-a,, Kyyny + apn Ky,3)

.-Kz,"y)COShC(n}""( aﬂK3|ﬂy +aﬂK2rny —Kh'ny) Slﬂh(l.ny]

(0) [{“nﬁS-ﬂ yﬁ_ll B""y5+ (1 Bin _On Bisn _ ﬁhn)y'l

TP 288 480 64 a., 16 16
24{]'“ 96 a 20.” 64 a, (o g Gn Gn

; 1l B3, 5 7 Bs. »
—2-55"“))*}coshany+{ﬂ“84“ys— 3 y5+(f Ba

anBun _Bun),s_(Fon L3Bs ,,_)y +(84.ﬂ+25 E4~3n
T 16 16 24 Qgn 96 (lﬁ 20:1: 643:!
ﬁl: n BZ' Jl E—"_’____ - .22....3_3'_1!'. y sinh a b4
_-1_6_&,2, 4 16 a; 16 a2 64 an »
; 9adag, 7 [ 103alas q lBaiaz,n) 6
2 (02 ) An Tasm 7 _ g Cnlhin } g
gl [{ 280 ( 1440 268

3 2 3
% (31 Uy G4y n + OpUygry 23 Qp Ay, n‘) yS & (93 Mgy X235 n + Up 025 n

96 " 20 430 192 8

2
+a303,ﬂ__l49a,,n)y4+(§_{a4,n 151 ay, « a,.m,n)yx

4 192 32 a, 96 4

" . —_— s =L

64 &y, 8 8 64 0:

3 2
+(_|.15 X2y Op Tqy Qp T2y 165 4. “) y2+(fll,ﬂ Ay X1y n

P Bt e i,
g

64 64a, 8 g 8 a,,

= 115 ey + 165 Che + Shn Balby + 2% “*) J’} cosha,Vv

90na3n 7 (103ala, 13a; 31 o, a;
=N (. —_ n‘t4n n iy n 6 n VI
{ 280 7 ( 1490 288 )0 7

3 2
+'an02:n 23 c2 QAp 02”1) 5 (95 Ap Ty 9 c:ﬁ o TN n Qp T4 0

20 480
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- crnfgnm _ ﬂi:hu _1%_1'1_4%_;) y2+(2—%3-3‘ 212:_5_2_,_‘31 _ “5:'!2»_::
| a’ 8 64 o
e e )

2 2
S [T S PR T

_ Xy BI 11 )y + (BZ: n ”g HZ- n o 1831 n) y2 + (an Bl-n_ _B_h ]
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B4I ﬂ) } {ﬂi 53, 5 (u Bl a B4
- i cosha,y+ {-2L>n Xn Pram Oy Eain ) 4
ﬁlhn ﬁlrz: Balﬂ G" Bz'tﬂ 3 E_I._,:.‘ EBII B" . :
ul i - Y+ N
12 6 4 8 8 ay,
YV ay, 52- 7t FZ " 3 n } ] (0) [ P B3,"
+ yitsinhay,y]l +pc ©
( 4 San sun) j. "
+(nnBl‘n_7ﬁ4-u\y5+(753-n_”n53-n__ B’hu)y
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where
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+ A2 plo2 “Gl‘ﬂ(gqﬁ +l39 115 )

99

3
= g4, n(g-{l" + ——-—-—-19 In e .._._Il?
56 06 32 o,

165 1\) .
+ = ); 3a}) 71
64a3+ 8)} cotho,,+{qlm(. n_Ila, ]lS)

A e e
! e ]

40 " 96 " 642

n 6 8(13’ ﬁl n 15 2‘{1‘0::“4']6.:]:i
| 11 : M (1 .
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p4 ﬂ(30 24Gi 3{1: )> " <30n * Mo 48 +12ﬁ:)

o 1 7
tBarnl\zy— - ' 3.295
e (72 60 8&,3,)>] [3.296]

The expressions for Jo, , and the corresponding constants S, , and S, can
be obtained from [3 28] and [3.29] by replacing R’s by S's; K’s by dash K’s;
B’s by a’s with sign changed into the coefficient of p?, a’s by B’s in the
coefficient of A2 p2; B’s by a’s with sign changed in the coefficient of
A2 s B’s by a’s with sign changed, M's by L’s with sign changed in the

x
coefficient of pi” o.

Particular case :

In the particular case when the boundaries have sinuseidal deformation
defined by [2.42] we have,

th=L2*l=M2&I=R2:I¢SBI=P2'I"Ql:l'QE:I":()* fo»t-Jlsif'EOv

: : 3.30a
My m 2 —ay Bur+ (Bar—E i Bay) tamh @y, [3.300)

3 cosh a,

Rhl"' —ay K2,1+(K2,1—'*§“ﬂ1 Kz, l) tanh 48]

1 | (7a, 39 25 ,,)>
wimKﬁz"(TJ“PTéT% Wl ETTITTTIC L
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[3.305]
1 a? (Cfl 1 ‘ L. 0%
3 (0) 3., .l B ) L —— - + Ea, sl
Py, | = A Px [<21(8 8) 331\8 8(1,)> <8a1 Eas T
1 1
—————=) Ytanh a4}, 3.30¢}
12 8u¥)> ‘] [

Sm--"ﬂle.ri-(Kz,t UIK;:l)tanhﬁl
\'2 O 1303 Tlay 115 (a? 149 165
X 2 B + ’ + -+ -
ok Kﬁ '( 288 192 64al Fai\se Y102 Y oda
257 a2 )> < 83 % 139 115 ai 19a,
- y Tty + P & ’ — 4
1440 Bl 20 * 96 Toda Ba1l56™ 56

119 165
+ s { ¢ K
320, 6dal 8)> A "] L3.304]

Also

Jooy=[My, +a; By coshayy+[—Ba 1 y+5 a1 Bany y’] sinh a, 3,
[3.314]

2
fiyy =P, coshayy4 A p“JJ [<(<_1_1§3____ﬁz_! +L)}’2

.4 3 8(‘[1
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Bay 4 gq2)”

+(f't Rz-l-}-g_%__g}_!l_é}_ﬁ\ 3 GIBZ 3 -
- p 12 )y - 0 ¥y sinh (Il_}’J [3.3]5]

L,y =Ry, s cosha, y+ [‘11 K, Jr'2 cosh }'+(‘§‘Gl Ky ¥~ K,,
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1}') sinh 01)’]

+ p® [<312§3§1 4 +(764ﬁ3,1 _ 1y B3, __ﬁ?;_l)y . (Bg. 25 B,,
x, 16 16 la, 64q;
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(B ) s
"E"—BES'—I)}" + (%’—' _ﬂffz ' gt:) >cosh u1y+<f111303,1 p’

(%i_uff;.l_a;fzu)y +(mﬁz| 52{-{1 53;;)y>sinhn,y]

i
(0) a P31 6 _7._5_?.1_'..__“_‘__?.3'_“- - 11 Ba, )_P‘
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__733'1)y>sinhﬂ1}']- . [ |
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’ 3 7
Jav 1= S1s1 cosha, y+ [f“-'l K;.l}'z coshayy+ (%‘“1 K3y -Kzu}’)ﬂnhtr;y]

| 103 o 13 0} 6 95 ay £a, 4
; )2 . 24 \ + o i
ekl K ( aq0 1t o F)? 192

o Pzn_i_‘_‘_fﬁ?ﬂl_“z ﬁsn)}"‘*’(ns 32,1_ ay P2t __ay B, 1

—8 4 19 64 ay 8 8

3
165 2 _9a Bsi 7 31 ay B3, 4
_64‘:1%)?3”}' )>coshaly+< 280 y +( 96

aj B3 _ 2 o} B y> 4 83 Py _ Ll 'j = l) y’
20 480 32a 96 4

J (B o Bea 115Bps 165 Fyy fon 04 P
8 8 64 ai 64 ai 8 8

3 9 Pa.1 ) y> sinh « ,,] : [3.314]

801

Fig. 2 depicts the isotherms for ¢ =0.05, h=1, E=0.5, R=0.1, ¢ - 1, pl9 =1,

Al =01; A3=0.011. The isotherms near the boundaries proceed more or less
parallel to them, In this case we do not get any straight isotherm as was the
case with the Rivlin-Ericksen fluid i1n reference’. The isotherms near the mid-
plane form a very complicated pattern sO much so that between X = x/2 and
x =2 7 they form closeed loops. This pattern is similar to that obtained in
reference® but with a slight shift of the closed loops towards the origin in
comparison to those for the Rivlin-Ericksen fluid.

Case (b) :

Taking T.? =0, as in case (a), [3.1] and [3.5] give
T (y) = Ea R* pP?[5/12 - p[3 - y*[12), [3.32]

30 that the boundary conditions {3.6] reduce to:

JEBe B o™ &
T(U (X, 1) i & 3# P 2 (aﬂ cosa, X + On sina n 'x)lr'q
n=1

y [3.33]

T;"{x, ~1)= —Ea R p{ 3 (g, cosa,x + bysin apx).|
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Choosing TM (x,y) again as in case (a) and using [3.13], we find that
In, s J0s s Ten and J,,, are determined by the same equations as in case (a)

but satisfy the following boundary conditions ,
Iﬁsn(l)=(zan/3): ﬁl’hn("l)-"a:u \
Join(l)=(2bﬂ,/3)’ J{;:-n(""'l)" -b:u r [3-34]

Ilrn(l)ﬂ"l:?n(_ l)-JI!ﬂ(l)=Jh:l("'l)-0 i

Jo, ns J1sn 80d Jy, n A€ also the same as in case (a) but

The solutions for Jo, u;
I’Zv e Ml! ns M2! ne Pllm PZ:m th

with the new values of the constanis ? —
and Q,,  given a5 follows:

= [(1/a, cosh2a,)} [ anancoshan + a’ sinha, — (20723 8= Cndas n
— 2a, a3, ») Sinh’ay,

[3.354]

Lhﬂ

" 2
+-!2-u;m) sinh 2a, +(20nﬂhn 4 X2y n— 20 Q25 1
2 2 2
+((I.u(1h“—‘ GHGZ'}“— ?aﬂa“' ﬂ)]

Ly, » =[(1/ancosb 2a,)l[3andnsinh oy — a.cosha, — (30704 n=Cn03n

2
— 2‘1,,(11,5"‘ 20“ a‘-‘lﬂ)

+ %02: l) sinh 2a, + (2apax2,2+C1sn
[3.358]

2 2 p
p 4 COSh L8 ¢°N + (%"an T3sn RS TY T &, Q2 n)]'

M,, , and M,,,, can Dbe obtained from [3.35] by replacing a's by b’s and

a’s by B’s.
(oL 3 an |
Pl’n" AI_.P_E [{.—EM +ﬁ23ﬂ(2ﬂ—'9§') _ﬁs,“(__g...i._é)
a, coshZan 8 8

3

. 1\ 2 30y g__,._)
a, « _ LIS +
—ﬁhn('i's"“f';"g—;l)[cosrl ﬂﬂ'{'{ BZ!H(S " 8 3
2

i 5a ?: —-I-—EE--P—!-*)}Slﬂhzﬂ'
.—Bls’“ +ﬁ4,"(30 +-"i"2'1t'+'i_5-)+ﬁjpn(8 8 3a§ n

] | [3.35¢]



M. N. MATHUR

104
3 2
A;pi-m { Bz:n -+ :n(Eﬂ_Eﬂ) "'ahn(ﬁ'f‘-l)
Pbﬂ-ancoshzaﬂ[ 8 ﬁl 8 d 8 8
3 3
Cn _qAn _ : sinh® a, + { , ( l 3““4-“1
—ﬁa.n(w 12 3%)} Prr\gant 8 8
2
B2 n I 3% ¥ (l o } cosh?
- tPese T 15 Pas 8a,, g /] TN
4 1 | 1
— » - 4
+{ﬁ2mt(4 +160ﬂ) 53 ?l(g 16(I§)
B "’3; +-(—Il‘ } sinh2a ] [3 354]
¥™M1s 6 " '
The expressions for @y, and 0z, , can be obtained from [3.35] by replacing
B’s by a’s.

The equation determining 5. , and J,, , are::
(D = au) IZ! n=Jy [(A'Z n T ﬂ.'z! AZ:'JI) (Eis n/p(o)) ] + Qy (0) [6 {'%‘ (yz — 1) Jo,ﬂ
"'"!3"(.]" + I)BO: ﬂ} —2A£y2 BO: ﬂ]l- [3.36]

(D = aZ) JZ: n "'y[(BZ. n+ an BZ! n F2r n/P(O)] + Qp pi_ﬂ) [0‘ {%' ( y?._ 1)10- n
_%'(y +1) AO!ﬂ} _ZAZ y2 AO: n]l [3.37]

which have to be solved under the boundary conditions
IZ:n(l)'Iém(_ l) - 0, 1

Jz,ﬂ(1)=.’2‘:n(—l)_0¢ i

+ [3.38]

Equations [3.36], [3.37] and [3.38] give
Dy = Ry, c0sh 0, y + Ry, o sinh ap p 4 [({2 0,3} Kiy o V2 + @ Ky o ¥

— Kh n y) cosh a,y + ({2 an/3} K3m }’3 +ay, Kll n y2 e KZ: n y) sinh A n y]

+P(G) [<_a_"2§;'£y6 11 B41 " y + 7 B3'ﬂ _a" le- ﬁ2!n y“
. 480 64 a, 16 16
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The expressions for J., , and the correspondin
. . 23 2 g constants S,,, and S5,
for it can be obtained from [3.39] and [3.40] in the same way as inl c?; - (a)'z n

4

Particular Case:

When the boundaries have sinusoidal deformation we have

LI’I=L2H“Q1:1=Q2,1='.

Iﬂ!l"_"Jh 1 EO;

J0-1=[M1: 1 +ay B2, 1}’2] coshay y 4 [MZH"‘ B2t Y
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230} B::_i_l.) . +(33 f3.1 151 BI:I_E% Bz 1 V4 §3,_|_+Gf B2s 1
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...!.!..S.__ﬁll_! Bs1  ay B 9)5’3:1 '
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E where
My, 1 =[1/(a; cosh 2 a,)] [3a, coshay + sinha; — 2a? By, sinh 2 q,

2
53 (BZ: i — 2Qj Bzy (—2ay B, 1) sinh® a; — ﬂ? B, 1], [3.45&]

le § = l_l/(ﬂl cosh 2 Gl)] [‘%’ o 8] sinh Xy - cosh gy + (Gl Bg, = '%‘ Bz, 1) sinh 2 X
+2 uy B2t COShzﬁl + (‘%‘ ‘Ii 3,1 = @y P 1)]- [3-45b]

Pi,y= [A;P.{xm/(al cosh 2‘«'11)] [{52: 1 [(‘11,3 — 0%/3) ~ B3 1 (a%/S + "i')} cosh’a;
+ { = Bav s (1/8a; + 3as/8 + «1/8) + B3, (5 + 1/8a2 — a2/8)} sinb’a,
— By, 1 (a/15 + «,/6) sinh 2a,], [3.45¢]

Pz, | = [(A; p(,m/(ﬁl cosh 2 ul)] [ — {ﬁg, 1/3 + Bg, 1 (u?/lS — a,/l?. — 1{801)}3iﬂh2a1
+ { — Ba 1/8 4 B 1 (1/3'511 '1;531/12 + 0:;'“5)} cosh’ay + {ﬁzn (01/4
+1/16 ay) = Pa1 (5 + 1/16 a})} sinh 2a4], [3.454]

Ry = [1/(ay cosh 2a)][{ — ai Kan cosh?ay + (Ka.y — i Kz — 201 Ks,,) sinh® &,
—%ﬁ% K, 1 sinh 2{1.} +pf,°) {[Bz.l (01/16 4 l/lﬁ ay) + By (17 al/288
~39/64 — 25[64 a1)] cosh®ay + [ Bz 1 (a1/16 +3/16 0y — /1641
+ P31 (17a7/288 + 25/64 ot — 19/64 i - 95/192)] sinb’a; + £z /6
+ 85,1 (19.,/120 = 35/48 )] sinh 20,} + Xsp ({821 (@i/8 - 7)

+ £301 (af]S + "!s")] cosh’ay [P2. 1 (‘I?/S +30i!/3 + 1/3 ag) + B («i/8
~t1/8 a?)] sinh’a; + [B3, 1 (ai/15+ a,/6)] sinh2a,} +p¥ ¢ {[M,.,/8
+ My (& —1/8a}) + B2 (11 o /48 + L +7/12a) + Br (0312 -3
_1/120; - 7/8ai)l coshla; + [ — Ma.1 (a1/6+ 1/8a;) + M3
_1/8a3) — Bt (h 13w /48 + 19/24a; + 11/16 @) + Bsy (ai/12+%
+3/4al-1/12 +7/8 a?)] sinh®ay + [ — oy My, 1[6 + M2 J16 ai

- BZI i (2‘1?!15 + 13/32(1% + 1/120:1)-{' ﬁ;. 1 (01/30—5/2431

+1/24 a2)] sinh 2 a;tl, e [3.45 e]
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h2 <{(-—(11K3,1+(11K2, ,) COSh2(11+(CI1 K, 1
ICOS ay

ai K, 1) sinh? ay + (ay K31 — Kz, D) sinh 2 a;}
71 ° 25 139 47 q .
O ~Bpi|l—=—+ =)t b\ 73T —~ &
TP {[ & ‘(24 16a2) & ‘(64a-}* 96 a; 160 )]“"Sh Xy
1 1 (ua, 1 25 3
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+[B’ ‘(24 16.:12) Ay 1| 280 96 a ¢ 64.:1:,")] .
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+ 161 ?)] sinh 2 a1}> , [3.45/]
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— 4§ in case \a).

Fig. 111 depicts the isotherms for tl.w same sc_t o.f pdm'm::;:rfog:i cprOCEtczi

The upper wall being an isotherm, the isotherm mf“sdnmfot get any straight

more or less parallel to it. In this case also we 0O for Rivlin-Ericksen

isotherm and this is a difference between ﬂ}e S pane”:ie isotherms situated

and the preseat model. The temperature increases O'Irlhc lower wall is pot an

farther and farther away from the upper boundary. sfromx=010X = [n2,

s s empaurs o s b ST L e
increases from X = 7/2 10 X = 37/ @RUES

A 3 183« 1
§3a> 147 115 )+ (_n1+ -

P e i = 3,1
+[ an( 192 & 64 L 128 a? P 80 192 16
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:qsulated wall, the isotherms starts on it

t very near 10 the
mum temperatures are at x =3 /2

We also not¢ tha lat
The maximum and mini

and ends on it
and X = 11/2 on it.

4. CONCLUSIONS

In conclusion, we record some of the important points of our investigation,

is affected by the stress relaxation time only, while
the stresses and the temperature field are affected by both the stress relaxation
and the rate of strain retardation times. The stream lines and the 1sotherms

show a slight shift in comparison to Rivlin Ericksen fluids.

(2) The stream lines near the boundaries run parallel to them aod the
deformity of the stream lines decreases as they approaeh the mid-plane where
they become just straight in view of the symmetry about the mid-plane.

(3) When both the boundarics are maintained at the same constant
temperature, the isothrems near the boundaries, which themselves are isotherms
are more or less parallel to them. The deformity of the isotherms increases
as we approach the mid-plane so much so that between X =n/2 and X =2m

the isotherms form closed loops.

(4) When the upper wall is maintained at a constant temperature and the
lower wall is heat insulated, the isotherms near the upper wall, which itself, is
an isotherm, proceed more or less parallel to it. The temperature increases
on the isotherms situated farther and farther away from this wall. The lower
wall is not an isotherm and temperature on it decreases from x =0 to x = /2,
increases from x=1/2 to X =37n/2 and again decreases from X =3n/2 to

X =2 .

(1) The velocity field
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