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ABSTRACT 

The problem of heat transfer due to the slow steady motion of an elastico- 
viscous fluid between two wavy walls is considered. Taking the deformation of the 
boundaries to be small, the equations of continuity, momentum and energy have 
been solved using the perturbation technique. The solution for the velocity field is 
then employed to study the nature of the temperature field, under the two types of 
thermal boundary conditions : 

(i) both the walls are at the same constant temperature; 

(ii) one wall is at a constant temperature while, the other is heat insulated. 
It is found that the velocity profiles are affected by the stress relaxation time only, 
while the stresses and the temperature distribution are affected by both stress 
relaxation and strain retardation times. Certain similarities arc noticed in the 

results of the present investigation and that in reference'. 

INTRODUCTION 

Using Fourier Transform Technique Citron' has studied the slow motion 
of a viscous incompressible fluid between two rough circular cylinders rotating 
about their common axis, taking the roughness in the form of a sinusoidal 
deformation of the boundaries extending up to infinity. His assumption of 
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Temperature field: 
• 

Case (a) 	 T1, on y yi  and y y2 , 

Case (b) 	 T=1, on y 

oT and 	 = 
0 

on y y 2  [1 .9] 

2. VELOCITY FIELD 

We define a stream function çb as 

U Sby • V = 	X9 

which satisfies the equation of continuity [1 41 identically. 
physical variables in powers of the small deformation E in the 
retain terms upto the first power of E as follows: 

We expand the 
boundaries and 

= 0 (0) c  00) 1  „(0) 	„(!) 
Pxx P xx 1 1-  E P xxl 

to) 	(i) 	 (0) 	0) 
Pxy EPxy s PxY ,  PO =  Pyy 4 6  Pyys 

Co) 	0) 
P = P + EP • 

Solutiom of zero order equations,: 

The zero order flow is the flow of the fluid under consideration 
channel with plane parallel walls for which 

#0), px(ox) ,  ploy) and p ().°) 

fuli,tions of y alone. 

in a 
are 

Substituting [2.1] into [1.11 Al 6] and [1 8] and equating the terms 

independent of f we obtain the following equations : 

ply  2 A/1 or) pc.0) + 2 A ; iry) 2 = op 	 [2.2] 

R ej? A; R ,h(o) no) ,b(0) 0  
_PY 	 yy 	 [2.3] 

nco) n  
YY = 	

[2.4] 

(0) 	(0) 	 [2.5] 
Pxy, y Pet * 

(0) 	(0) 	 [2.6] 
Y 

to be solved under the boundary conditions : 
[2.71 
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The boundary conditions [215] suggest that tg(xt,)  should be chosen in the following form : 

(1)  (x, y) 	R p1°) 	[A t, GP) cos a„ X + Bn(y) sin a„ 	[2.16] F71 

In view of [2.16], we choose pf,1,) , p c,: , p (1)  in the form; 

Plx" 	II  [cm (y) cos a, x + D„ (y) sin o n  xi, n = 1 

>3 [E„ (y) cos a n  x -t- En (Y) Sin a n  
1 n=1 	 [2.1  

gv) 	[G,, (y) COS a n  X + Hn  (y) sin a n  xi. 
n=1 

In view of [2.16}, the boundary conditions [2.15] take the form : 

A n  ( ±1) - 0, A: (0 cm a„, A(- 1) - a„ 

[2.18] 

Eliminating p(I)  from [2.13] and [2.14] and substituting [2.161 and [2.17] into 
[2.10] — [2.14] and equating the coefficients of cos o„ x and sin cr u x, we obtain 
the following set of simultaneous ordinary differential equations: 

Cin  +A; Re [1-  (y2  - 1) a n  D + 4 B pr (A; - A R) 

— 2 „ e)  B„' 

+2 Af2  R 2 e)2  [1 (y 2  - 1) (21 A,: + (2 	+ 	21,3y], 	[2.19j 

Dn + R 	- (Y 2  0 an Cu  - 4 R PT ) 2  (A; - AZ R) 

a n  r )  A: P 

+ 2 Ac R2  p,(:))2 	(9 -1) a! 13: 4- (2 Bn" + cx n2  Bn) 	 [2.20] 

En + A; 1,1°)  R R- 	- 1) a n Fn + a,1  PI"  Bn + 2 R P.T )2  

x (A; - A 2' I?) (3,2, y 2  A n  

+ A; R2 plco2 	[ 	1) (13, + a! AS+ B„ 	- 2 y Ba [2.21] 

Fn  4 A; R 	[ 4 (y2  — 1) a„ -- a n  psc7 A n + 2 R 
pr)2 

X (A; — AZ 10 an2  9 138  -y Li - 	(Bn" + a Bn) 

+ A; R2  p°2 cri,  [II y2 

	

+ o,2, A„) - A„ + 2y Aj, 	[2.22] 
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n  + ig)  if (Y2 1 ) a n Fo + a n  pl())  Bo, n Y Go, ni 
P.?) (A7 n + an2  A1) It), 

[2._ 9c] 

(Y 2  — an Et), n — an PP AO 	Ho, 
— p(o) (ft ;: n  + cr,27 B1, „), 

[2.29d] 

a 2  an 14c°) 1) i9 72 9 
[2_29e] 

P
(0) 

 an [ 	(y2  — 1) Go, + 2 an tre Y Bo, a] 
— 2 a n  [2.29f] 

an (D19 it 11 ;9 n) 	an2  Els n se 0, 	 [2.29g] 

[2.29111 
a„ (G;, „ 	+ Kr:  + I/2 	 ten 0 ; 

en any  

— 2 an PT 
x By' , n  2 A-.; 	[4-  (9 — 	A01 , n (a! 140, + 2 	n) 31.1, [2.30a1 

D2 . n + A; PP [ f 6/2  — an Ch n — 4  Ai P (0)2  Y 

x (A 0„ 1  + y AO> 12 	2 ji 	+ 2 149)  y 	= 2 an le A21  ts 

+2 A; p?)2 y ( 	Bo', „ + (2Bol: n  + ayi Bo. n) 	[2.3014 

AiP(2a  
2 2 
n Y Ao, y 	7,1= 	A (" + 2, n - Ctn2  x a 	 A2t n) 

+ A; ea2n 	(Y2  — 1) (Bt;„ + o at; Bo, „)+ Bo, „ — 2 y 	,t1 12.30c1 

	

2 D 	 ,
x
(0) (B PI 	2 n 

43  n 	1'0o 	Y 	n 1 a —r 	2,n +an D2.2 tt/ X  

+ A a 	(y2 	(AWn ari A0„) Ath ft + 2 	[2.30d 

Gals n + A; P (0)  an [I (9— 1 ) Hi. n + 2  an P?)  Y Ab 7j 

A; PT)  2 

 

a,, I a- -21  012 'WI.. 1 ) 	n 	ACI)  11] 	12.30e] 

1121n + A; pr)  [— (y2  — 1) GI , „+ 2 a„p,(,°)  y 131„1 

	

2  a  n 	A 21  n  2 A2f a ! p(r)2 [ 	( y2 _ 	pot 	y Bo, 1 ], [2.30f] 
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The arbitrary constants fib  „, $2,  133, „, and /34,  can be obtained from 

[2.341 by replacing an s by bar  s. 	The functions Co, ni Do, it, Eo, 7t* FO,  Go, nt  and 110, „ can be easily obtained from [2.28], [2.331 and [2.34]. 

Eliminating C1, n, D i , 	n , Ft , n , GI, n  and Hu  n  from [2.29], A l , „ 
and B1 , , are given by 

(D4  —2a,z  D2  A- cc,) [Al ' 	sa 	 [2.351 
Bi, n  

which along with [2.3114 gives 

n Bi, n s€40. 	 [2.36] 

The expressions for C I , „, 	D I , „, El , „, Fl , „, G t , „ and I/1 , „ can be obtained 
from [2.29] using [2.33], [2.34] and {2.36}. 

Eliminating C2, n , D21 to E2, n9 F29 ;t9 G2, „ and 1.12, n , from [2.30, Ar n 

and B2, „ are given by 

(D4  - 20„2  D2  + Oa A2, n  

— an Px(°)  [(cr n f34* n Y2  133' 71 Y Cr in P4,  n gi, j cosh a n y + (an fi35 n Y
2 

— P41 rt Y — an g39 n f32, n) sinh an Y1 
2 

+ A 112  Px(1))2  On [la! a3, n Y3  + (Thin 04> n — a n2  a it n) Y 

— 3 (a! + 1) a 31 It Y (3  an Go n + an2  a p + 3 G I , „)} cosh a n  y 

+ Ict! Qat n Y3  + (7 	
2 

an a3, n — 	a24 n) Y2  

sinh o n  A, [2.37] 

and 

(D4 __ 2 a ! Dz + c  4n ) B21  n  

— — an Px(()) [(0  n Cr4In y2—  a 3, n 31—  a n 0  4) n — a it n) cosh o„ y 

+ (a n a 3, n y2  — 0  49 n Y — an a 3, n — a 2, J sinh a„y] 

4. A ce 0, 211px(0)2 [ ca.! fl 
3. n P3 9  n 9 ÷ (7  an f349 n — a pi, n) 9 

cosh a„y 

4-  {O! P4, n y3  + (7  a. /33, n — a n2  P2t n) Y2  — 3  (ct ri2  + 0 /94- it Y 

— (3  a n f339 n + CI! 1329 n + 3 10217,)} Sinh an Yl. 
[2.381 

• 
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px  
0) 

	

__[{P29 	pp (Li_ 	)} p39 
8a 

K2' 	 sInh 2a„ 	4 -1- 	
48  

11 

X eosh2  a n  — Ifik11 + $31 --11  --5 liL sinh 2  a „ 

	

4 	48 8a„ 

	

+ {
P29 71 	 5 	1 y 
— — 

	 + 	L sinh 2 a 71 

	

8a „ 	I6a„ 32 j 

" (0)2 
( 19a,, 	I 3a 3n  Px  

	

la 29 71 	 Is^ 	 a 3i n  2a„ 	 48 

(13 91aT 	2 	 a, 134 ) 

	

cosh 	— {a21 (---- 24 240 	
9 

+ \ 
in 	8 	48 

	

nE
21 a,27 )} 	2 sinn + -{a241 54 ) 8 48 	 l6+ 	32 

21 	an  
15a, 	

)}. sinh 2ad, 	 [2.40] u3121( 	± 32 

(0) 

	

5 	5 

	

Px 	 g39 	 , 	 21 It} 

2 
K3, n  	 trau 2  u n 	-ip3, n 	 P awn u n 

	

a„ sinh 2 a„ 4 	 4a n2  12 	2 a„ 

A ri 2 _3 
	

p(x0)2 

	

-1-31-1-' sinh 2 a n  + 	
{{a 

3, n 	
3 \ 

	

j 	
2 

	

(2524a 	

0 

 a " 4-  40n) an  : 21 1 2 a„— sinh 2 a n  8 a,1  

5 a n2 	9 a 3  23 a 	21 

	

x cosh2  a„ -{a 2, „(
9  

— + 	+ Cr3, n(-2-1  + 	n 	Sit1112 TZ 
4 	12 	40 	24 	4a, 

• 

{an a2. n  125 ± 5 a n)} inh 2 al 9 s 
4 	16 	16 

and 
(0) 

Px 	 5   
K4, n  	 15Thil 	$42 n( 	

5
' 	COSil a n 

	

2 a„ + sinh 2 a„ 12 an 	12 4 a; 

3 84e 
sinh 2 a„ + 	flx sinh 2 a„ 

4 	 8'a 

A  2 p ( 
+ 	 

x0)2 	 9 	5 a n  
	 a" n(—  

2 a n  + sinh 2 an 	4 	12 

[2.40c1 
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In such a scheme, we have 

a 1, 1 = a2, 	Cr 3t 1 =Cr4, a P15 1 	P45 1 
2 cosh a t  482 	

9 
2 a l  sinh 2 a 

2 sinh a t  /33 , 	 , 
2 a t  — sinh 2 a l  

1 
a 1 IQ •••■•■-. 9  

[2.42] 

so that 

Ao, 1 fa Dthi a Eo, , ani duo, , -a- o, 
Bo , 1  — P 3 , 1  y cosh a l  y + /5_, 1  sinh cr i  y, 

Fe, 1 c= — Go• 1 a Cop 1 . — 2 a l  px(°)  Ra i  P2, 1 + $3,1) cosh at Y 
+G 1  /33 , y sinh a l  

[2 43] 

A /9  1 	 Chi 	znt G I , 	0, 	 [2.444 

a A; p T 12  a t [ !c a l  (a 132, + P3) j — (s g3, 
+ a 1  p-„) a 3,2 } cosh a l  y 	{(c1 21  /33, — 4 al f-29 1— 4 g3, 1) y 

2 
— 	 g3 , y3 } sinh a [2.41171 

al  py(o)2 No? 
P39 	2  a P r  29 1 fl3, i) y— a? P 3 , y3 } cosh a t  y 

f 	 2 	 op 	 21 _L. (1,1-2) 1 + a 1 $3, 1 + Q1 n 
 2, 1 	

(2 
H.35 1 + a p2) I al Tiy; Sill h al Yit 

[2.44c] 

Hi, 	A il a ? pt(0)2 
ikr31  1 + at ,C2, 1) + 03 — a 	i) Y21 cosh 0 2 Y 

(2 1  B + 	C ) v 	 3 •na a l  
t 	1 -2.9 	1 , 3) 1, • 	al p 	

1 
391y j  si 	; 	 [2.44d] 

A29 I 'm K3, y cosh a, y + 	sinh a, y px(°) {-- —F3 ' I  y3  cosh at Y 
8 a 

P3, 1 y 4 	(5  /335 1 	fiti 	13' 1'\ y2)  sinh a l 	1 	 [2.4501 
+ 

( 96 	16 a 2 	8 al 	S 
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A; a PT" (a? p3, — /33, — 7  a /329 i) Y of p3, 91 cosh cri Y 
i  2 D + 'RC(  1 )8391 -r al P29 1 + 1/29 I) — (3 at 19391 + 0 ? $2, 1) y'l sinh a l  )] 

— p(
x(°)  2 fa? K3 , 1  x y cosh a 1  y 4- (Ct? K2, i + a l  K3, a sinh a t  yif  

$29 I 	3 a 1 P39 1 	/339 t) + Px   + 	 y cosh a l  y 6 	 2 	8 	2 a l  

[0 ? P31  .,4 	(0  613.1 	at /32. 1) 2 	( 5 	t 	529 1 Y 	 y + 	— 48 	 4 	4 	 8 a? 	4 a l  

4  }sinh a YI-
) 8 [2.45e} 

(0) 	 3 

	

3 	19  0? 53, 1 
 Y

5 
+ 43  al  P391 	3 a fl3 I  23 	ail  $29 1) 3 F2- 1 	A2r 	Px 	 - 	 y 

40 	 24 	4 	12 

2 	3 
9  al /33, 1 	3  al 82,1 	n 53, 

 + 
25 P311 	7  R29 1  yi  cosh a l  y 

4 	2 	4 	8 al 	4 

3 0 + I 3 ci f 133, ± 23 	 P21 1 sy4 	1937  I + al /32, -4- 3 414 1939 

	

4 	 4 	 8 

2 0 	n 3 0 

	

IS a 1  $2, 1 	2 	21 P3, 	3 a 3 132, 	al  p31,  I 	" 1  
Y + 

4 	 8 a 	4 	4 	2 

— 9 921-1 )} sinh a l  y —plc*  [2.1a? K y cosh a l  y 
8 Cti 

+ (a? K'2, + u 11,0 sinh a !  yn 	 [2.451] 

G2, so 	A ti  2  a /40) 3  .1( 31 a? 1 3 3 	25 a? )82 , 	4 	3  °?fli.t 	3  a? /32 Y + 	+ 

	

48 	48 	 4 	4 

2 	3 D * I a P2 a l  P39 1 
 + - I 	)1 cosh al )1  ) 

	

5 at ;92, 	S3 ' 1  y 2  — 
8 	2 	2 	2 

+ 	19 0? 	1 ys 4.  (3.  a? $39 I ÷ 13 a? 	_ 23 at g3s 1 ) y3 
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1 0 	9 a l  
H2, 

8 
13039_ 0 

 ( 8 48 )
21 

r-31 	
elf )) 

1 	 .sinh 2  (i t  48  

+ /32, ( 9  + 5 } — /13 16 	32 i( -3--1—+H!,sinh 2 0 1  ,16a t 	32 12.46d] 

Equation for pressure : 

The pressure is given by 

P  P + P x 	+ < [Co, I — (11 i) Foi  + Go, + a l  f 	d y] + R 2  {C21 

—(gu t ) F'2, 4 G2 1 -1- a1f F2, dy] + R4  px(w2 H- (9 — A.2%  

— a f 	+ R 2  [D2. +(1bi 1) E; 11+ P?" II(Y 2  —1) 	— YBo, 

+ (0:1/2)1 (9— 	B2, I dyil sin n t  x>. 	 [2.47] 

In Fig. 1, we have drawn the stream lines for R =0.1, 11°)  al, E 0.05, 
It= 1, A t  7= 0. 1, We note that the stream lines near the boundaries run 
parallel to them, the deformity of the stream lines decreases as they approach 
the mid-plane where they are just straight as expected, in view of the symmetry 
about the mid-plane. This result is similar to that in reference [3]. The 
stream lines are slightly pisplaced due to the effect of relaxation time relative 
to the corresponding stream lines for Newtonian fluids. 

3. SOLUTION OF ENERGY EQUATION 

Let us now consider the energy equation [1.7] to be solved under the 
thermal boundary conditions [1.9] 

Setting T T w)  + c T (1), T1°)  -= 0, 7' (°) being a function of y alone, in 

[LI and [1.91 the zeroth and first order equations in terms of 4b are 

 

	

7 ,(;) 	E 	R p c„?,) 	0 , 

71,(," — 	T i (c) a (11 R a) [T; 12 + 

	

+ E R 	la) .(4)  + P, (:) 0 (1 13)? + Px1°) (111.1) 	igrj;)] 

and 

(3.2] 
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Solution of first order equation: 

Using [3.1 the boundary conditions [34] reduce to 

E le e)2  f  T (1)  (x, 1)-a 	 ka n  cos a n  X + bn  sin a n  x), 3 	n 

E T (1)  (x, — 1)— ----- 	(ani  cos a n  x + b n' si 11 o n  x), 3 	n=1 

[3.8] 

so that we choose 

S 
 T(1)  (x, y) E R 2  g))2  Y 

nai 
y) cos a „ x + ( Y) sin a n  [3 9] 

The compailson cf [3.8] and [3.9] leads to 

1 

( — 1 ) 3 	 3 

A ( ) -1-1;- • 
[3.10] 

The equations determining 4, and 4 are : 

R 	an A; Y2  Xi  

- (y73) 	- 2 A; y2  Fa 

and 

(D2  — 	4 y On" + a 	— (Fn ipT ) )1 —2 R o , p?)  A; Al: 

2  an P3(?)  — R 	[a fi- (y2  - Li - 6'3  13 ) A ft} - 2 AZ Y2  [3.12] 

Setting, as as before 

s  
4 °. kit II + R 1hII + R2  12' iti i  
4 e  JO,  n ± R ib n 4-  R2  J2 „t  , 

[3.1 3] 
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m  n and M2, „ can be obtained from [3.25] by replacing a's by 

bl i ssand 
1,  

a S by /3 s. 

The equations [3.16], and [3.17) and the conditions [3.21j give 

	

11 ,  ft ar p1,, 1  cosh a„ y + P2, n  sinh a„ y + A; p4) [°) x I PI' n _ 	thin  a*  
8 a n 	4 

1341 	a 2 a 
Y + 	n 	"2 ' n 	P2' 	fl39 n 

8 a n 	4 	
+ 8 
	

v2 	crn gi, it 	a' e  
8 	n 1 	

41 n  
4 	6 

P49 n 	3 	an P3. n  an2  $2 , n)  4 an2 	n 5 y 

	

y 	y } cosh a n  y 12 	 8 	8 	 10 

(an2  pi, „ 	n P49 n) 

	

/32i n 	an $29 n 	P3t 

	

4_ 	y2 
4 	8 	8 a n  

	

{(-8 an 	4 	80„2 ) Y  

	

2 so 	 n  

Y 
an 1329  + 	31 n 	/33, n) 3 	an 	P4,  n 	a; pi, 	 71  "4 n- 	 + 

4 	6 	12 	8 	8 

2 n 
a  n P34 it  51.  • • a, y sinn 	, 

10 
[3.26] 

lad 

where 

	

pi, n a  A; AT) [ 1 0 • • ( 1  
8 	8 

a n2  ) _. 53,  n  (an 
8 + 18 a 

y  

124 	g 	 „ ) 

. 
 1

132/n + 1331 n  (a,27 _ 1 _ I )} x tanh a„ , 
8 a n 	15 	12 8 a„2  

and 

a 21 — 1 	cot h a 
12 8 a 

y  
P21 n t i  s-  Al P?)  — 1 131-12-P 4  /34) 	— rl 	n [ 

8 a n 	15 	! ) 

2 fa n A_ 	)1  1 	o n) 0  
fit) 	 41 	s ( + I 	 -I-  an  

8 	8 

• 

[3.27a] 

[3 .2 7b} 

The expression for .11 ,,t  and the corresponding constants obtained by replacing 

n, P2•72 by Q i ,„ and Q2.„ can be obtained from [3.26] and [3.27] by 

replacing fl's by a's with sign changed.. 
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149 (-7 4, ,t)  4 	( 83 a 3 ,„ 	151 a 2, 	a 2  a 	) 	(115 a 192 	 32 a 	96 	4 	 64 a 
Pi 

a n a  I I ts 	(1 h1  al, n 	165  n4. n\   2  2 	az* n nna2, i 	115 a . 4 — ........._ — ........... 
y + _______ + —____2_ _ __4: 727  

	

8 	8 	ô4 a n 	 8 	8 	64 a - n 

+ 165 a3 n ± a 3 ,  tt a a 3 n  9 a3 , n  

64 a --,17 	8 	8 	
------- yisinh a n  

8 

2 D 
2 n (0) - 

	

1{  n 

10 	 8 	8 

I-2 41 la 	 e 5 ( e 2n 824 It  _n /339 n) 4 (64. n 	Czn I 41 n 

	

± A9 Px 	 Y + 	 Y 	-i-
2 

2 4„, 
an PI ,  n  ) 3 	P2, 'a 	0 n 	n 	133, yr 	2 	an 81-n 	ei, 71 

	

Y + 	 Y 

	

4 	 8 	4 	8 a, 	
+ 	

4 	8 n  

97 

2 	 2 0 
PO 4_, n2) 	 l 	n y5 + an 	n a 

10 	 8 	8
n ?tin,  ,4 y} cosh a n  y + a—n -P3  

a n 

2 	 2 0 
/513 ,  n an  P39 yt 	a n 132% n  ) 3

+ 	
fin PI, n 	2 y 

( —1-2 	6 	4 	 8 	4 	8 a n 

, 1 	a n 132* 7t 	/32 1 71 	3 7  71 	- 1- 
t ( 
	 (0) 	(an 133,n  6 

- — — 4-
0 	Y ) r smn a n  y + px e i  36  - y 

	

4 	8 a „ 8 a! i 

(nn Bt .) n 	7  P4. 7/  ) 5 	(7 	it 82, n  
-r1  Y + 	 4 

	

20 	b0 	24 n „ 	24 	48 
% 	 ■ 

+ Al21n. ± an si, n  ± 11 flu n 4.  P41_21 ___ 7  P4 ,  7  y 3 4_ ( 7  83. 3  
( 	

12 	

n_ ..... 

12 	24 a „ 	12 	12 (.t; 	, 8 cr„ , 

7  1329 n 	M17 n 	2 	M21 n 	I et, 71 + Je41  *PI ..... 7  +4-34- .L 
_ 	 Y + 	.---) + 

I 

12 o „82-  — 807j 	So; 	16 u n3 	8 a,2, 	8a 

	

A-124—" 	
/ (an $2. 

) y) cosh a „ y 	
'1 7 /13., 

36 	 20 	60 	j.  r 

	

7  /341 n 	tt 	11  81. it 
sr' 

	

24 G„ 	24 	48 

y 4 + 114:1 	± n 132. 71 + 1 1  $2. n 

12 	12 	12 

7 	n  M:2, AQ y2 7 134. ?I 	Ptt_L!! 	
s ut„ 12 an 

f33..„ 	P3§ n 	+ 	 — 8 an 12 a„ I 2 

( + M1* at 
2 8 a„ 

MI 71 t  1 1  81 * n 	r3, „ 
-t- 	-7- 	2 

4 	io a n  • 8(t 

2-sinh a,, 
— 8a8 	) 

[142t<1 
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The expressions for J2, n 
be obtained from [3 28] 
ifs by a's with sign c 
coefficient of AP pr2 ; 
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• 

pi0)2 	(83 ?.! 	139  I.  

" 480  
115\ 	a 3 	1„ 

	

a41  71(5617 	
9 a 	119 

+ 96 + 32 a 
' 	 165 	1 y + —64 ai+----

8 i coth a„+ 'a ny, ( 1.—a5-3 3 7t a, 
 — 115  ) „ 	 288 	192 64 a„ 

2 

	

1165149 	257 a, )1. 1 , It '° [ (131, n 	0 	(a t 	1  

	

4- cro n --i + -- — --- 
1440

-- 	1" A2 Px° 	a sa  
( 

64 	a 
1 	 n2 

	

coth a, + Kg„ „ 	(22.' + 1  )) .1 8a/ ) 

	

8 	8 	8 8 0„ 

/2 a 	11 	11 t•ti ky 

	

6 	8 a 	 5 11+ 24 a  +16 ci3n/ 
+Px  u 

 „ 

111 	7 7 ) 
1)41 	 ell"; 	

M2, COth 	+ 	 pti n 30 24a; 	 8 a,
"r 	

08 12 a n  

1 	7  ))1* + 134 ' 1' V72 
 

6a 
[3.29b] 

the corresponding constants S1 ,,, and S2„3  can 
[3.29] by replacing R's by S's ; K's by dash K's; 

ed into the coefficient of per, a's by fi''s in the 
by a's with sign changed in the coefficient of 

l'21"): 	p 0 ti 	„... 	changed, M's by L's with sign changed in the 

coefficient of pr o. 

Particular case: 

In the particular case when the boundaries have sinusmidal deformation 

defined by [2.42] we have, 

Li, 1 = L2,1 = M21 ==. K2! 1 = St2t 1 = P2P 	alt 1 s  Q2) 1 n  OA 10, 1 a  11) Er--  Os 

1 2 n, 

	

M1) 1 	 /hp 1 4' 021  1 ri ' 1  r P3 1 ) tinh a l , 

3 cosh a l  

	

Rt, t 	—al K2, t + OC29 a l  K2, i ) tank a l  

P1°)  [( )929 	+ 	+ p, 
AD 16a? . 9 	288 	64 a l  64a0  

[3.30a) 
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t 173 , 	a? 82  • 1 

8 	 - ) Y ) cosh a l  y 4 K(p_LI at 82.1 i83 
8 a 	4 	8 a 2/ 

(  + (.1  t 82.1 	ai Pf3, 1 	133, 1 	3  + —_____ 
4 	6 — — 12

)
Y 

 

,2 0 
LL P2 ,  i- y 	sinh y 

10 [3.31b] 

faa RI , cosh a 1  y+ [a l  K2, i y2  cosh a l  y (-32- a l  K3, 	— K2, I 	sinh 	yl 

[ +p03) 	al 1331 I  9 + ( 7  0 8  3 9  1 4..  . ri I i33. 1 _ )321 1) y4 is.  	__ 25 $3 , 1 

	

288 	64 a t 	16 	16 	20 1 	644 

a  gi, i y2 \ 

	

cosha i  y 	/3391 5 ( 24a 
	96a 

32, 1 	5 g 
16 et? 	/ 	

y 	 y3 
480 	.t 	? 

( + ig2.  1 
+ 162 64 4 

83,1 	25 e3 , A  \ 

16 a? 	a  

	

1al 	

n i 0  
	  ) 7 sinh ct i  y 4_ A; /40)  

8 

at P391  ) 	
0 	 2 

4 (32, 	
_2 

p2. 1 $39 1) 2 	 5 
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Slow Steady Motion of an Elastico-Viscous-Fluid 

Choosing T (1)  (x, y) again as in case (a) and using [3.131 

,,,Jo , n, h, and J1 , ,, are determined by the same equations 
but satisfy the following boundary conditions 

/0 , „ (1) --= ( 2  an/3), 4, 	– I) 

„ (1) s- (2 b n /3), 	„( – 1) 	– 

„(– 1) a „ (I) = J1 ,L 1)a0 

103 

we find that 
as in case (a) 

• 

[3.34] 

The solutions for lo ,„, Jo, , h,„ and 	are also the same as in case (a) but 

with the new values of the constants L inz . LI 70 M2, In Pp 11, 1:121n, Q1.9 n 

and Q2, „ given as follows : 

L I , „ [(1/a,, cosh 2 a,,)1 4 	cosh a n  + ant  sinh a n  – (fa! a 3, „ ana49 

2 
4- a t ,„) sinh 2a„ + (20 „a t , n + a 2,„ – 2aa21 „ 2a, a 3, ,$) sinh2a„ 

(G n  CI i t  — 	a2, n 	a l-re att., 731 
	

[3.35a1 

L2 1, n  Ri ba n  cosh 2 a 0.1 [ } a „ an  sinh a n  – ayii  cosh a 

	

-n—GC12nattyn— 	n 

+ 4-  a 2, sznh 2a +(2an a2, n + 	n  – 2 a 2„ al, – 2 au at re) 

x cosh2a,, + 	a! a 3 ,  71 ± aft2  all re — 	nYl• 

„ and 	
„ can be obtained from [3.351 by replacing a's by b's and 

a's by g's. 
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Pt, n 	 8 	

-I r21 
a, cosh 2 an 	
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2 	 1 	) 
CI n an 	) /1 CC:6h

2an + 1 
– /349 n — – -- gall  ) ( 15 	1
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sinh2  
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13.3,bj 
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1 	3 a 	a 3 
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8 a„ 	8 	8 

[3.3 5d 
+ sinh 2 al 

8 	164 	
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– 4 a 2„ IC3 	K1 n) Sinh 2 an} +P (PI[fli.„ 0/24 – 1/16 (ID 

1  \ 
P2P  n  (%! 	("1-27:8!-- 31  – 	134 n n 	 24 64 	 480 

3 +  25 3 )1 COSh2a n  { /92, n(cla  
16 	16a„ 16 a„ 9-6 a„ 64 fa„ 
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flu n  \ 24 + 164) +134 n  (64 a?, + 96a 	160 ) r n  \ 288 
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6 	 120 	48 a„/ 14"  n  k192 ± 64 a l2, 

83 a 3  (83a139 a n 	115\  25 	 /2 (0) 2 	n  
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 64 128 a! 
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4 29 a 2 77 	165 

(

n n 
56 +_6o 48 12€ a! 
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1  
({([2 431 K3  n an2 	- 2 n n  K4 , 	nn K2. 72 

R2, n s a n  cosh 2 ct„ 

+IC1, n) cosh2  a,, (a n  K2/11 — 02n K11 n -} a! 1(39 n) sinh2 	+ (an K31 n 

K2, n 	ct! K4, sinh 2 an} +PT)  I fib n a  " + 3  
16 	16a,, 	16c4
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( 7 	1 \ 	( 25 	139 47 a n 	p 	( 17 a ! 
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25 	 11 a n  
-4- P3n 
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n  + [— 
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P29 IL 

a n  64 a 3„ 	 32 a„3  16 a n j 

11 	3 25 	 (19 C E  n  
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n  k 120 

	

35
4 	a.- 2 

	

13 a n  VD a 	179 
sinh 2 a n  + A'12 Px 
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48a31 	 i -11 n  288 ± 19272-  + 64 

	

a 4 	123 a!  49 
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a 165 	9 ) 	293 a 2  137 a 	1 	405 
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480 	96 	64 a 
64 a 3n 	
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I13 
p 3 , n 	 ± 	(r1  i• 	5 

6 	16 et! 	I .4 ti 
-frau  

+ 24 	
si nh 2 a „ I). 

03,}1 	 [3.40/4 

The expressions for J2„, and the corresponding constants S 1 ,,, and S2, n  
for it can be obtained from [3.39] and [3.40] in the same way as in case (a). 

Particular Case : 

When the boundaries have sinusoidal deformation we have 

	

LI, 2---* L2•i 	1 =  (221 1 = • 

/0, =-- J1 , 	p 

Jo. = 	+ al  $2 , I  y9 cosh a l  y 4 EM2• 	132) I Y 

++ctiP,,iyi sinh a t  y, 
	 [3.411 

t te Pi cosh e l  y P2,1 sinh a l  y 

2 r 
+ ix0) [ gat F.42, .P2* I 

, 4 	8 	8 a t  
+ 
 (

al P3) 1 

8 

a  
1 P29 1 ) 4  COSh a Y y 

8 

f fll,  1 	al 82• 1 . 1339 1) 	(a 1 
Y + 

1(la — 4 	Sa l 	4 

2 	 2 isp 
I 	3  al P2• 1  y51 sinh a l  y 

6 	12 	10 

[3.421 

arb I a RII I cosho, y+ Rz.i sinha, y -t- Ect K2t y2  cosh a y (-1 a I K3, i  ys  

[ 
— K2,1 y) sinh a t  yl 4. per lath, 1 y6 

t 2 8 8  

2. 1) y 4 (839 1 (7/3 3 , 	itLE.32.1 	 + 

64 01, 	16 	16 	2 al 

25133, 	i32, 1  y2 I cosh a y + 
— 	2 	 • 

64a l 16 a 

f_11/33,1,y5_1t.st. 	) y3 

480 	24o, 	96 a? 
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where 

	

_Af1 , 	[1/(a i  cosh 2 a 01 Ra cosh a l  + sinh a l  — al g3 ,, sinh 2 a l  

(i32 , — 2 a? fit 2, — 2 a 133 , I ) sinh2  at-03R I I , 	 [3.454 

M29 IL '2  1.1 /(at cosh 2 a 0] 14 a l  sinh a t  — cosh a + (a 1 13311 —4  92/j sinh 2 at 

+2 U j  p2 , 1  cosh2 a 1  + 	flai — at $2. 1)] , 
	 [3.45b] 

	

131 , 	[A; ',V ika, cosh 2 a IA 92 , [(a 1 /8 — a 3d8) p3, (48 + TO} cosh20 

+ 	fd2/ ( Oa 1  + 3a 1 /8 + a1/8) + 1339 t( -F + 	a 218)} sinh2a1 

— PS, (015 + 1 /6) sinh 2 a 1], 
	

[3.45c] 

P2/ t scs RA: PT)/(a cosh 2 a1)} [ 929 1/8  + /33,1 (415 — j12 1/8a0} sinh2ai 

+ 	/32/ 1/8  + gi, i (Oat 5a 1 112 + a1/15)} coshla + 032/1 (a 1/4 

[3.45d1 

[1/(ct 1  cosh 2 a)][( — a? K2,1 COSh2ai ± (K2,1 a? K2,1 — 2 at K311) sinhi  al 

sinh 2 a i l + P i[i32,1 (a/16+ 1/16 al) + /33/ t (17 4288 

—39/64 — 25/64 al)] cosh 2at + Ph, (a iR6 +3/16 a l  — 1/160 

± P3, (17 4288 + 25/64 — 19/64 ai 95/192)] sinh 2ai + [132, 1 /6 

+ 133, (19 a l /120 — 35/48 a t )} sinh 2 a i l + X'2P (x°)  ([132 ,  (al/8  - -1) 

± /33/ (48  + -01 cosh2at te, (a1/8 + 3  a118  + 1 /8  at) + p3/ t (4 8  

—— 1 /8 41 sinh 2a + [133,(/15 + a i /6)] sinh 2 a l l + p? )  a {[M,, i 18 

— 1/12 a — 7/8 aD] cosh2a + [ M2, (a 1 /6  

— 1/8 aD — P2, (-16- 
13u/48 + 19/2401 + 11/16 a?) + f3 3 ,, (/72+4 

+ 3/4 — 1/12 a 1  + 7/3 at)] sinh2a + [ a t 	i/6  + M29 116 a 

1821 (2 a1/15 + 15/324 + 1 /12 a l) + /33 , (a 1 /30 

+ 1/24 4)1 sinh 2 ail], 	• 	
[3.45e] 

+ 1/16 at) Ati (4 + 1/16 am-  sinh 2a11/ 
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165 	149 a l  257 a?) 	 n 	1 3 a 	95a + s311(---+ 	--- 	 [ p2, 

	

(- 	+ 	- 

	

64a 1 	192 	1440 
1 COSh2 al 	

288 	191 

+ 1_79 	 $311 	 j 	+3 70 ‘ 	1 	405  
64 	64 a; 	 1440 	192 	8 64u 

165\I 	2 	 p 	(83 a; 31 a 7 a t \ 	a  /al 2 	sinh-  a + 
4-  64 a ; 	i [s21 \ 960 k  320 + 12 / 	60 

- 
4.  78 	165  + a 1  . 9 	1 

) i sinh 2 a I I) , 	 [3.45d 
48 	128 a? 	8 	16 

1 
S2) — 	{(1-a 2int  + a l  1(4,0 cosh2  a l  + (a l  41  

a l  cosh 2 a l  

2 „ 2 vr 
%Ai n3/ sinh2  a l  + (a K31 , 1 — Ki 1) sinh 2 al} 

2 
31 al 	9 a l 	115 ) 	ii 	al + 123 a l  

60--  ± 32 ± 64 a 1  ± 311  56 	160 

	

83 a 3 	139 a l  

	

1 	 + 49 	a l 	165 	9 	cosh2  a i + /32
' 1 	

4. 	 

( — — + __ 2 — -- 96 	8 	32 a l  8 al 	 480 ' 96  

p 

 

at 	19 a 1 	119 ÷ 165 + a 1  sinh 2  eri 
a r-.31 1 	96 + 32 	64a 	8 

115 

54 

p 83 a? 	147 	115 

14211  ( 192 + WI -4-  128 ) + 

a', 	143 cr i 	I 

4-  192 — 16 

285 
+ -- 

64n 3  165  )1128u1 
sinh 2 a }) 

[3.45h1 

Fig. III depicts the isotherms for the same set of parameters as in case (a). 
The upper wall being an isotherm, the isotherm in its neighbourhood proceed 
more or less parallel to it. In this case also we do not get any straight 

isotherm a n d this is a difference between the flow patterns for Rivlin-Erieksen 

and the presen t mo
del. The temperature increases on the isotherms situated 

farther and farther away from the upper boundary. The lower wall is not an 
isotherm and the temperature on this byundary decreasesilfrom x ,a0 to x /Tr 2, 
increases from x 42 to x a 342 and again decreases from x 3 42 to x 21-t. 
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