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Abstract

In this paper, the spaces H, , (/) and its dual space H, , (/) are given. An extension of the genera-
lized Meijer-Laplace transformation to a certain space of generalized functions (distributions) is given
and a structure formula for a class of generalized Meijer-Laplace transformable generalized functions
is obtained which shows that every element of the dual space of H, ,(I) is the linear combination of
the finite order distributional derivative of continuous functions.
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1. Introduction

Gelfand and Shilov!, Koh? and Pandey® have investigated the representation of diffe-
feat kinds of generalized functions. The aim of the present paper 1s to }'ind a repre-
sentation formula for the generalized Meijer-Laplace transformable generalized functions

in H,, (I) space.

The conventional generalized Meijer-Laplace transformation? F(s) of a suitably restric-
ted function f (¢) is given by

= j it e B & Py LCL s

Where H™? [z] is Fox's H-function® which is defined as Mellin-Barnes 1ype integral

4nd studled in detail by Braaksma®.
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The generalized Meijer-Laplace transformation (1.1) has recently been ex
to a class of generalized functions by Malgonde and Saxera?. The aovtinles invi:t%ed
Slon

formula for (1.1) is shown to be valid for the space of generalize

. N d fu .
H. () where a and b are restricted in some way’. nClions

The notation and terminology will follow ref. 8. Unless otherwise stated, 1 and
will be understood to be real variables in 7 = (0, c0). X

2. The testing function space H, ,(I)

Let C =1 21;2., Re {m/B,, p/Bp+1}, where n,(j =1, ..., m) are complex numbers apd

B, (j =1, ..., m) are positive numbers. Let abe a fixed real number satisfying g < ¢
+1and >0. H,, (I)1s defined as the collection of all c¢®-functions ¢ (1) on
I = (0, o) such that

7 (@R Vone (B sup eI DEG () | < oo @.1)

0<t<
4
dt’
The topology of H,,,(I) is generated® by the scm’-rorms {y,hxmo. A sequence 4,
converges to a function ¢ in the topology of H, , (1) if and only if
dk dl’t

e__bg t|_¢+k 'd;f: (p‘ (t) — e—bt tl—ﬂ-; & Et..i ¢ (f)

as n — oo, uniformly in ¢, for each k=0, 1, 2, ...

for each k=0,1,2,... and D, =

It turns out that H, ,([) is countably multinormed space. H,,,([) is complete and
therefore Frechet space®. The function

('fm + a 3 A )

Hy i [sz o B
R (r’m, Bm)'! (me 1)
for fixed s such that Res > 0 as a function of ¢ belongs to H,, (/). Indeed by the

analyticity of Hpti%[z] for z#0, it follows that HZ P [z is smooth on
D= 1 < oo,

] (0 <t < o)

By simple computation we have

(ﬂm + ap. Am)
H;H-Lﬂ _
’hl: vmt1 [’“ (77m. Bu), (p- Bm':.)]]

?
S O ;
sup (€U t” o l:st

(Mem + Q. A,,,)J)])

0<t< 0 | N (> Bun), (s Bm
R 0, 1), (7 + opy Am)
= su eb‘t'"H:“'; [ (0, D), » :H-COD
% ol +ms |51 By (5 B ), (K 1)
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for fixed S such that Res > 0 and for each.k =0,1,2, .., by using the asymptoti
pehaviour of H-function® Againif {¢,)se, convergesin H SENERDME

I to
2 . . i k o0 a, b ( ZCI'O, thﬁl’l fOl' c\fcr
“on-ncgative integer Ks D¢ ¢ (1)jner converges to the zero function upifo y

compact Subset of #= (Q’ ©) as n— . Thus we have shown that H (7) i Y
ipg function space on I'since the three conditions® are satisfied. The S;::i::e Dls'atcal-_
ained in Hq,» (/) and the topology of D; is stronger than that induced on it:bls: con-
7. Hence the restriction of any feHo, () to Dyis in D; ¥ Roa

rmly on every

The dual space ‘H;,? (/) contains alldistributions of compact sufport op I = (0, o)
Also regular distribution f corresponding to any locally integrable fllnctionj S (xi

o0
jefined over I = (0, 0) such that oI | S(x) e x*™1 " dx < oo isa member of H., ().

3 The generalized Meijer-Laplace transformation

For [ H, , (D), we define the gfrneralizcd Meijer-1 aplace trarsformation of f cs a
function F (s) obtained by applying f on the kernel

('Im + am~ Am) i
(s Bi)s (p; B vp)-

¥ / m+1, 0 ! (’Im + a,, Am)
F(s) 2 fQt)s HyTgiy [St (e B, (p, B 1)]> for se ), (3:1)

Y Lo,

o
Hewis [53

Q, = {s : Res> 0J.

4, The space ﬁ,,, (H

For fixed real values of @ and b > 0, a smooth and complex-valued function ¢ (¢)
defined on 7 = (0, ©o) is said to be in the space H., (I) if 1t satisfies the following

order properties :
Dig(t) =0(1), ast—0
=0(l), ast-— o0 deb
for each k =0,1,2, ...

Lemma | : H,,(I)is a lincar subspace of H,»(I) where b > 0.

Proof : The proof is simple and hence omitted. Te

Lemma 2 : For #eH,, (D and f€ H, , (I) there exist a positive constant C and a

"00-negative integer ¢ such that

o0

I{f,é)| € C max | |!!.'l""-f‘f"'“"Dl’ir“-“:);“f"f
]lsc‘-z 1Skssaety 0

4.2
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Proof : For cach fe H, , (I) and in view of boundedness property of generalizeqd
functions, we have a positive constant C; and a non-negative integer ¢ such that

1( f, )] € (. max 2104,

oSk @
< C;. max  sup e x DL g (x) |
4 0LEkSa 0<s<<
< C,. max sup |le " x"°x* D' ¢ (x
=~ oSy o<le< @ g ()I (I)

Further from elementary calculus we have

&

e x-atDE g (x) = | D, [e="! t1=* 1* D§ ¢ (¢ )]Idt * (In

¢
Combining (I) and (II) we obtain
(fd)l<C. max  sup | D fe® ="t Dk g (1)) dt |

05k o<e< O 0

< Cys max sup | th [e® t1-2%] DY @ (¢) dt
0

0SkSqg o< OO

+ | [e® t-® D¥ g ()] dt |

0

<G max  sup [I§ Dile™ =5 Dig(r) dr]
0 %

0k 0<e< ®

+ 1) e ot DE g()dt | ].

| S

Now consider

| § D, [ 1=%+¥] D¥ ¢ (t) dt |
o
= | &% X104k DE g (x) — § e -84 DE (1) dt |
(1]

< ‘e...bar xl—ﬂ-rl:D"‘ q}(x) l Fer I f e~ Pt 1-0+k .D:;'i'l é(t) dt I‘

- Therefore

1{f,6)| <C;. max sup [|e? x'** Dig(x)]|

0SESq 0o <O

B »
Flye ek D g dr| + | f e £ D (@) at |]
L

< Cl. max sup [ ‘ el 104k Di’ ¢(x) | + 2 I ;e'“ -0k DL"H ,ﬁ(t)df I]
0Nk g 0<aleD ¥
< C,.

max St e—h xl-¢ik Dk X
0<kgq o<-g:ao | | s ()|
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¢0
+ 2sup § |e—ll (1-04k Df"" ¢(!‘)|df.

e<e<OD O

gut for ¢ € H,,(I) C H, ,(I) we have
sup | e X Did(x)| < (= M, say)

08 <00

SACAS IS G max (M +27 | e x-ut Div g (x) | di)

LR § -

o0
<G max [(p+2)] | X DI (x) | dx]

where

o0
M=p| e x=+% Di* ¢(x)]|dx
@

o0
L C. max [ |e™ x%F D4 (x) | dx
oSk q @

<C max e & DEG(x)|dx.

1Sk<q+1 O

SIAHISC max [ | et xt DEg(x) ] dx

1SESqe+1 0

which proves Lemma 2.

Now we are in a position to state and prove the main representation formula.

Theorem : Let fe H ,(I) and ¢EI?,,, (1), then there exist N-bounded measurable
functions g, (x), | <k < ¢q + 1, defined on (0, o) such that

(fd) = B (g (x), e ¥ DEg(x)). 4.3)

k=1

Proof : On account of Lemma 2, we have

3 &th_-Di d'
I{f,d)I<C. ,J‘gfﬂ,!"" ¢ (x) | dx

< C. max e x** D¢ (x) o, (4.4)

1<kq+tl _
where L, (0, o) is the space of all equivalence classcs of Lebesgue intcgrable func-

ions on (0, oo) whose topology 1s defined through the norm

Ny (x) I, o, = =? lw (x) | dx < 00, y e&Ly(0, o). 4.5)

The result (4.4) defines a linear one-to-0nc and into mapping

M :H, (D) - L0, )
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dS
¢ e N Dig(x), |- k-~ g+ 1.

Since H,,»([) is a linear subspace of L, (0, o), (4.4) further states that f is continyoys

linear functional® on IZ,,,(I) in the topology induced on it by L, (0, c0). Hence by
Hahn-Banach theorem!’, f can bc cxtended as a continuous linear functiopal 5 The
whole of L, (0, ). But the conjugate of L;(0, ) is Le(0, ). Therefore of
account of Ricsz-renresentation theorem'™ there exist N-bounded measurable functiors
g.(x)e L. (0, o), | k= g+ 1 such that

(fi#) = Z (gl ™ 2= DLF() 4.6)

This compblctes the proof.

Corollary : Let fe Hy»(I) and ¢ € D,, the shace of smooth functions with compact
support on / = (0, o0). Then there cxist N-bounded measurable furctions g, (x)e
L.(0, ), | <k < g+ 1such that

q¢+1 ’ z
(fid)=(2 (= 1)F DX+ f e =2 g (£) dt, $(x)) (4.7)

Proof : Lect ¢ €D,. Then in view of the Theorem, therc exist A-boundcd measuieble
functions gi(x)€ Lo (0, ), 1 -k = ¢ + | satislying the rclation

q+1 e

(f,9)= (51 (Dge—” t*=* g, (t) dt, Dz 9).

Again, since Df ¢ (t)e D, and the regular distribution corresponding to the integral

appearing in (4.7) belongs to Dj, the relation (4.7) follows immediately using the
rules of distributional differentiation®.

Note: The result (4.7) can be put in Koh’s form, viz.,

“If fe Hy.3. Then fis equal to a finite sum

a !
.. 3 _ __
'Z € (a [ x*=' P, (x) F; (x)] |

j=v

where the F;(x) are continuous on (0, c0) and the P; (x) are polynomials of degree g."”

In a view of the general nature of the kernel involved in (1. 1), we have becq able_;"
extend the representation formulae of the conventional integral transformations like

Meijffl‘—Laplace transformation* and the other gencralizations of Laplace transformations
given by Varma and Meijer to generalized functions.
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