), Indian Lost Sci., 64 (A), Nov. 1983, Pp. 311-316.
é [ndian Institute of Science, Printed in India.

ghort Communication

-F—'—-—-—__——-

Two-dimensional wave motion of a viscous fluid of infinjte depth due to
an applied shearing stress on the surface

SRIKUMAR MUKHERIJEE
Department of Mathematics, Malda College, Malda, India.

AND

SWAPNA MUKHERIEE

Department of Mathematics, Indian Institute of Technology, Kharagpur 721 302, Midnapur Dt,,
West Bengal, India.

Received on April 24, 1981 ; Revised on June 6, 1983.

Abstract

The surface elevation of the wave produced by the applied shearing stress of the general type
admitting of the transient and spatially periodic has been obtained in a closed form by a method

mvolving integral representation. The integral has been numerically evalvated in particular case by
Filon’s method.

K_el’ words : Wave motion, surface elevation, Filon’s method, applied shearing stress, propagation,
¥scous incompressible flow.

L. Introduction

The classical problem of the effect of viscosity on infinitesimal waves in deep sea was
olved by Basset! and Lamb®. Basset assumed that both the normal and shear stresses
“0the surface were zero and the wave motion was propagated by a train of disturbances
“iributed to the velocities. Lamb? considered the effect of surface stresses in two-
Mensional wave motion of a viscous liquid. : :
Wave motion of liquid in a rectangular duct due to variable pressure has been investi-
%led by Das?. It is well known that in a non-rotating system deep water waves are
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dispersive whereas the shallow water waves are poo-JdEseswbe.  Cetmaath and Rosepblaté
have made initial value investigation into th: dnvelopneas & sIrskce waves on 2 homo-
geneous ocean of finite and infinite deplh whech B e & ™= @r  waform motiop.
They have investigated the dispersive waw phepanene knt osassed the principal
features of the steady and the transient wave :nothoms.  Laomz wases oo a rotating sea
due to atmospheric disturbances has beea iovestemier ¥ Cr=x=x® Bagvid and Debnath®
considered travelling wind stress distnbuDoms ca e simax af @ ocezn. Debpath?
considered the wind driven currents 1n & por-tmihaomly sweamry shallow ocean with
dissipating effect due to the bottom frcoes.

The present paper is concerned with the snry of sIria= wase m 3 viscous incom-
pressible fluid of infinite depth. The tangzzial saews enex xxr &e= of the surface is
assumed to be of general type admittipg of th= o nr spaaly reriodic. This
problem is considered in connection with tbe ficw fwaoT 17 acan when am blows over
its free surface.

2. Formulation of the problem

We take the origin of coordinates op the =2 sxr> & Be wxxms fond and y-axis
vertically upwards. The x and “aXesare tatey op I spZme = yosermkng equations
of motion are (¢f. Lamb?)

QU 13p |

éT=—-p-i'ETrv H (1)
3”___13}7_ ’ g

where u and v are velocities in x and ¥y drecioms e, 3 & Be Tematic coefficient
of viscosity, p is the pressure and V3 dendiss Ui JovrHux

*

> Sl | S

The equation of coptipuity is
Qu L D

V1=

e T = 0. (3)
introducing the non-dimensional quanptiics -
,_uL ,_ oL _, x _ _Ww 0y e r__gL’
in equations (1), (2) and (3), we get (Groppnmr sesin
ou _ _ 3w
5 - Vi, 4)
w _ _

oy EYVE "
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u v
and ':";. T %,; =Y, (6)
where V2 denote the non-dimensional form of v2.
We assulic
yo M _W
IxX Yy )
T )
Yy X ®)
pressure p is determined from the Bernouli’s equation
p=¥ - )

Substituting equations (7), (8) and (9) in equations (4), (5) and (6) we get the
following expressions for ¢ and y as _

vig =0 (10)
W _ oo
¥ gy (11)
The boundary conditions are
(i), y >0 as y—» — o0 (12)
(i) neglecting the surface tension, the stress conditions on the surface y = 0
are
(@) normal stress p,, =0 (13)
(b) tangential stress over an area is given by
Poy =f(x, 1), |x] <1
S0 s 19

where f(x, ) is any function of time ¢ and even function of the space co-ordinate x.

Equations (10) and (11) are to be solved in accordance with (12), (13) and (14).

3. Method of solution

As a general solution of Laplace’s equations (10) and (11), we consider

b= e[ [4 e + BeM) sin Mx dM, (15)

=% [ [C % + D e™] cos Mx dM, (16)

“Mhere 4, B, C and D are functions independent of y and N is to be determined.
s“bsmuting (16) in (11), we get
N? = M? —n, (17)
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where N is the positive rom of anmion (17)
The boundary condition (124 iR be saushed if

B=D=0.
Hence equations (15) apd (ir: haoome
(= o]
¢ =™ [A & sm Mz 2. | (18)
oo
w=e" [C ™ cos Mx &N (19)
Substituting ¢ and y in eguannrs ¢ « dod (3) we get
(~ &)
b= —e™ { [MA ™ — CM ] s Mx dV. Q)
¥
Denoting the free surface =devemnr 1@ 7. we kave the kmematical relation as
d
—31:_= v Oon ¥ = Q. (22)
Integrating (21), we get
e-lt g
,,=_n..fu(,4—mml:a. (23)

The values of 4 and C will he desecmmen from ke bouccary conditions (13) and (14)
and equation (9).

Expressions for surfzce soessss

Poy = — P + 2

(24)

X
B : :
Pﬂr’y -0 ‘;‘fl‘l“‘#.—l!['-l]:! ~— (¢M — 2MNn) C] sin Mx dM.

Using boundary condition (i3;). v woe
n: + gM — M

C= N —zn * (25)
Again, p,, = %% + g

and Pl _ o= — €% | ZW9 —(CHW= — N)(] cos Mx dM (26)

-
L
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Substitution Of (25) into (26), reSults as
o
p,,' . ‘ne“"jA[4M:N‘(2M2—n)2_gM
4 . (2nN — ) M ] Cos Mx dM. (27)
paermination of A :
The applied shearing stress can be written in the form
2 r (
f(x,t) = n_f Cos Mx ff(ﬂ, 1) cos MB dp dam 28)

F 4

Using the condition in (14), we can find out the value of 4 from equations (27) and (28)
as

7™ 2n N—g)M 1
A= Tx TAMN + (2 M= — n)® + gM ff(ﬁ’ 1) wos MR ol

Rnowing A. the expression for surface elevation can be found out from equation (23).

Special case
We consider
f(x, 1) =S e™ cos kx. (30)
S, 2 28 1 @Gn N-g) M
nn k* — M? gM + 2QM?* — n)> — AM®N
X [k sin k cos M — M cos k sin M] 31)

Fig 1. Variation of the surface elevation with x
at ¢ = 3,
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Substituting the value of 4 in equation (23), we get the surface elevation # as

o
28 e"" M n—2M2 4+ 2MN
T= " K:*—M® gM + QM? — n)? — 4M°N’ " b
by 3 |
x [k sin k cos M — M cos k Sin M] sim Mx dM. (32)

It is clear from equation (32) that the surface elevation decays with time. Considering
the case when ¢ = 3, the above integral is computed by Filon’s method and the different
values of the surface elevation 5 are plotted against x in fig. 1.
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