JOURNAL OF

THE
INDIAN INSTITUTE OF SCIENCE
SECTION A
— e y—

P —— P e ol

A MATHEMATICAL EXTRAPOLATION METHOD
FOR COMPLEX DIELECTRIC
POLARISATION DATA

By P. T. NARASIMHAN
(Department of Physics, Indian Institute of Science, Bangalore 3)

Abstract

A mathematical extrapolation method has been outlined and applied to
complex dielectric polarisation data on dilute solutions of a polar molecule in a
non-polar solvent. It is shown that accurate values of both the dipole moment
and relaxation time of molecules may be obtained from measurements employing

even one frequency alone very near the absorption region.

1. Introduction

The dilute solution method of determining the dielectric polari-
sation of a polar solutein a non-polar solvent is one that is often
used in the determination of dipole moments of molecules from
dielectric constant and density data of solutions of known concen-
trations. The dielectric constants of the solutions are mefasured
usually in the frequency region where there 1s n.ot muc_h or little of
absorption and dispersion or in other words,'m a region where the
solute dipoles are able to follow the applied field. The_ total
polarisation of the solute is then found out by extrapolation to

infinite dilution of the solution either by graphical or mathem?ln;aé
se

methods. As the frequency of the applied field I 113
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known phenomenon of anomalous dispersion and

: the dipoles are not able to follow
absorption due to the fact that . Debye (1929
the field in the same way as at lower frequencies. ebye )
has shown that the dielectric constant e at these fr_equer_lczles m?y
be split up into two parts, the real (¢) a'nd the imaginary (e ?: 4
the latter being a measure of the absorption. The total polgn-
<ation could also be split up into P, and P; correspond!ng
respectively to the real and imaginary part§ and the extrapolation
of the total polarisation to infinite dilution has to be done
separately for Pr and Pi Potapenko and Wheeler (1943) emplt?yed
the graphical method of extrapolating Pr and Pi and obtained
satisfactory values for the dipole moment, ¢ and relaxation time, 7 ;
of some organic acid molecules in dioxan from dielectric measure-
ments at high frequencies. The limitations of the graphical method
in general need not be emphasized here since the great drawback in
this method arises from the fact that it is largely subjective and not
as accurate as mathematical methods. Mathematical extrapolation
formulae have been developed by Hedestrand (1929), Halverstadt
and Kumler (1942) and several others for use in the non-absorbing
regions, but there is no mathematical method for extrapolating the
dielectric polarisation data obtained in the region of absorption.
Such a formula would provide us with an accurate method of
determining the dipole moment and relaxation time of molecules
from measurements even at a single frequency where ¢ and ¢” could
be accurately measured. In this paper a mathematical formula for

extrapolation qf high frequency dielectric polarisation data has been
developed on lines similar to those of Hedestrand.

enoounter the well-

i

2. Extrapolation at Low Frequencies

The total polarisation Pi. of a

solution of a polar solute in a
non-polar solvent is usually written as

€2 +' 2 - dlz y i ( l )

In thi |
- ( ' Paper ¢ and 4 always refer to the dielectric constant
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and density and the subscripts 1, 2 and 12 refer to the solvent
solute and solution respectively. ;

f=mole fraction).

Since the solvent is non-polar P; is a constant and at very high
dilutions where there would be no dipole interaction P. should be
also constant. The Pi.vs fi plot would give, on linear extra-
polation to f: = 0, the values of P. and P, from the intercept and
slope respectively. This is the principle of the graphical method of
extrapolation. Owing to the non-linearity of the Pis vs /2 plot in
many cases this method often leads to great error. A better method
is to extrapolate P.: mathematically to 7: =0 using the functional
relationship between «., di: and f, as has been shown by Hede-
strand. Since the formulae derived in this paper for use in the

anomalous region are based essentially on that of Hedestrand’s a
short derivation of this is given below.

From equation (1) it follows that

Pi.—fi P
P, — “éil ()
Inserting equation (2) in equation (1) we get
a:—1 M, My fi {ez=1 1 _ a-— L i ...(3
Fr = €12 + 2 ‘ dm * /s { €12 + 2 dys €1 + 2 d, }. ( )

The existing mass of experimenta] data point out to a simple
relationship between <., di and f: of the form given below.

€12 = €) (I + lez) (4a)
d1:=. = d1 (I + Bfa) (4b)
where a and B8 are constants.

Substituting equations (4a) and (4b) in (3) we get on rearranging
co—1 M, M fi[3ca—Bla—=Dlald* E__Lz)._:':.-z.]}

Po=22 . G+ U [l +af) + Ala +2

: - lim e = €. .
Now,f:fi'o Ps = Psoo 4nd f2>0 ﬂ fa=>0

lim f, = 1. Thus we get,

— 1) (e + 2)
- Mﬂ MI [3{1 € i B (€.‘I . l) (_E.,_._...t_—L
Bune e B s o & SRS W e (6)
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-1 M- 8 M IMia e
E | ‘ : d (e + 2)* 89 (7)
Hedestrand’s formula.

or Pgm = B .
€ + 2 dl

Equation (7) is the well-known

As already stated in the region of absorption the dielectric

constant ¢ and the polarisation P are complex in the sense that
- ¢ —i¢* and P = P,_ iP;, Consequently the extrapolation has

G_

to be carried out separately for P, and Pi P, and P; may be
shown (Potapenko and Wheeler 1948) to be

Eu', + G::” 1 Euﬂt — 2 . lel P Mﬂfi

P 1t — 3 1 8 .
- eli'l + 4612' 4+ €9 ’  n 4 dti neae (8)

A 3 E:i'tllr M;ﬂ + Mgﬁ
Plhu= <o d 9
s + ders + e + 4 ds ( )

obtained by substituting the complex expressions for ¢ and P in
equation (1). From the plots of Pr,vsf, and Pi, vs f, we may find
the values of Pr,«» and P;, - corresponding to f, =0. As mentioned
earlier this nethod has serious drawbacks and we shall therefore
derive mathematical formulae for the evaluation of P, o and P;, .
For this purpose we need an expression relating ., ¢.." and d,,
with f,. It is obvious that equation (4b) for density is valid in the
present problem and may therefore be used as such. Only recently has
the dependence of «,,’and ,,” on f, been studied carefully and from
a_detailed and accurate investigation of the microwave absorption of
dilute solutions of several organic compounds in non-polar solvents
Hestf)n, Eranklin, Hennelly and Smyth (1950) have shown that a
relationship of the form expressed in equation (10) below exists.

61:.»t = 1'51’ + sz (100)
512‘ - yfa (lOb)

where x and y are constants. With these expressions on hand we

can now proceed to find out m ' :
for Pr,., and Pj, athematical extrapolation formulae

It can be shown that

Prl = @ ~ | M,
¢ + 2 d, (11)
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even 1n the region of absorption since «"=0, the solvent being

non-pf)]ar. A.ssuming that the law of additivity holds for P, as
for P in equation (2) we may write r

P’_’__ P"u i -[; P’j
o | 1 e (12)
Substituting equations (8) and (11) in (12) we get

P €19’° + €13’ + €2 M.i_Mafi 1 _lel @ —1 |1

g,
—

r
2 61

b A e—

g ’ . ; gk 2
o ¥ dery + "% +4 dye Ja d, @ +2° f,

(13)

Equation (13) may be re-written as

1‘511”= + t‘SuIF 4+ 611"‘—2 M,
e’ + des’ + o +4 an

Mtfl{fl;z + GmlIr + 613*2—2 _l___ 61'—1 i ]
fe E:!" - 2 4611'+612'2+4 j d:s ;—'_-:2 - Ti_] j (14)
Substitution of equation (10a), (105) and (4b) in (14) gives on

rearrangement

b (e A XA )+ R -2 M MLTA
¥ (GI' + x_fl)’ + 4 (Elr -+ x_f;) -+ (}’_fe)2 + 4 d‘l! + dlt! [ ]

P, =

+

A
(15)
where A and & may be shown on expansion to be
A=3x( +xfi+2)—-Be&'le” -4’ +2xfiei’ -4 xfax(xfo)
+f + Ble’ +4xfa+ (f) + O + 4 +3p /. (16)
A=a+6a"+ 12" +&'6xfr + )+ 0]
+12xf + 21(<f)* + yf)'] + 8 . (17)
lim P P lim y . ¥
Now, fgi"""o Fo = [Js00 and f2+0 €12 = €1-
We have also W™ d., = d, and ™ fi=1.  Thus
€ nNave aiso fg_)'o 12 = 1 fz_;,_o 1
at f:{-":- 0 equation (15) becomes
3 2
2 ’ ’ ’
. ’ 3x (e +2)—Ble’— % +ea +4) }
P €1 + € — 2_. _:N_i} M: ' s . 3
SRS (e + 2)2 d, = d, { a (e + e’ + 12) + (18)

determined values of x and g may be

The experimentall . _
- o and the value of Prioco obtained as in the

inserted in equation (18)
case of equation (6).
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‘ ' expres
Having thus obtained an ' _ ay
derive a similar expression for Pi, . Since we are primarily inter-

ested in a non-polar solvent whose «” = 0 we may write

Inserting equation (9) in (19) and making use of equations
(10a), (10b) and (40) we get

M. /. 1 { 3 ¥/ . }

Pih = (T + B Jo \Cerixfay + & (er+x73) + (0f3) ‘+4
MI 2 l i 3_ yﬁ I . . 0
+31(1+’;fl). f!{(€1'+xfa)' +4(ey + xfa)+(ySf2)* + 4 (2 )

Now, ff-{TO f,=1and making use of this relation in equation (20)

we find that while at j{:—TO the second term in the right hand side of

equation (20) vanishes, we get finally on rearranging

. _ 3y M_1__ﬂ
Plgm =4 (e + 2), (21)

The values of P;, o0 and Pi,« obtained from equations (18) and
(21) may be now used for the calculation of the dipole moment and
relaxation time of molecules from measurements on dilute solutions
using even a single frequency near the region of absorption just asin
the case of the more familiar dielectric measurements at low frequen-
cies.

It has been shown by Debye (1929) that

PTQC} — PD + Po ( 1-_-__ ) L 1:22)

l +iwr
where Preo = the total polarisation of the solute at infinite dilution,
PD_= the distortion polarisation and P, = the orientation polari-
sation. « = 2~ times the frequency used and - = the relaxation
time of the dipole. At lower frequencies equation (22) becomes

Preoc = Pp + Po vee (23)
X FolLowing Po}fapenko and Wheeler (1948) we find that since
Too = Lry,o0 ~ | iy ©O
Pr, oo — o0 — '—wg 72
Py Po(l_'_ 2 -r’) (24)

and P; - P ( m-r___)
2 00 o R

(25)
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- Substituting equation (23) in (24) and solvin
* simultaneously with (25) we get
Pigi GD + (Przm ----PD)t

Po = P 200 — Pp - (26)

andT =_L Pl 200

w  Prag —Pp - (27)
The dlpf)lf___ moment, x4, may be obtained from the equation
p = 0.0127 v'Po.T (T = the absolute temperature), the value of P,

being taken from equation (26). The magnitude of P, may be
determined as usual from refractive index measurements.

119

g the resulting equation

4. Analysis of Experimental Data

Most of the experimental data available in the literature are
insufficient for the calculation of g and 7 by the present method
chiefly due to the lack of <« and B values. However, Franklin,
Heston, Hennelly and Smyth (1950) have recorded a large number
of x, y and B values at various temperatures for some organic
compounds in non-polar solvents in the microwave region. Using
the values of these authors the dipole moments of some substances
were calculated using equations (18), (21) and (26) and found to
agree remarkably well with existing data at low frequencies. Tables
I, II and III showing the calculated values of dipole moment, g
and relaxation time, 7 of ethyl bromide in various solvents are
typical of those obtained by the use of the present mathematical
extrapolation method.

Table 1
Cﬁ H5 BI‘ — C'; H]ﬁ.
' Jo T Pr o0 P;, Po M calcdﬂ. Tcalcﬂ.
| : b 4 calcd calcd Lalcd «10°%° x10°
Solvent Temp. in y B SeE en  imom Ao ey

CI']]S- _ = S

=1923 20°C 1.277 2800660541 119. 80 18. 85 9424 2-11 1-42
d. - 06838 ,, 3.22  2.76 0-36 0-541 118-65 1028 90-34  2.07
¢, = 1.895 40°C 1.277 240 0-56 0.555111-27 16:65 gs-16 207 204
d, -06665 5 3.22 249027(’)555 11395 8.03 8521 207

- p calculated from 577 m. ‘data — 188D (20°C) aﬂd 195D (40°C) using

Hedestrand’s method. ;
v (Franklin et. al.) = 1-6 x 1077 s€cs.
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Table Il
C, H; Br— C: Hi:
%o  Prieo Piyeo Po pcaled 7 cllcd
L x ¥ caled.  caled. calcd. x 10 x 10
Solvent  Temp. n incec. inc.c.y incc. ¢€.8.u. sec.

cms. i e T % i
2202 20°C 1277 2850950590 9460 1895 7063 183 169
S 07195 . 322 3730600590 11169 1169 8394 1.9
 _1992 40°C 1277 280 0.810592 9598 1688 7077 189 172
4 —07604 , 322 339 045059211522 938 8675 209

— o —

s - —— —— =
- e —— i ————— —

i —— —

4 calculated from 577 m.  data = 1'69D (20°C) and 195D (40°C) using

Hedestrand’s method.
1 (Franklin et. al ) = 21 x i0-'* secs.

Table IIl
C. H, Br — C,s H,
SEERES IS Yo Pl" - Pl.i - PO P CalCﬂ- T Calf.;g.
Solvent Temp. in X y B caled. caled. caled. x107 x107
CIns. inc.c. Incec. Incc. es.u. sec.

e = 2049 20°C 1277 120 033 0220 10280 1499 7637 190 139
d, = 07740 , 322 137 028 0220 11189 1272 84.35 200
o' = 2027 40°C 1277 095 025 0224 91.09 1378 6467 1.81 [.52
d, = 07597 , 322 124 020 0224 10709 1102 7916 2.00

— L — o — —— - — -

p calculated from 577 m. data = 179D (20°C) and 1.82D (40°C) using
Hedestrand’s method.

7 (Franklin et. al.) = 2.1 x 10" secs.

A value of 29°5 c.c. has been taken for P, of ethyl bromide in
the above calculations. (Smyth and Morgan 1928). An examina-
tion of the results obtained with the present method shows clearly
that ‘the calculated values of u are in good agreement with those
ol?tamed at lower frequencies. It is also clear that data obtained
with one frequency alone are sufficient to enable us to calcu-
late » and 7. The values of T calculated from equation (27) have
!)een found to be of the correct order but are found to vary
In some cases by- about £ 0'S x 10"** secs. for the two wavelengths
Estedl above. It_ Is not unlikely that such variations of the calculated

values are either due to a distribution of the relaxation time or

]
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due to small errors in the values of y since these in turn would affect
the Pi, o values adversely. The 7 values in the above tables have

been calculated for 3,=1.277 cm. alone since the y values are larger
in this case than for ),=3.22 cm.

In conclusion it may be stated that the mathematical extra-
polation formula derived in this paper may be used with great
advantage in the calculation of g and 7 values from dielectric data
on dilute solutions of a polar solute in a non-polar solvent in the
region of absorption. The present method may be further modified
along lines similar to those used by Halverstadt and Kumler (1942)
and applied to a wider range of experimental data.

The author’s grateful thanks are due to Prof. R. S. Krishnan
for his kind interest and valuable help in the progress of this work.
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