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ABSTRACT

The field components for the TM mode in a cylindrical metallic
guide filled completely with two coaxial dielectrics have been derived
from Maxwell’s equations. It has been shown that all the other modes
except the TM, are hybrid. By applying boundary conditions the propa-
gation characteristics for the TM mode have been derived from the field
components. Hollow wave guide excited in the TM mode has been

treated as a special case.
INTRODUCTION

In a recent paper (Chatterjee, 1953) the field components of microwaves

(TEs)) passing through a cylindrical metallic guide filled comgletelyt-w:lt:
two different coaxial dielectrics have been derived from the field equations.

: ) a repOl’t
The pr e : of the previous one and presents a re
present paper is a continuation P ristics of micro-

of the theoretical investigations on the propagation Ché?chhe result indi-
Waves (TM mode) passing through the same type odm e:mtrical mode TM,
cates that all the other modes except the circularly symms

are hybrid.
FieLp CompoNENTS (TM MODE)

ordinates (r, 6, z) for the TM mode

M ' : ' lindrical co-
axwell’s equations 1n ¢y follows : 103

are expressed in m.k.s. rationalised units as
Bl
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{04
Hz - 0 )
bal:" = jwe Ey
12 15H, . |
roor (rHo) = . 59~ =J€ Ez f;, (1)
12E,; E . ‘
r b"ﬁz aze =t Ny
dE dE *
Al e
1 dE,
rBr(Ee)_r 20 =0
)
From eq. (1) the following equation is obtained :
e+ |t | + wtueH, — £ [L55] =0 @

The electric E and the magnetic H field intensities are expressed in terms of
the Hertz vector IT as follows:

H = (e—+a)vxﬂ

E=vy Xy x1I
Let us consider propagation in the z direction only, then
II, = II, = 0 and hence

LN

ot r 30
/. o ®
Ho=— (5 +0) %"

Substituting (3) in (2) the following differential equation is obtained:
d d2 1 M1,
'E ¥ -
[ i ”] [Bz"( )"' Br roar\’ o )}

+ w?ne )+br{:3;9 bgp-z }]=0 (4)
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The time variation is expressed by ejwt, So,
0 ,
€7 + 0 = jwe + ¢

As jwe + o7 0, the following differential equation is obtained from (4).

2211 M, 1 321,
DZQE ! b!‘ ( )+‘ w F' Hz + 2 30m constant (5)

where R = f(r), ® = f(0) and Z = f(2) only.

From equations (5) and (5a) and making the constants of integration in
(5) zero, the following differential equation is obtained.

11dy dR 1 14 142, ,
Rrd ("% )t 8 g+ zg T @Be=0 ..
!
2
Let ) 9% = y* and g %0 = — m? (6a)

where y and m are constants independent of r, 0, z.

From (6 a)
Z = %% (yz) and 8 = 3 (mb) * (7)
From (6) and (6 a)
PR (VAR R [ @et ) - ] =0 (70
The equation (7 @) when solved gives
R = Al (-V@¥ie 7)) + BYm (Vofue +77) ®)
From (5 a), (7) and (8), II, is given as follows: o

I1, ""[AJm("\/‘” P’-E:'_Jﬁ) +BY, (rVe P€+?)]m:(m9)z (2) (
(8 5)

Let Z (2) = %, k = V/olpe+y’

From (8 @) and (8 b)

)
1, = [AJm (kr) + BYm (k)] &2 moe™
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The components of H and E are obtained from equations (3). (9) and (10),
(1) respectively as follows:

H, = j(jwe + o) 'f [AYrn (kr) + BY (kr)] &0 mBe~7z } -
Hy = — (Jwe + o) [Ak'm (kr) + BkY'm (kr)] 355 mBe™7?

E. = — U9 9 [aAry, (kr) + BKY'm (k)]s mbera

Jwe

Eg = — YLD M A5 (kr) + BY,y, (kr) 32 mbe-rs

Jwe

E, = — U219 (arey”,, (kr) + BR2Y ", (kr))

jOJG

(10 g)

- . {AkJ'm (kr) + BkY 'y, (kr)}

— 2 (AL (kr) + BY (k)] 2= mbe2

7

In the second medium Yy,’s have infinite discontinuities in the axial region

which is physically inadmussible. The field components for the second
medium are given as follows from (10) and (10 a)

o< r<r,
H22=0

Hyy = — j(Joey + 0) 7 [Aolm (k)] 2in mbe:2

Hps = — (Jjwey + 0) [Apkod (kor)] S8 mbe—v:2

E;p = — 12 (jc;z—!— 0) [Agka) in (sz)] 28 mbe~7:2

Eg, — _ Jyz (}‘*’fz + o) m
Jweg

_ _ (Jjwe+0) —
E, = “:f‘jfa [{Aska2)" (ker)}+ }.{AzkeJ ‘m (ker)}

A

[AzJ m (Kar)] 50 mfe-v:z

mée
— yz {Addm (kor) }] 2 mle-vsz



Propagation of Microwaves through a Cylindrical Metallic Guide—IT 107

region 1s excluded, so the field components are
e rn

Hz; =0 ‘

In the first medium, the axia]

o m
Hyy = — j(jwe + 0) - [Aidm (kyr) + B, Yy (k)] *in mfe-rz

Hg, = — (jwey+o) [A1k1J ‘m (k) + Bk, Y'm (k)] el 71/ 0
En = — 1 (jw il U) [A1k1J’

m (K37) + Bk, Y 1 (kyr)] 8 11 feY:2

Jwe
_n(joe +0) m
Eel j{_u_fhl; e "‘_‘ [AlJm (klr) + BlYm (klr) ;;: m9€_7lz (12)

E;n= Jwe + o) [{A1 k%) m (kar) + Biky2Y ", (kyr)} F

JOE€;

1 :
+ < {Avkd'm (ar) + Bk Y'm (k)

2
— T {Adm (k) + B, Y (kyr)}] &2 mber

The following boundary conditions hold good:

E91=E21=0 at r=r1
Hg, = Hpe at r=r,

Assuming ¢ = 0 and the attenuation constants ¢, =a; =10 for both the
media and putting

€= €fey B= Py — P v1=JP1 and y: = JjPs
the following equations are obtained from (11), (12) and (13).
AJm (kyr) + By Y m (kyry) =0
[A ek d m (kirs) + Byek,Y'm (k7)) e IB3 — A ko) m (kore) =0 (14)
(A3 m (kyrs) €8y + BikyY'm (Kar) €Byl e ip2 — AkyBe) m (karg) =0

In order that A,, B,, and A, are not zero the determinant of their coefficients

in eq. (14) must vanish.
Substituting k' = kg/k, and B’ = Bo/B, 1Nt €q. (14) the following two
equations of A, and B, in terms of A, are obtained.
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A, [V'm (kirs) Ym (kyry) — Y'm (k1r2) Im (kyra)]
= A; k: V'm (kore) Ym (ki) elp= (15)

B, [Y'm (kyre) Im Ueiry) — ¥'m (kare) Yo (Rary)]

= A E Y (ko) I (hiry) el

The equations (15) can be written as
A, = A,A3¢78% and B, = ALA I8z (15q)
A, can be evaluated from the expression for the power flowing through the

guide.
The average power flowing through the guide per square meter of surface
normal to the axis of the tube is given by the sum of

Pz1 = % [EryH*p,— Eg,H*;;] in the medium 1
and  pzy = 3 [ErsH*g2— EgaH*ys) in the medium 2.

The total average power transmitted through the tube

Pz*_"%ffpzlds‘l"éffpzzds

surface surfsce
normal normal
to the to the
axis of axis of
the tube the tube

The peak power flowing through the tube

Po=J I [EnH%: — EgiH*nlrdbdr
+ 1 ] [BrsH¥pe— EguH*p,] rdbdr (16)

In the above expression for the peak power flow the values for k, and k, are
klz — ylz =+ wap']_fl

ko = yo? + wiye,

Or, expressed in terms of the phase velocities vp1 and vy, and phase constants
y and B; in the two media

ky? = B,* (Epl2 — l)

€2

kg® = By (vmz = l)
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2.
where ¢1” = ljpe and ¢,? = 1/,

The values for kl. and k, may be real or imaginary dependi

of vy, an:d Upe v:rlth respect to ¢; and ¢, respectively p[-F A L L
of anal?'sm remains unaltered irrespective of the charz;cter ?:ezer’ .
Ps_consgder that the constants of the two media are such that k 1_and kg Let
is imaginary. Let k, = jk’;. The field components in the Sle c‘; Ejeal an:d ko
therefore, involve Bessel functions of complex argument and Ilienzei;unils’

convenitnt to rteplace J’s for th . _
funcfions. T, g ¢ second medium by the modified Bessel

From egs. (1), (12), (154a) and (16)

P = 2,—2v,z Y1 Jwe + 0)% o ¢ '

P 2m Ayle N2 jwlel e?IpZ [k, { .{ A2 (J - (kli"))2 rdr
+r_:[ Al (Y’m (klr))2 rdr + 2 jl:1 Ay A m (ki) Yy (kyr) rdr}
— m? { f A2l ? (kyr) }. dr + JEIA.&Esz (kar) ‘l‘r dr

+ 2 A I () Yom () 1 )

1 2m Aotz 12Ue 20X e (] jamit (U, (k) )

Jw €o r=0

_mt] L T () d]

r=0
as 1. (kyr) = j™ I (K's?) and ¥ () = — 7 Im (K'5)

the expression for P shows that it is pro-

When ¢ = 0, y, = jB2 71 = jB1
and k,, k's. So the expres-

portional to some f unction of Bi, Ba» €15 €25 71 T2
sion for the peak power flow iS

P = 2nA%w [F (B & re 1 k) + F By e T2 k'9)] (17)
So,
A, = Pt (18)
where
_E_.. . (18 a)
P= o TFF F’]}
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The field components in the two media for the TM mode can then be ex-
pressed from (11), (12) and (18) as follows :

Medium 2: 0 r<

Hze =0
Hy, = — j™*! (jwey + G‘) Pi Im (k'gf) m-mge_gﬁ“
Hg, = jmt! (jwey, + 0) kg P 'y (K'or) 600 mBOe-16:2

Epy = j mt2 g, (S22 "f') ky Pt 'y (K'gr) 2 mBe=26:% (19)

Jweéy

ﬁg(’w&: + 0') m Pi Im (k’ r) sin ?nae-.’?ﬂnz

;- W D€z 170
g2 e,

Eze = — ]'m €10 Pt [{k 5jm+2 1 m (k'o1)}

Jwes

1., . , . & :
~ ke U (K0} — 75 (™ Ty (K'gr)}] 3 mBeipe=

Medium 1: rs S rn

Hry = — j(jwe +0) ?Pi [Adm (k1r) + A Y (kyr)]sin m9e-ip=2

HQI —_— - (jﬂUE]_ O') Pi [Aakljf-m (k]_r) + A4 le’m (klr)] :‘iﬂ:m,?e—jﬁ:z

_ _Bijwe + o) ,
B = = e PHAK m (ki) + Ay Y, (k)] 2 mbee-a
(194

_ Bi(jwe o)
Bg = — D ST O B (A (k) + A Y (k)] tin me-ipz

. (we + cr) -
E; = Ll [{Aakl“ m (kyr) + A kY (klr)}
+ AR m () + AdesY'm (k)

m’2

7 Addm (1) +A Y (k)] 32 mbe-ipsz
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1

IT'My mode.—In this case m = g :
= 0 and the mode is circy] :
i i?eld components for the TM, mode in the two me:ira:y;:? mgtrlcal.
equations (19) and (19 a) and expressed in real parts are; ived from

Medium 2.
sz A Hrz — Eez =0
Heg = - (Ufgkgm Iru (krzr) COSs 522

Ers = — BeksPt Iy (K1) cos Byz
Ezy = — PH 2T (k') — k* o (k'y) | cos Bz (20)
Medium 1:

Hzi = Hyy = Hgp = Eg =0

This shows that there is no wave propagation in the first medium. The
wave is entirely concentrated in the second medium. It is also evident from
(19) and (19 a) that in the case of any other TM mode the wave travels in
both the media. It may therefore be concluded that it is only in the case
of the circularly symmetrical mode TM, that the wave travels in the inner
dielectric but in the case of any other mode the wave is hybrid.

HoLLow WAVE GUIDE

When €, = ¢, = ¢,, and r, = r, the problem reduces to the case of
a hollow wave guide. In this case

ky=ksy k'=1, e=1, B =1, By = B, B=0.
From (15) the values of A, and B, can be modified as follows:
A, = — Agkyry Vm (kiry) Y (kard)
B, = Ak, I'm (kard) Im (kary)
as Voo (k) Ym (kard) — Y'm (kyry) Im (kyry) = k:-"i

eliminated from the solution
hed. Substituting (21)

- (21)

In the case of the hollow wave guide all 1.’"",3. are
as Y's — — oo as the axis of the guide is approac

in (12) the E, component can be written as

By = — A [ ' () + har I () = I (2]

—_— Alklz Jm (klr)
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as (Gray and Mathews, 1922; Dwight, 1949)
k12r2 J”m (klr) —_— (”IE — mn — klzf'g) Jm (klr) + klr Jm+1 (klr)

and
klr er (klr) = m Jm (klr) — kll" Jm-l-l (klr)

The components for the TM mode in the hollow wave guide are
Hz —_ 0

H, = Awe ’f I (ky7) cos mB cos Byz

H9 — A(Dflli’m (klr) COS n19 Sin ﬁlz

E, = AkyB, I'm (k) cos mO sin B,z

E; = — AB; ’—f Jm (k1) cos mB cos B4z
E; = — Aki? Jm (kyr) cos mb cos Bz (22)
where
A — A3 P&

So the hollow wave guide can be treated as a special case of the guide filled
coaxially with two dielectrics.

PROPAGATION CHARACTERISTICS
From (12), (13) and (15 a)
AyJm (kyry) + B)Y o (kyry) = 0

{d_‘_! —_ Ym (kiry) _ A
B, Im(kyry) — A, (23)

But Jg, and Y,, can be expressed as

Im (kiry) = [“ 2———]i [ P (kyry) cos ( kyry — ’_g"f — ;)

‘ﬂ'klrl

e O, iy s (klrl - D] (23 a)

Y (kyry) = [ 2 ]* [ P (kiry) sin ( kyry — 1’5’3 _ ’:)

nkyry

+ Qm (kyry) cos ( kyry — %’3 - :)] (23 b)
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where,
Pm (klrl) ~ 1 — (L!‘nf,:- 12) (“1”12 — 32)
2! (8 klrl)a '
4m2 — 12
k e B
Qm(lrl)wllgklrl T
For large ky r1, Pm (kyry) ~ 1 and Qg (kyry) ~ 0. (23 0)
____ 1 nir ™ N
From (23) to (23 ¢) k; = < [-—2— s 4 T tan 18]
1 (mn | = e} b
So, y, = [F;ﬁ {7 +3+tanis] — Wiy (24)
where 0 = Ag/A,l.
In order that propagation may take place y, must be imaginary.
So, the following condition must be fulfilled.
1 [m -n' 2
w6, > -’? [«2—7-7 +4- i 4- tan™t 8] (24 a)
The expression for vy, in (24) may be written as
' . 1 [mr A
n= o +ifi=J Al @t — s [ +5 + tans]
a, =0
F L [mm 7 tant 3]2 (24 b)
ﬁ1=,\/m2plel—? [*-2- -l-a—l-taﬂ

In order that propagation may take place B, must be real and tl?e.condition
(24 @) must be fulfilled. This indicates that there must be a minimum f're-
quency f. below which propagation will not take place. The critical

frequency is given by

— 7:=1 2T 4T bt S (24 c)
fc—'i;f;"l p151[2+4+ ]

For frequencies greater than f¢
the tube.

A cut off wavelength A; may be defined as A = e/f s i€

i 24 d
,\¢=2wr1/[”2~“’+j+tan‘8] (24 d)

there will be propagation of tbe wave down
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where ¢, is the velocity of a free wave in a medium of constants u; and e,.
The phase velocity of the wave is given by

I (m . S, g |
cp1 = w[py = W/[wzﬁﬁl X {23 + 4 tan~? 3} ] (24 e)

The group velocity cg, 1S

! RE:
Cgl ﬁ 1/-?)&1 = [f.dzf.l-lfl E— {’3121? + Z + tan 1 3} ] /(U[.L]_El (24f)

r2
The wavelength Ay, in the guide is

274
A1 = 2n(B, = Zfr/[cuzplel — '_1_2 {—-’%E A z 4 tan™t 3} ] (24 g)

ry

For all the TM modes except TM, the wave travels in both the media.
The propagation characteristics in the second medium will be different from
those in the first medium. The relation between the propagation charac-
teristics in the second medium with respect to the first are found as follows,
From (13), (19) and (19 @) the following relation between k, and k, is

obtained

ks Astm(ard + A Y'm (kurs

€

ki ‘m (Kar2)
o k (k k 1)
2\t _ . _ COs Ky — K q7p) € -
fél) = 284 [T 5in (kiry T Kara) = c0s (ks — kara)] (25)
as
L Ym (kyry)
Aa - A4 jm (klr-!)
and for the large arguments
2 \? nm @
Imer) ~ (o) [eos (k=75 — )]

ir
Ym (kﬂ']) e (1—7?2;’; Sin klrl —_ i — 747)]
Voo Lo mgie (&%_ )*
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The equation (25) may further be reduced to
I&)* _ . 2eA,
k1 + sin (k1r1 T E;’Tzﬂ):——‘l (25 a)

The above expressiox} §h9ws that the limiting values of k, will depend on
sin (kyr1+kqre) the limiting value of which is determined from kiry + kor,
= nw/2, where n1s an integer. k, in (22 g) will be maximum when # is even
and will be minimum when 7 1s odd provided the 4+ ve and the — ve signs
are chosen for odd and even values of sin (k7 4 kory) respectively. So,
the limiting values of k, will lie between k,¢?A % and 4 k,e2A 2.  So, v,
will lie between [k,?€*At — wiuse]t and [16 k2'A 2 — winoe,]b.  Hence
the limiting values of B;are [w?use; — K 2€tA Pt and [wiu e, — 16 Ky 2e2A SR,
In order that propagation may take place through the second medium B,
must be real and hence w?uye; should be > 16 k;2<!Al So, the critical
frequency and critical wavelengths are given by

fop = &ky€2A 22/ pge; and Acg = 2m[4 ek A L respectively.
The phase ¢pe and the group cge velocities lie between
Cpa—> w][wiyes — ky? A I} and ol — 16 k2EA ]

[wigey — ky?ALT o [0les — 16 kAP

: 1 -3 and 7
g [wps €0 — wiy 51‘54A44] [wpoeq — 16€* Aqtwps €]

The guide wavelength Ag, lies between

] [whges — Ki2bA 4T and 2n/ [wipacs — 16 ky2'A 41

: edia are col-
The propagation characteristics of the TM wave in both the med:

lected in the table for convenience of reference.
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