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ABSTRACT 

The field components for the TM mode in a cylindrical metallic 
guide filled completely with two coaxial dielectrics have been derived 
from Maxwell's equations. It has been shown that all the other modes 
except the TMO  are hybrid. By applying boundary conditions the propa- 
gation characteristics for the TM mode have been derived from the field 
components. Hollow wave guide excited in the TM mode has been 
treated as a special case. 

INTRODUCTION 

In a recent paper (Chatterjee, 1953) the field components of microwaves 
(TE01) passing through a cylindrical metallic guide filled completely with 
two different coaxial dielectrics have been derived from the field equations. 
The present paper is a continuation of the previous one and presents a report 
of the theoretical investigations on the propagation characteristics of micro- 
waves (TM mode) passing through the same type of guide. The result indi- 

cates that all the other modes except the circularly symmetrical mode TM
°  

are hybrid. 
FIELD COMPONENTS (TM MoDE) 

Maxwell's equations in cylindrical co-ordinates (r, 0, z) for the TM mode 

are expressed in m.k.s. rationalised units as follows: 103 
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From eq. (1) the following equation is obtained: 

z r1 	= (.1  z2He 	(riis)] 	WE Hg — 	b 9 j bz 2 	br r (2) 

The electric E and the magnetic H field intensities are expressed in terms of 
the Hertz vector IT as follows: 

11=(c--t +a)v x17 

Let us consider propagation in the z direction only, then 

Hi = /72  = 0 and hence 

z.17z  
Hr  = e  bt + a  ) -TO I 
H9= 
	

1 
	

(3) 

Substituting (3) in (2) the following differential equation is obtained: 

[ b 	
r )2 nrr 

e  + J [ ,z2 yb"--Itz) 	{ 	r 11  z)} 
br r br 	br- 

cv2tte (.kz) 	b 11 	(bi7z) 
br r2 b e -b-ri  I] r 0 e  (4) 
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The time variation is expressed by eiwt. So, 

E bt-±an-jwc± cr 
• 

AS jai + CT 0, the following differential equation is obtained from (4). 

21-ltz 	1?I7 - - 	r 	z .4_ n1 211  rT 	"N 2H 
V  Z 

r br 	br) ' 	raaz I rry6-2-- -= constant 

Let viz  = ROZ 

where R = f (r), 8 = f (0) and Z = f (z) only. 

(5) 

(5 a) 

From equations (5) and (5 a) and making the constants of integration in 
(5) zero, the following differential equation is obtained. 

1 1 d r  dR\ j_ 1 1 d2e _L  d2z 	2  
R r dr k dr ) -1-  6 r2  d02 	Z dz 2 	̀II 	° 	

(6) 

1 d2Z 1 d249 Let z-- 	= y2  and 0 	. m 2 	 (6 a) 

where y and n2 are constants independent of r, 0, z. 

From (6 a) 

(7) 

From (6) and (6 a) 

d2R ldR m 2 
R [ (a) 2p€ ± y 2) — 	

0 
dr 2 	r dr 	

(7 a) 

The equation (7 a) when solved gives 

R A.17n  (r0,02pc ± y 2) ± BYrn  (r- 0021„ 	+ y) 	
(8) 

From (5 a), (7) and (8), Hz  is given as follows: 

H 	[ Pam oa -Vw ziLe -1-7) +BY,n, (rA/0, 2p.€ 0)] r: (ne) Z (z) (8 a) 
4.- „ 
(6 b) 

Let Z (z) 	e-n, k 	Vc --2,211E + 

From (8 a) and (8 b) 

Hz = [Aim (kr) ± BYm  (kr)} :7: mee-vz (9) 

• 
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The components of H and E are obtained from equations (3). (9) and (10), 
(1) respectively as follows: 1 Fir  -= j Uwe ± Gr) i  ;el  [Arm  (kr) ± BYm  (kr)] ::: milern 

Ho  = — (Jo) E + a) [AkJ'm  (kr) + BkY'm  (kr)] r: mile -vz 
(10) 

j7  (PD. 	 (7)  [Aki'm  (kr) f BkY'm  (kr)] es-c: m9 e-Y; 
j we 

(.1w6+ in [Min, (kr) ± BY, (kr) t: mil e -Yz E0 	- • fin E 	r 

(ja)  ± r k2  Ez 	- 	L{A J„  m  (kr) + Bk 2rm  (kr)} jco E 

1 (Akrm  (kr) ± BkY'm  (kr)} 

m  2 

A— ---2  {JD, (kr) + BYm  (kr)}} r: me cryz r 

(10 a) 

In the second medium Yni's have infinite discontinuities in the axial region 
which is physically inadmissible. The field components for the second 
medium are given as follows from (10) and (10 a) 

oc r < r 2  
Hz2 = 0 

1 

Hr2 =--- 	(ita €2 ± a)7- [Aj m  (k 2r)] se io:  Mee-Y22  

H92 	(jC0E2 a)[Azkzrm ( 1c2r)] Z):: mile-Y: 3  

Er:  = — 72  Q. 62  ±-a)  [A 2ktrm  (1c2r)] :?: m8e -Ya Joiez 	 (11) 
E92 = airfi City €2 + ni 

E2 [A llm  (kg)} win; inee-Yat  

E3 = 	 i{A2k2 2r m (k2r)) --F -ii:{A2k 2F m  (k2r)} ico Ea  
tn 2 
r2  {A2J'm (k2r) )1 nv 9  e' iz 
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In the first medium, the axial region is excluded, so the field components are 

2 C r -C, r 

Hzi ° 

Fin  = j Cito Ei ± 1-ner  [Alin% (kir) + BiYm  (kir)] nton as  

H91 = (Po ei+a) RAF= (kir) -I- B ikil"m  (k ir)] no, mee-ya 

En i 	 el ± a)  ['kik/Jim  (k ir) + BiklY tm (kir)jr: moe-yiz J. Et  

+ m 
Eel =  	 [AiJni  (kir) -I- %Y .  m (k ir) tn. nige -Ya Jo) e 

(jwc i  + a) E zi  = — R W A, Y ?  m (kir) + Biki. 21" m (kir)} Joni  
1  
-r- {A ikkr ,  m  (k ir) + %kJ:Vim  (kir)) 

(12) 

m 2 
-y fAiJm (kir) ± BlY m  (k ir))) s w me e-Y 

83 

The following boundary conditions hold good : 

Eoi = Ezi 
	 at r = 

149 1 = H92 	 at r = r 2  

elErl = E2Er2 
	 at r = r2  as V 	0 

Assuming a 0 and the attenuation constants al  = a2  = 0 for both the 
media and putting 

e el/ €22 = - P2, n 01 and y2 = )92 

the following equations are obtained from (11), (12) and (13). 

Aant(k iri) %Yin, (k iri) = 0 

[A i Ekir m  (k ir 2) 	131E1(11' 1 m (k1r2)1 erjfiz 	A2k2Y,n  (k2r2) = 0 	(14) 

[IVO' m  (kira efii 131k)  

In order that A 1, 131, and A2 
in eq. (14) must vanish. 

Substituting k' = kdki 
equations of A 1  and B1  in 

.Y'rn  (k ira efl ije 
	A2k2fl2rm (k2r2) = 0 

are not zero the determinant of their coefficients 

and fli = /32/fil in eq. (14) the following two 
terms of A2 are obtained. 
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frin (k1r2) Ym (kiri) 	Y'm (k1r2) m (k1r2)] 

k ' 
= A2 	Jim  (k2r2) Ym (kiri ) eiPz 

B, 	nip (k ir2) Jrn, (k ir] ) — Fin  (k1r2) Ym (kin)] 

= A2 -- - Fm (k2r2) Jm (kit) eigz 

The equations (15) can be written as 

A, = A.,A seigz and B, =-- A 2 A IS/3 z 

(15) 

(15 a) 

A2 can be evaluated from the expression for the power flowing through the 
guide. 

The average power flowing through the guide per square meter of surface 
normal to the axis of the tube is given by the sum of 

Pzi 	 Ee1F1*fl i in the medium 1 

and P Z2 = [E.  r 2H *  02— E02H*r2] in the medium 2. 

The total average power transmitted through the tube 

Pz 	f fPzids 	f fpz2ds 
surface 
normal 
Lathe 
axis of 
the tube 

surface 
normal 
to the 
axis of 
the tube 

The peak power flowing through the tube 

*rikdOcir frz = 7 [Erifvcoi 
1=12 19=0 

r2 21; 

f j [E72 11*62- E02 1-Pgr2} rdatir 	 (16) 
r=0 0=0 

In the above expression for the peak power flow the values for k 1  and 1c2  are 

ki2 ar-*- Y.1 2  -1- <0 2111 € 1  
k 22 . 72 2 + (0 2122E2  

Or, expressed in terms of the phase velocities v iin  and v232  and phase constants 
191  and 192 in the two media 

2 V I 2 =__ R 2 ( 	_ 	1 ) 
1-1 	(*2 / 

p tvp22 

tj22 	1) 
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where 	 ci2 = 011 E 1  and c2 2  = 

The values for k i  and k2  may be real or imaginary depending on the values 
Of vpi  and vp2  with respect to c 1  and c2  respectively. However, the method 
of analysis remains unaltered irrespective of the character of k 1  and k 2 . Let 
us consider that the constants of the two media are such that k, is real and k, 
is imaginary. Let k2  = jk' 2 . The field components in the second medium, 
therefore, involve Bessel functions of complex argument and hence it is 
convenient to replace J's for the second medium by the modified Bessel 
functions I's. 

From eqs. (1d), (12), (15 a) and (16) 

P 	A22e-2riz 	+ 	e 2513z [k 1 2 	A32 (J'm  (k,r)) 2  rdr 
joie, 	 r, 

ri A 42  (Y'rm. (klr)) 2  rdr + 2 f A3 &Jim. (k ir) Y' m  (k 1r) rdr) 

ri 

ri 	 r2 

1 	ri 	 1 
— m 2  { A2 2J,m2  (kir) - dr + f A 4 2Y m 2  (k ir) -r 

dr 

2f
1 
 A3A4Jm, (k ir) yin. (kir) ii. 

m  (le 2r)) 2  rdr) 

	

2.7r A22e-2Ya Y2 (jCUE2 +02  r 	r2 

icv E2 	
LIC2` { i2m+2  

r=o 

m 2 rf j 2m  1  1 2  (k' 2r) dr] 
r=0 	r 

as Jim  (k 2r) Pn  Int (k' j) and J'im  (k 2r) = --p+1 I (k'") 

When a = 0/ Y2 = 02, Yi 	
the expression for 13 shows that it is pro- 

portional to some function of Pi , ,82, El, 629 ri, r2  and kb  k`,. So the expres- 

sion for the peak power flow is 

= 277A22co [F (Pb El, r2, r1, 	F" 02,  e?, r2, k'2)] 	
(17) 

So, 	 (18) 

A2 = P  

( where 
	 (18 a)  

13  = {27T-ek; [F 	Fl) 



110 
	

S. K. CHATTERJEE 

The held components in the two media for the TM mode can then be ex. ,  
pressed from (11), (12) and (18) as follows : 

	

Medium 2: 
	

0 r < r 2  

Hz2 = 

	

fin =I. a P114-1  (P-1)  E2 	17) 	Pi 'in (lc' 2r) :::•:meeripz 

H92  = jm+ 1  (icuE2  + a) k 2  N rem, (k' 2r) mOrJPZ • 

Er2  =f 771+2 R a 	( 	 ' 

n 

 c2 ± 7) 
" M 2r):: m 0e-2fra 	 09) 

flo E2 

E92  = 	im 	 _m_ pi Jim  (k' 2r) es oil: in ge-i 
P0E2 

/we + a 

	

Ez2 	* 	1{1(2 2.iin+ 2  'in 	20) Ja) E2 

1 m2 

r 
ft ic2jm+' 1t  (k'2r)} — —2- Um I 	r)}] nt  (ki 	°'" mOtta 2 	sin 

Medium 1: 	 r2CrC r 1  

Hzi  0 

 JUWE1 + m  Pi [A3Jm  (k ir) + A4Ym 	,nOrJPa  

1191 	(froei  + a) N EA3k1Yn4 (kir) + A4 kirm. (kit)] :°:inder -i/32z 

En  = j jza)  El  ±  N [A3kirm  (kir) + A 	m in] r: rn0e -113:21 Jo) El   
(19a) 

E91  == 	(fi.° Eli' t-/-1-1 [A3iim  r,') + A 4Y m (k 1r)] n  M Beta jai 	r 

(ico ei 	a) Ez1 	 - 	[{A3ki 2rm  (kir) + A iki 2Y ff  m (kir)) Ei  
1 
r 

{A 3k m ir) + A 	m (lc A} 

n1 2  
r 2 

{A3.1 rni  (kir)+ AO( m (k1r)}1 r: me eri 139 
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TM °  mode. In this case in 0 and the mode is circularly symmetrical. 
The field components for the TM 0  mode in the two media derived from 
equations (19) and (19 a) and expressed in real parts are: 

Medium 2: 

Hz2 Hr2 E02 =-- 0 

H92 =---• 	CO €2k2F4  I f() (k' 2r) cos P2Z 

Er2 = /12k2P1  1 10  RV) cos fig 

E2 = 	P1[ /±i12  I' o  Rs 2r) — k 1 2  I"0 (k' 2r)] cos fis 	 (20) 

Medium 1: 

Hz1 = Hri = 	= Eel  = 0 

This shows that there is no wave propagation in the first medium. 	The 
wave is entirely concentrated in the second medium. 	It is also evident from 
(19) and (19 a) that in the case of any other TM mode the wave travels in 
both the media. 	It may therefore be concluded that it is only in the case 
of the circularly symmetrical mode TM 0  that the wave travels in the inner 
dielectric but in the case of any other mode the wave is hybrid. 

HOLLOW WAVE GUIDE 

When E2  = = Emir  and r2  = r1  the problem reduces to the case of 

a hollow wave guide. In this case 

k J.  = k2, kI = 1, e =-- 1, pf =-- 1, P2 = Pi, P =_ 0. 

From (15) the values of A /  and 13 1  can be modified as follows: 

A1 	A2k1r1 	(kiri) Ym (k iri) 

Bi  = A2k 1r1 	(kir') Jvz (kirt) 
1 

Y'm  (kr) 1m  (k ir) as 	Jim (k 1r0Y,,(k 1r1) 

(21) 

In the case of the hollow wave guide all Y in's are eliminated from the solution 

as Y'S 	- 00 as the axis of the guide is approached. Substituting (21) 

in (12) the Et component can be written as 

A 
Ez = 	- 21  [k1 2r2  Tn., (k ir) + kir J',n  (k ir) — m 2  Jm (kir)] 

Ira (kir) 
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as (Gray and Mathews, 1922; Dwight, 1949) 

k 1 2r 2  Tm (k ir) = (n72 	k1 2r 2) Im  (k ir) 4 - kir I1 + 1 (k ir)-  in 
and 

/cif Fm (k ir) =in Int  (k ir) - k ir Jrn,44 (k ir) 

The components for the TM mode in the hollow wave guide are 

Hz  = 0 

Hr = Awe'  mr- Jam  (kir) cos me cos fliez 

He  = Aw Etkij'm  (k ir) cos m0 sin fliz 

Er =-• Akifil Jim  (kir) cos me sin fliz 

E9 	Afli  - Jm  (kir) cos m0 cos fliz 

Ez  = Ak1 2 Jnt  (k ir) cos mO cos fliz 

where 
A = A3 Pi- 

(22) 

So the hollow wave guide can be treated as a special case of the guide filled 
coaxially with two dielectrics. 

PROPAGATION CHARACTERISTICS 

From (12), (13) and (15 a) 

A i  Jim  (k iri) BiYm  (kiri) = 0 

Ai 	Y  m  (lc 	A3  
Et; = 	Jni(kiri) - A4 	 (23) 

But J r, and Ym  can be expressed as 

Mir J7n, (kirj) = 1--- 3----] 1  [ Pm  (kira cos ( k r — - - 1 1 	2  Trk iri  

- Q in  (01) sin ( k 1r 1  - 2 
1117r 

 

2 	r 	 my Yin (k ir) --= Lk
ir 	1  j L Pm  (k irD sin ( kir, — -

1 
 -  

mir + Qm, (kiri) cos ( kiri  — —
r 
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where, 

	

(4m2 __12) 0 171 2 	32) Pm  (0.0 Re 1 	- 

	

-2118-kip 	• • • • 

Qm (kirD 4m 2 — 1 2  
1 ! 8 	i t-  • . . . 

For large k 1  r 1, Pm  (kir') 	1 and Qm  (k ir 	0. 	 (23 c) 

From (23) to (23 c) k 1  = ri2  rt. 	+ + tan-is] 4 

2 1 frilir 	ir 
SO, Vi = 	

• 
— 	tan-481 — (02iLleir 	 (24) ri 	2 	4 

where 	8 = A3/A 4 . 

In order that propagation may take place yi must be imaginary. 

So, the following condition must be fulfilled. 

1 [M ir 	syr 	8j2 
co 2thei > 	-Ts + 4 + tan 	 (24a) re, 

The expression for Vi  in (24) may be written as 

1 I-  ntr 
= al ± jth. 	w2b41 61 ri-2 L-2  -I- 4- + tan-48r 

al = 0 

p4 

	

pi L._ V to2t1/261 	[1.7 1T4  tarri 

In order that propagation may take place fl i  must be real and the condition 
(24 a) must be fulfilled. This indicates that there must be a minimum fre- 
quency fe  below which propagation will not take place. The critical 

frequency is given by 

1 	17177 	11. tan-1 8] 
fc 2-;W:1;; L 	4  2   

(24 c) 

For frequencies greater than A there will be propagation of the wave down 
the tube. 

A cut off wavelength At  may be defined as Ac  = case, i.e., 

Irmn 
Ac= 2nr1 	± 1r4  + tan-1  8] (24 d) 
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where el  is the velocity of a free wave in a medium of constants /L i  and Ei . 
The phase velocity of the wave is given by 

cin = coll3i = coi[to2piei 	 ± tan-1  811 1  
ri 	2 	4 	 (24 

The group velocity cgi  is 
21 

Cgi =7 A 
r 2 	I Mn tan-' 8/ 	 (24f) 

-ND = L 	ri 2  12 ' 	 4 

The wavelength Agi in the guide is 

Agi 21r/ 	271[co 2pl ei  — 4-2  III ± D:4  ± tan-1  81 2] 1 	(24 g) 

For all the TM modes except TM 0  the wave travels in both the media. 
The propagation characteristics in the second medium will be different from 
those in the first medium. The relation between the propagation charac- 
teristics in the second medium with respect to the first are found as follows. 
From (13), (19) and (19 a) the following relation between k 2  and k1  is 
obtained 

kg 	A3 Yin (kir?) + A4 YI  nt (kir2) 
irm (lc 2r 2) 

Or, 

as 

cos Rel.   k 	6 	 (25) =- 2A 4  - [± sin (kir, I  k2r2) — cos (kei t  

A Yrs Rita  A3  = — n4 int  (kiri)  

and for the lame arguments 

2 )1 	 an 7r\ 1 
(kir]) 	Gilicic [COS ( 	-2 	klrl 	 4, / 

Mr ym  (kin) 	 in I 2 \-1  [ sin ( 	—a 	4)j ea-: 	ck11. 1 j  

Ym  (kir2) tesose-kf 	; )5  I sin ( kir2  — 	— 7:071  

tor 	irNi
.]  J int(k2r2) 	(7,—/e2.2--rs )1 [ sin ker2 — -2 	4  - ) 

( 
2 )4- 	 nn 	7r)] T a) 	(r. 	[COS kr2 	 - 

7"11Cir 	 2 
m(kir 	

4 



Propagation of Microwaves through a Cylindrical Metallic Guide—II 
115 

The equation (25) may further be reduced to 

11(2\4 	 2 EA 4 
k El) 	± sin (kir'  k2r2) — 1 (25 a) 

The above expression shows that the limiting values of k 2  will depend on 
sin (ki1 -Fk2r2) the limiting value of which is determined from kir, + k,72  
tr_ mr/2, where n is an integer. k 2  in (22 a) will be maximum when n is even 
and will be minimum when n is odd provided the + ye and the — ye signs 
are chosen for odd and even values of sin (klri  k 2r2) respectively. So, 
the limiting values of k 2  will lie between k 1 E2A 42  and 4 k1 E 2A4 2. So, y2  

will lie between Ek 1 2 0A 44 	(0 2[4 2 € 21i and [16 k 1 2 E4A44  w2m 2 E 2]5. Hence 
the limiting values of #2  are [0) 2112 E2  — k12 €4A 44 }i and [(D 2p2 E 2  — 16 k1 2 E4A 44]k. 
In order that propagation may take place through the second medium 13 2  
must be real and hence co 2eu 2 E2  should be > 16 k12 e4A 44 . So, the critical 
frequency and critical wavelengths are given by 

f c2 = 4k1 E 2A 42/27rVeui c2  and Ac2 = 237/4E 2k1A 42  respectively. 

The phase cp2  and the group c 92  velocities lie between 

co i[to 2iL2E2 	ki 2 E4A4414 j and (4[0) 2/12 E2  — 16 k 1 2 E4A 441i 

[0) 21,2E2 	k_ 2 E4A .41i 
and 

[(.0 2p, — 16 k  2eA 4p 
C g2 	 71-- 

LcoP2 €2 — 	61 C4A-441 	[ C44 2 €2 	

1 	4  

16 E4  A4444 Ell 

The guide wavelength Ag2 lies between 

27ri [(02P02€2 	k12e4A4411 and 24 [(0 2p,2 62  — 16 k1 2 E4A 44 11  

The propagation characteristics of the TM wave in both the media are col- 
lected in the table for convenience of reference. 
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