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ABSTRACT

An expression for the phase change suffered by a H,, wave in passing
through a parallel metallic plate medium for different angles of incidence
has been derived from the Carlson and Heins (1947) formula for the
transmission coefficient. The shape of the phase change vs. angle of
incidence curve obtained experimentally shows fair agreement with the
theoretical curve. The difference between theoretical and experimental
values of the magnitude of phase shift is considered to be due to diffrac-
tion effects and the presence of higher order modes inside the metallic
plate medium. An expression for the phase change on transmission
with different spacings of parallel plates has also been derived. Experi-
mental results show that for the size of the dielectric employed, the
diffraction effects start when the angle of incidence becomes greater than
8°. For normal incidence, the minimum size of the sample of dielectric
which 1s necessary to produce no diffraction effects should be greater than

57 %X 69 cm.
INTRODUCTION

When an electromagnetic wave is incident on a dielectric material, the wz}ve
suffers a change in its velocity depending on the refractive index of the material.
The increasing use of optical technique for microwave work has led to the evolu-
tion of artificial dielectrics which can simulate the effects produced by actual
dielectrics on microwave propagation. The artificial dielectric used in the Present
investigations consists of an array of equidistant metallic plates placed in air; the
distance between successive plates of the array being more than half a wa‘felﬁﬂgt_h
and less than one wavelength of the incident radiation. The artificial dlelecfnc
may also be formed by a number of other arrangements. The reason t:or selectul:g
a parallel plate dielectric is that a rigorous theoretical solution is available. T :
phase velocity inside a parallel plate dielectric being greater than the free spaCf
velocity, the refractive index is less than unity. An inhomogeneous‘medl_um =
this nature differs fundamentally from any homogeneous isotropic dielectric fdu:
to the supplementary boundary conditions required to be satisfied at the surlac
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microwaves through a parallel plate structure

. placed in a homogeneous, isotropi
?;;;hlt)lm has been done by Carlson and Heins (1947), Berz (1951) and Whi(ictll:;

| Carlson and Heins have treated the idealised problem of reflection and trans-
mls.sioy of plane waves at an infinite plane interface formed by the edges of a
periodic structure of a set of parallel equidistant metallic plates having infinite
conductivity and zero thickness: the stagger angle of the plates and the angle of
incidence being arbitrary. Formul® for the transmission and reflection coefficients
of the waves are established in the restricted case when there is only one reflected
and one transmitted wave, the possibility of diffraction being thus excluded.
Whitehead (/oc. cit.) has extended the scope of the theory by removing the restric-
tions on the number of reflected waves. Lengyel (1951) has treated the theory in
a more general way by taking into account the effects of diffraction.

Carlson and Heins (loc. cit.) have derived an expression for the phase change
on reflection of an electromagnetic wave incident on a parallel plate dielectric.
The phase change on transmission of electromagnetic waves through such a dielec-
tric though implicit in Heins’ formula for transmission coefficient is not explicitly
given. Considerable work is necessary to bridge the gap between the theoretical
formula of Carlson and Heins and an explicit form of expression for the phase
change which can be readily computed for experimental verification. The object
of the present paper is (i) to derive an explicit form of expression for the phase
change suffered by a wave on transmission through a parallel plate medium as a
function of angles of incidence, (ii) to derive an expression for the phase change
as a function of spacing of the parallel plates at normal incidence .from Carlson
and Heins formula for the transmission coefficient and ‘(iii) to verify the above
relations experimentally with the help of a microwave interferometer.

THEORETICAL

(i) Transmission of Hy, wave through a parallel plate medium

When a plane monochromatic electrf)magnetic w‘avc'is ipcident norfrl'ally O:Il
an array of equidistant semi-infinite me'tallxc plates having m_ﬁmt? candm’:tw:ity a:;;c
zero thickness, a portion of the wave 1s re_ﬂected from the interface ;;pa;; I:ligtude
two media and the other portion is transmitted through the array. ¢ mag

: issi he ratio of the separation a of successive
ec and transmission depends on the ralic : b
o m::c wavelength A of the incident radiation. 1If the following restrictions

re imposed, viz., (1) the electric vector of the incident wave is parallel to the edges
a » .y

:l (ll) tlhere )is only one reflected and one transmitted ray, the transmission

' ' . cit.).
ocfficient T is given by the following expression (Carlson and Heins, loc. cit.)
C
Lemp=y8) () [1 + e*P-P] K, (k cos f) ()
T=|T|® = = "Fkcos ) aly K+ )

plates to

b2



306 S. K. CHATTERJEE AND B. VASUDEVA RAo

where,
¢ = Phase change on transmission

b = Step of staggering of plates

§ = Direction of the incident beam with respect to the direction; of
propagation

y = vVk? —(n[a)}, Kk =2=|A

p=bcos B+ asinéb

«
N
Q —»
8

:

QO

FiG. 1. Parallel plate dielectric.

If the edges of the parallel plates lie in the same plane, b = 0 (Fig. 1), the following
symbols a, a5, etc., in Carlson and Heins relations for K, (k cos 6) assume the
following values:

o, = —kcos b, a=090°
p =asin
- —22 R [3
8, = A1 = oo KaSRY (1a)

cwd Iaw

Sy sal — ¥ x (w) =

™ m

In2
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Using the above symbols
are as follows:

307
(1 @), the expressions for K4 (k cos 6) and K+ () in (1)

iak 6
Ky (k cos 6) = mk cos 6 e = ° 1n2 3 [{1 ~ g cos0

1

ka sin B}i iak cos 8
mh " 2m ]

2 [{l _ k?a? cos?6 + ka sin 6} " iak cos 9]

4mint 2nmn

+(y+kcos9)e'“ki°”m[{1 -( )} f"kc°39]ew 2)

- wn

iayin2 oo 2,2 ' ' 2 in 6
m(y +kcosl) e ——(— 1T [{l :ﬂf 5 COS%f — o B}i —-;lq] eka:;n
Ky () = ‘ : “ —

————— (3)

4}’6""’";? [{l - 5 }i — Iil'—‘y’] glay/mn
2

min? ™™

Substituting (2) and (3) in (1), taking logarithms of both sides, using the relation
log (x + iy) =log r + i0, where r = (x? 4 y®)¥, @ = arc sin p/r, separating the
real and imaginary parts and rearranging the terms, the following expressions for
® and | T | are obtained.

P | : N sin (ka sin 6) |
37303 — 2-303 kan sin 8 + nmw + arc sin 1T Feos (ka sin B)J]i
OO
. ka cos @/2mn
“ 7. 303 kacos 8in2 — Z:arc sin l——m%??-
! [ N
. ka cos 0/2wn + 1  kacos _?_
- Z: arc it ka sin 6t 2-303 e
[1+ =]
— . ka cos 8/=n | ka cos_ﬂ
T Z: are Sit =——p@ 9§ 2-303 ~ mn
5 [] - - Sin’l B‘] 2
- mTn

; . aj2nmn
L in2+2 Z; arc sin —_I‘I—_T_KETIW_)"E’_]T (4)

2-303 = [ g cos? 8 — == +41r’n

e ya'mn
arc sin —‘—Tn'——yfm
+2303 ; TZ 303 ‘ﬂ'n . [l‘—#:"iﬂ" lni]
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o0 2 : oo
4wk cos 9[2{1 + cos (ka sin 0)}]* [ k"a® sin® B]iﬂ[l _ k*a? 4 via?

2,2 2,2 \-T-—
a*(y — k cos 0) IT [1 s 5 sin? 9] i 6) (1 e szg_k“ Sin 6 | y%q?
3 w*n? Grina © ™ | dnln?

(5)

(11) Phase change at arbitrary incidence

In order to find a convenient expression for the phase change as a function
of angle of incidence 6, some of the arc sines in (4) have been expanded and the
terms have been regrouped after neglecting terms containing cos 6 and sin 8 of
powers higher than seventh. The result is as follows:

¢ | : ; sin (ka sin 6)
57303 57303 kan sin @ 4+ »nm 4 arc sin 211 + cos (ka sin ¢

s yal2mn
2 Z arc sin k2a* ka sin 0 v2a? |t
] cos? 6 ]

4m%n? ™ + 41r2pn2
8 2.2 oin2 4 cind
} ka cos [-4064—-3512 k2a s;n g . 0134 kia% sin 9]
T 7T 't
3 by 2 4 c1nnd
" (ka cOS 9) [_ 0179 — -072 k%a? sin® @ 440026 K3a 31:1 6]
/[ 'JT ™
5 242 c1n2 - 4 ci1nd
(ka cos 9) [_ 0021 — 0191 k2a s;n 6 L 0005 kia s:n 9]
™ vid g
7 2,2 ¢in2 IAa? sint 8
5 (ka CoSs 9) [0003+ 0003k_a sin B+ 0001 a s;n ]
i o ™
3
125244 #4 _ [2.0449 2% 1 0446 (&i")
A 1 A
5 - 7
+ -0053 (21)‘“.) + -0009 (2%") ] (6)
The refractive index p in eq. (6) of the parallel plate medium is given by the
expression T
eor A 402 4
H 2a [7\5 1]
G 2mp 2m “ (8)

and Y= ask=—‘i~
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0625, u = 0-599 and eq. (6) reduces to

2
_ ! |
5303 — 20497 + 3303 kan sin 0 4 px

+ arc sin ___ . S (ka sin 0)
[2{I + cos (ka sin N

-+ -1682 cos2? 0 + -6804 sin § — *0004 cos* 8 + -3934 sin2 )
-+ 2166 cos? 0 sin 8 + -0168 cosé @ + 5854 sin3 @
+ +530 sin% 8 cos2 8 + -1632 sin 8 cost @

ka cos 6 2,8 cin? :
+ [-4064 — asip KN L), Klatsin 3]
w

™
ard

ka cos 6\?3 :
n ( a cos ) [___ ‘0179__'0721(4' s:n 9+ 10026 kcasusmif]
m T at

0021 — -019] — + -0005

7t par

s (kﬂ £0s 9)5 [ k%a? sin%@ kia* sin 9]

(Aa COS ) [ 10003 -+ -0003 k’a’ slnf_f? + 0001 k‘a:in‘ 9]

m

&)

For A = 3-2cm., €q. (9) further reduces to

¢ _ : sin (3-925 sin 6)
57303 = nm + 2-0497 4 arc sin BT cos (3-935 sin BiijF

+ sin @ [-5428 nw |- -6804 - -2166 cos* 8 + -1632 cos* 6]
-sin? @ [-6860 cos & — -530 cos® 8 + -2197 cos® @ + 0909 cos® 8

—-. 0024 cos” 8 — -3934] + 5854 sin® ¢
. sin® 8 [-0409 cos 8 - -0123 cos® 8 + 0037 cos®6 + -0009 cos’ 0]

r
i [-5080 cos € +-
. .0064 cos® 8 -~ 0168 cos® 8 + -0014 cos’ 4].

1682 cos?® 8 — -0350 cos® 8 — -0004 cos* 8
(10)

(i) Phase change on transmission al normal incidence with different spacings of

parallel plates

For normal incidence (6 - 0) of H,, wave, the phase change on transmission

is obtained from eq. (6) as follows :
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a a\?
8128 + 5- 6326p] + (A) [__ .14324_1.19”_1,1534#3]

NI
d;l-e.

+(,\) — 0672 + 777 — 1-0362 u3 + 245;4]

® (,\)

11
+(,\) 1-008 p5 — 2-304 u7 + 1-584 u® — 233;;11]

" (/\) [0384+ 631 — 126 u® + 3-528 b — 4032,.;]
[ 728 u® — 1-5288 ub + 1-1866 u7 — -3858;&]

13
+ (;) [1-288 W= 386440 + 38640 — 128840 (1

(iv) Effect of thickness of plates on phase change

The phase change @ has been derived with the assumption that the plates of
the array are of zero thickness. This amounts to the existence of only the principal
mode Hy, within the array. Due to the finite thickness of the plates, the array
may be considered as a series of parallel plate waveguides. The non-vanishing
field components inside such a guide for H;, mode are E,, H, and H,. The propa-
gation inside such a guide is explained by resolving the principal wave into Brillouin’s
elementary waves. Inside the array the wave proceeds by multiple reflections
from the two boundary plates of waveguides, whereas, according to the assump-
tion made in deriving expressions for @, there is only one reflected beam and one

refracted beam. If the boundary conditions at the two interfaces (i.e.), the conti-

- -
nuity of E and H are to be satisfied, the presence of the higher modes inside the

parallel plate medium cannot be ignored. [t is known that the higher order modes
are evanescent and hence do not contribute to the amplitude of the non-evanescent
H,, mode. The higher order H and E waves, however, being reactive store energy
inside the parallel plates. The evanescent H modes, however, store more magnetic
energy than electric energy. Hence, when the wave is incident normally with the
"electric vector having only the E, component, the edges of the parallel plate dielectric
may be considered as inductive, the reactance of which is given by the following

relation (Macfarlane, 1946).

jX =% «/ [In cse (’”’") +F (,\)] | (12)

where w = width of parallel plates in the direction of propagation of the wave,

| F(f)‘:; [(-7m)" -] .
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The inductive susceptance B contributed by the ed

fore given by the following expression ges of the parallel plates is there-

B A 1
¢ @ ™y W 1 T (14)
In cs (.__) e as \-
() + L (- )" -]
n=1

T}‘ne presence of the inductive susceptance B will modify only the phase of the trans-
mntlcdﬁwavc by an amount say, §. The impedance of free space for normal inci-
de_ncc is Zy = E,/H,. If the elementary waves inside the guide make an angle a
}vlt_h the boundary plates, the impedance of the guide is Z, = E/H, cos a. But
it 1s known that cos a = u, the refractive index of the p;rallel pl:lte rnt::dium.
Hence the parallel plate dielectric immersed in free space may be represented by
an equivalent circuit consisting of the free space impedance Z,, the edge susceptance
—JjB and the guide impedance Z,/u all in parallel. The phase angle contributed
by the edge susceptance is therefore given by

& = arc tan BZy/(1 + p) (15)

The phase change on transmission is, therefore, due to the refractive index of the
material being different from unity and also due to the periodic nature of the

medium (i.e.), ¢ 4+ d. where d 1s given by
A l

P In csc (7;:) 4 Z;:m r]r [(l ——m g

EXPERIMENTAL

& = arc tan

(i) Description of Dielectric—The parallel plate dielectric has becr:; con-
structed with commercially available tinned copper strips of 1/64 inches th:ckm::ss
and 0-95cm. in width. There are forty-three strips, the distance between a‘d.@-
cent strips being 1-95 + 0-008 cm.  The size of _lhe parallel plate dlclccmc' 1S
83x 97 cm. The strips are fixed in milled grooves in a wooden frame, care being
taken to place the strips parallel and equidistant from cach other.. The cflges ?f
the plates are adjusted to lie in the same plane. -Aftcr' constructing the dielectric
it was found that the front edges of the plate§ deviate sll_ghlly from being In arllmcl._
A quantitative estimation of the deviation is rather difficult. A photograph o

the dielectric sample is shown in Fig. 2. N

(ii) Equipments.—The measurement of phase change on ;ransn?ca*.:l&r‘lh;?:-:r;:fch
the sample has been made with the help of a mlc:_'ofvavcfmrl.cr t:]ro:}:{cmic . uipmcnl;
etc.. 1954). The design details and the charflc:crisucs o 41 ¢ ?r ::c smbiﬁ{q pments
used have been reported elsewhere (Chatterjee, elc.. 1!95 ). i andytimc N
teristics of the interferomeier with respect to supply voltage va
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shown in Figs. 3 and 4 respectively. It will be observed that for one volt variation
of the supply voltage when 1t i1s at the operating voltage of 220 volts the frequency
variation is + 0:375 mc¢/s. Fig. 5 shows the resonance curve of the interferometer
with and without the artificial dielectric. [t will be noticed that the change in the
detector galvanometer reading is about 4-5 divisions for a change of 1 mm. in the
position of the receiving horn in both the cases. This signifies that the loss of the
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Fic. 3. Stability characteristics of the microwave interferometer
with respect to supply voltage variation.



..N X . o
our. Ind. Inst. Sci. Vol. 37, No. 4, Sec. B, Pl. XXIII

g - . &tk & licrowave Interferometer.
! " *the artificis Jectric mounted on MiICTrow
Fig. 2. Photograph of the artificial diele



®
O
_F-_

* N
O
f

REFLECTOR VOLTS
| % ]
S 5
T

40 I

20

10 F

DETECTOR READING

2590

FREQUENCY IN Mc/s

95701

i , L I 4 o
l y - 120 (40

3550

20 40 60 80 100

TIME IN MINUTES

i i i t to time.
Fia. 4. Stability characteristics of the microwave interferometer with respec



MICRQSCOPE READING FOR

A MINIMUM OUTPUT

314 S. K. CHATTERJEE AND B. VASUDEvA RAO
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FiG. 5. Resonance curve of the interferometer with and without the artificial dielectric.
dielectric is not significant. The phase shift characteristics of the variable attenua-
tor of the interferometer is shown in Fig. 6. The setting of the attenuator 1s fixed
r— = £ e — = ki - — -

tl.6 |~
1'
1.2 r
10.8
10.4
10 R . |
40 60 80 100 120 140 160 180

VARIABLE ATTENUATOR SETTING
Fic. 6. Phase shift characteristics of the variable attenuator of the interferometer.
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at 63 divisions during the measurements so

as to ) ini
nance curve as sharp as possible. obtain the minimum of the reso-

g (] e 4
w00 = ﬁ*) (17 a)
T~ (1 ol ?’_4 ¥ |
w=>0 == HJ') (17 b)

The sign of the phase shift 4 depends on whether the length of the air-gap is
shortened or extended after the sample is placed in the free space arm of the inter-
ferometer. In the present case, as u < 1, the air gap is shortened and hence the
negative sign before 4 is chosen. When neither of the conditions w ~» co or
w — 0 hold good but the sample possesses a definite thickness p is determined from

the relation
(# - ;1) tan (ngmv) -2tan @ (18)

where @ is the measured phase change on transmission.

The value of u determined from (17 @) is only approximate, whereas u can be
determined from the more accurate relation (18) only after laborious computation.
From (17 @) and (18). however, the desired value of the phase shift 4, is obtained

as follows (Chatterjee, loc. cit.).

A A 2u Zﬂpw]
d“ i Ad = a — pW — 217 arc tan ['1—1—’:: cot 3 . (19)

In practice, the measured value of 4 (i.e.), 4, is used to determine u from (17 a).
This value of u is substituted in (19) to determine d,. The value of 4, subSlituECd
in (17 a) gives a different value of p which is again substituted in (19) to df:lermmc
4,. By successive application of this correction, the error converges rapidly and

a true value of u is found.
ween the transmitting horn and the dieleciric sample.—The

refractive index determined from (17 a) and (19) takes no account o_F the effect of
the standing wave created in the free space bctwecl} the horps of the interferometer
and the dielectric sample. The multiple reﬂ'ccuons taking place bcu?*ccn th;
sample and the horns are responsible for making d.dcpcndcm on th';r dtst?nc:q‘-
of the sample from the transmitting horn. Th:.': rccclvt?d power for gchrlc; [I;(;BI-
tions of the sample varies as given by the following relation (Pfister and Roth, 3

Redheffer, 1949)

(iv) Interaction bet
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: P,I* (
= T dnd 20)
1 — 2pR cos iﬂd - p?R? ’

The above relation indicates a sinusoidal variation in the received power and hence
in 4 with respect to d with a period of A/2. This is also evident from the experi-
mental results (Fig. 7). Table I shows the ratio of the maximum to minimum
phase shift for some angles of incidence when the sample is placed at different
distances from the transmitting horn of the interferometer.

TABLE |

Ratio of maximum to minimum phase shift at different angles of incidence
for different positions of the dielectric

Positions of the dielectric

Angle of
incidence Near the Midway between Near the
transmitting horn  the transmitting receiving horn
and receiving horn
0° 1-14 : 1-11 . 1-26
8° 1-14 1-08 1-24
22° 1-00 1-00 1-00
26° 1-00 1-00 1-00

It is found that the interaction is appreciable when the angle of incidence is 0° and
8°. For angles 22° and greater the interaction is vanishingly small. It is also
observed that the interaction in the case 0° and 8° angles of incidence is more when
the sample is placed near the transmitting and the receiving horn. At angle of
incidence near the Brewster’s angles given by

» = arc tan u (21)

there is practically no variation of 4 with d. This is due to the fact that near the
Brewster’s angles, the rays reflected from the interface of the sample and air do
not reach the horns.

In order to reduce the error in the determination of phase shift due to inter-
action, the phase shift has been measured in successive steps of A/4 and the results
are averaged. The effects of interaction is reduced if the measurements ar¢ done
' at arbitrary incidence especially near the Brewster’s angle. For arbitrary angh?s
of incidence 6. the theoretical value of phase shift for a homogeneous dielectric

is obtained from the following relation:
A4 =w[—cos 8 + (p? — sin? )1] (22)
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Fig. 7. Interaction between the transmitting horn of the interferometer
and the artificial dielectric. Pcsition of the sample
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POSITION OF DIELECTRIC FROM TRANSMITTING HORN IN CMS.

(¢) Near the receiving horn.

The theoretical value of phase shift as a function of angles of incidence for a homo-
geneous dielectric having the same refractive index u = -593 and thickness
w = 0-95cm. as the inhomogeneous parallel plate dielectric is shown in Fig. 8

for the sake of comparison.

(v) Effect of diffraction.—If the sample size is A, the effective size of the sample
for arbitrary incidence is A cos 8. 1t is obvious that for angles of incidence other
than the normal (8 = 0°), the effective size of the sample is reduced. Hence as @
increases, the effect of diffraction on phase shift becomes more pronounced. The
effect of diffraction on phase shift for some angles of incidence is shown in Figs. 9
and 10, when the sample is placed near the receiving horn. It has been found that
the effect of diffraction is more pronounced when the sample is placed near the
transmitting horn. This is one of the reasons for placing the sample near the
recelving horn during measurements.

(vi) Wavefront error—The wave emerging from the transmitting horn even
though fitted with a phase correcting lens, is not perfectly plane. This makes the
path length of different rays through the sample different at places off the axis.
Hence the attenuation suffered by the wave at different distances from the axis
will be different. This non-uniform illumination of the sample will introduce an
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FiG. 8. Variation of phase shift on transmission with angles of incidence.
(a) Theoretical, eq. 10.

() Experimental.
(c) Theoretical for a homogeneous dielectric x4 = 593, w = -95 cm., eq. (22).

error in 4,,. The degree of error is reduced by placing the-sample near the receiv-
ing horn during measurements as with increase of distance from the transmitting
horn, the wave tends to become more and more plane. The values of » measured
by placing the sample at various distances from the transmitting horn are reported

in Fig. 11.

It is obvious from Fig. |l that the mean deviations in refractive index are
4 0-025, +0-003, and + 0-016, depending on whether the sample is placed near
the transmitting horn, midway between the transmitting and the receiving horn
or near the receiving horn respectively. If the deviation is only due to the wave-
front error, then the greater deviation ncar the receiving horn than at intermediate

distance remains still to be explained.
A study of the diffraction curves (Figs. 9 and 10) at different gnglcs'of incidence
shows that the effective sizes of the sample necessary to avoid diffraction effect at
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FiG. 11. Refractive index at normal incidence for different positions of the dielectric.

(@) Near the transmitting horn,

(¢) Near the receiving horn.

(b) Midway between the transmitting and the receiving horn.

angles of incidence 0° 8°, and 22° are greater than 0-40, 0-48, 0-82 sq. metres
respectively. It is also noticed from the diffraction curves that the diffraction
effect is practically absent for the size of the sample employed at normal incidence.

The variation of phase*s*hift' wuh angles of incidence is shown in Fig. 8. The

accuracy with which' the phase shift has been measured is -

- 0-016 radians. The

divergence between the experimental and theoretical phase shift is probably due
to (i) the fact that in deriving the theory the step of staggering b has been assumed
to be zero. ' But the construction of the dielectric shows that the edges of the plates
deviate:frort being in a line, i.e., b == 0; (ii)- the limitations imposed by the theory
in assuming the propagation of only the H,, mode. The theory also assumes that
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the Rlates of the dielectric are of zero thickness. It is considered that the presence
of higher order modes and the plates having definite thickness may contribute

SIgniF}cantly to the phase change; (iii) the assumptions made in expanding the
arc sines.

| The expefimental verification of the theory of the variation of phase shift with
different spacings of the parallel plates is under progress.
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