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Abstract

The asymptotic solution of a self-adjoint matrix differential system are obtained by means of an integral
transformation, using Titchmarsh’s complex variable method. This leads to finding the nature of the spec-

trum of the differential systera.

Key words and phrases: Matrix differential operator, eigenvalue parameter, self-adjoint, integral equation,
Conte and Sangren’s lemma, spectrum, L*-solution.

1. Introduction
We consider the differential system

L=\ U=0 )

where,

Ao 2+ o
L=

w0 g |+

is a matrix differential operator, F, a 2 X 2 matrix and U== {%, v}, \, a scalar. The

System (eqn 1) is equivalent to
d2

d
Po-d“x%l— + ph E:i + put + v — MFuu + Py = 0,
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dv ,dv
90 =2 + g4 o + g + = MFyu + Fypv) =0 @

<y <, where A is an eigenvalue parameter; po, pb, qu, i, € [0, «); P g

r— @, 35 x> py, gy, rec[0,b] for all &) 0; po, q0) 0 in {0,%]; F is PDC [, =)
along with the boundary conditions at x = 0, viz.,

i) po(0) [au(0) + apu' (O] + qo(M)asv(0) + auv' ()] =0, (G = 1,2). 6
i) ax(j = 1,2; k = 1,2,3,4) are real-valued constants.
iii) the set {ay; k = 1,2,3,4} is linearly independent of the set {ay; k = 1,2,3,4).
1v) go(0) (@ — auars) + po(0)(anda — araazn) = 0 e)
The relation (4) ensures the self-adjointness of the system (2-3).

In the present paper, we study the nature of the spectrum of the self-adjoint diffe-
rential system®?, the system being considered earlier by Bhagat' in solving some other
eigenvalue problem, and obtain some generalisation of the results in Paladhi®.

The results and notations of Bhagat'®, Chakraborty’, Paladhi? and Titchmarsh® are
followed.

2. Notations
We use the following notations:

2x) = (A = pi(x)) (A — (=)
(383) = {u(x), v(x)} = {w,v}
K(paph) = [(oz(x) )" + poz(x) Hz(x) ) 1[z(x) *pip3" + ()™ 2x)7]

- Fy Fyp
Fif) =
) (Fﬂ Fzz)

F = (Fij) is PDC [0, ] means that F is positive definite and continuous over the
interval [0, oof.

(o, B) = auBy + 0B, for any two vectors o = {ay, ap}, B = {B1. Bz}
T(x) = — ipopha(x)™™

Ti(x) = {14 poz(x) ™ 2'(x) + pi(x)(z(x) "} (z(x) ™™ p3")
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& = — 20" + pil(oy ~ M) 207"~ T — iTy()
+1 patlpe()™y 2 'pj
m() = {¢ ~ M) 44"z}
(D = (&), w0}, ADH = [n(9), &0}
0@ = {—2(0" + g5'(q) — AP 272 - ') ~ Sy
+ig5” (go2 ™) 2(1) b}
This may be noted that S(z), $i(r) denote the same expressions for 7(7), Ty(d),
respectively, po and pg being replaced by qo, ¢4, respectively.
3. Downgrading of the coefficients of the differential system (2)

By using the transformation

X

E(x) =i f 20" dr.

0
%)

(x) .
= {n.& = iz(x)" {pou(x}, gv(x)}
£(x)

{compare Paladhi®), we obtain

[

T~ ™ o+ pl) + ()20 )

dn _ d {dn)_dfdy \dx
&F df \dE) dx\dE |dE

- ;1— (o) IO + i~ p) + ()™ O™ X 2)
0

Pha(x) ™ + poa(x) {z(x) " (2(x)") - (o)

Pz ) (e §°— + ™ 200 Y

L) e = ) L= i) (G ()
0
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—n oy PO im0
2(x) o 2(x) }dg

2

with similar expression for prak

Thus, (2) transforms to

ggl = pio [2x) " (NFu + p = pa) + {(Z0) Y + (2000 2(x)™%)

Pb 23)™ + po 22 + po 20 {200V ey}
— pbln — 7} [2()™ (\Fiz = AT} — i2(0) {2y
+ ™y 20 4+ 2 gy 21 ©
and L L+ g ) + (G + G )
£ qo
B+ gyz(0) ™ {202 (2} — K(qughlt — ;1«
(20074 0Fas = ) = 277 () ™) o+ (et 4 AL
) L G
In (6), the coefficient of m
= - Pi [2() (WFyy + pf — p1+ {(z(x) V) + (@) x 2(0)™%
0

o 2)7 + poz(x) ™ {2(0) T (=())) — K(pop'o)]
— a finite number under suitable conditions on pyg, pt, p1, g1, Fiz and the coefficient
of £ and 32 are 0(1) as x— oo
a

Similarly, in (7), the coefficient of m, £, i is 0(1) as x —> .

4. Derivation of an integral solution of the system (6,7)
Let p(x) = 2(x)"* H(x), H(x) = {H\(x), Hxx)}

where Hi(x) = 3 2(x)~12 an i z(x)~ a. Po du 8
dx dx dx dx
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o ea] ot
H
Then, plx) = 2™ (H;g;>

d _ d o d du
where 2(x)"*Hy(x) = z(x)"* dx [Z(X) ” %] T E (po @ )

=i z(x)“‘[{%"— 200 () + p z(x)"“‘*} u(x)

+ (p§ 2(x) " (x). 10
Similarly,
2{x)" Hy(x) = il(x)m[{%i 200" 2'(x) + qﬁz(X)’m}’V(x)+(QéZ(X)””4)V'(x)~
an

We have, f sin (§(x) — £(1)) Hy(e) dt
[

= fx|:;t { &) » } + i {pu + v — NFu + Flzv)}z(t)'mJ

0
X sin (£(x) — £(1)) dt by (8 and 2)

= — sin £x) A1 0/(0) + in(x) — im(0) cos £ (x)— f sin (£(x)
0

-0 G
X n() dt + f sin (£ (x) — &(9) { () +— ‘é(t) >\<F11 0
0
+ ¢ )} ()2t (12)
do

Also by (10) we have
x

[sin 6) = £0) Ea(o) a.
0



352 S. DASKANUNGO AND B. RAY PALADHI

= i(}[ Sin (&(x) — E@) [{ —%0-— (B 2 () + p(’,z(t)‘l/“],u(t)
+ {pbz()"V* w(f) dr. @®
From (12f13)’ we obtain

() = m(0) cos &(x) — in~Mn’ (0) sin &) + i [ sin (§) - &)
0

X [{ = 20" + p5" (71 — M)z + (r — NFy) g7
2OV () + K(t, N)] at, (14

where, K, \) = { polt) 227 20 + Po(t)z(t)_m} u(®) + pb 2B ).
(1
We have from (5)
() =iz po (x) u(x)
7 (x) = d@E™ ph)’ wlx) + 2(x)"* polx)u'(x)]
so that
W(x) = i [~z pgt ' (¥) + @0 2R p @] (9

It then follows from (15-16) that

Kt N) = T0) w(@ ~ i { Bay ™ 20 + pi z(rr“}
()™ 55 m(®) + i (o 2™ pb P72

= T(@) () — Ty (@D + i po~2 (po 21)™) 207 pim(® (1)
Now, [ sin (¢ (1) — €@) T®) w () dt
0
= = T(0) m(0) sin &) — [ [sin (&) — €& T'O)
0

— i cos (¢ ()~ &0) 2" T()) m(e) . (8
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1t follows then from (14, 15, 17 and 18) that

n(x) = n(0) cos &x) + (—INTM’(0) — i T(O)n(0) sin &(x)
+i [ [sin (¢ () = O~ +
0

+ pot (o1 — WFz()* — T'() — i1y () + ips® (pez())™™)’

217 pitn(D) + (F—\Fp) g5" 207 () dt
= [ cos (5(x) ~ £®) 20" T() () d. (19)
0

Proceeding in the same way, taking (9) and (11) into consideration, we obtain

U'(x) = 4(0) cos L(x) + (— i X7T {(0) — iS(0)¢(0)) sin £ ()

+i [ sin &) = 60) [{~=z 0 + 47 (g1 — M)z ™"

[}
— 8 — iS:(®) + iqoX(qoz(®)VY 2(t)" gb} L) + {(r — M)
x pat 2(2) 2D ()] dt
— [ cos (&) — 1®) 29" SQ) £ o (20)
[
where S(f) and Si(f) can be obtained from T(#) and T(t), respectively, replacing po

by g, in the expressions for T(?), Ti(f) (see § 2).

Equations (20) can be written in the form

—\"y'(0) — T(@) (0) § .
Q(x)=<2 ((g))) COsg(x)+i(_:_12,(((;)))_s(g))§'2(§)))sm§(x)

+i f sin (6 - £0) ( i ) ( T ) i @1

0

- Of cos (£(x) — £Q)) 2O (ST((:)) 2((5) ) dr. @0
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5. Some propositions

Proposition 1: If the coefficients po, qo, p1, g1, r(x) in the differential s

. . .. . ystem (2}
satisfy the following conditions, viz.,

@) pilx), ql(x)_1—> @ as x> o ie., p;v(lx), 41(x) > Q(x) whenever Q(x) 285
x20; Fp go', H(x)qq', € L[O, =); py' {p1, Fu}, {q1 Py} g0 have al its
elements square integrable over [0, o).

(i) pi (x), qi(x) =0
(iii) p'i(x) = O[p1()]°, qi(x) = O[q1(x)]5, 0 X ¢ < 7/4
(iv) pi(x), ¢{(x) maintain their signs

1
v) ———— L]0, ©
\2] 0 [0, =)
(D pb Pty @ogs, @5'P)s (q7'g0) € L [0, ) and popé, quqi, pops', 44 45t = W)
(compare Titchmarsh®, (Ch. V, p. 121) and Paladhi® p. 448), then the integrals
JU i+ 1@ 111 207 de [TIm® | +] 6@ )] 207
0 0

and

o

f [T | | 257 az, f | S| | 2(H~"2 | dt are uniformly convergent
0 0

with respect to X over | A —pi(x) |, A —q(x) =3 >0for 0 s x <o

Proof. We have,

LHa® !+ Im@ 11207 da

b%k

= [ 12077 L det [ | ps'oi=nFu) | | 20| ar+ [ | INECHIE.
A A A

+ 1T 07| @+ [ | patooteyp | | 207" ] de
4 A

X
+ f [ (r— NFp) g5t | | 2(8)™2 | dt = Iy + Iy + Lig + Iy + Lis + Ligs 58
A
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x

Now, Iy = [ 12077 @
A

< ij(t)'1 drt, since | z(f) | > Q¥) fort> A
A

<z

< [1p5 i = M) | QO™ dr
A

2

x 120 X 1
< [f | p5! (o1 — NFy) | 2 dtj] ’:fQ(t)‘édth , by Schwarz
A p

inequality.

= ((1) as x — =, by conditions (i) and (v).
X
Is= [ITW] |27 a
A

=

134 p5" ph {0 — () gl + (A — 2(D)pi)} |

— s

Lz [ de+ [ ] patpe) | |27 | dr
p
=0 (1), provided 0 < ¢ < 11/4.
he = f [ @ | |27 ar
A
=0 f1120] 2| 2@ | + | i’ | 12077 | [7@) ]
A

120 2@ |+ 0 | 273 | Ja

x
=0 [o7%g72(p5 45 + pugt + qod) + P1% g1 (oagf + @)
A

355

- —
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+ pi ™ g™ pi gt + i g + | pips' | (P11 d
=0 (1), asx-—>wif 0 < c < 7/4.

hs = [ 193 (o 2@™) po| |27 | at
A

_ PPy _
OfPOPO g+ —pi™

f

q1™ (p1gi + i) dt

0(1), 0 < ¢ < 7/4, by conditions (v) and (vi).

x
he = f | (r—F) qot] 1207 ] dras x —
A

I

0(1), as x — o, since rqq", Fiaqqe* € [L{0,%) by condition (i).

Thus, the integral

0

Df 27 (L] + [ ) d <o

over | A—pi(x) |, | A—qi(x) ] = 8 >0for 0 <x <

Similar results hold for the other integral

Of 1207 ] (@] + | @) de
Now, [ 1101 1207 &
0

=0 [ I pgips| i g™ at = OU oe~" d’] = 0(1)
0 0

as x — =, by condition (vi).

Similarly, f Is@®] |z | dt = 0(1) as x — <, by condition (vi).
[}
Thus, the proposition is established.

Proposition 2: If Im X > 0, 0< arg X < m, then exp[i §x)] — @ as x > ® [see
Paladhi®, Lemma IIJ.
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¢. Bstimates for n(x), {(x)
setiing O7(x) = {n'(x), T} = exp (—iEE)z(x)Q(x) 22)
in (19) and (20}, we have

a1 = 120(0)e [ 1+e I +i(—\"1n (0)— T(O)m(0)) x

X e Of OO+ OUO) *

x FEOED) L[]y e - 0] g
2

x

1 (56) - ()~ .
-1 [ ets050) [14626050] ) (e dr

0

o) = 3 u(0) [1+ ¢ 2(2) + i(=X"n(0) = T(0) () =)
X L [1-e 250] 4 iz(x) f(g Ot @) + m) £ )

7 J (E()n n
X z(t)‘ [1 — o uEx) - 5(:))] dt

Z )C
Y f (@) 21+ M T() dr.

[

Thercfore, ;“Z(SM < [(0) | + | =X ()= T(O(0) | +

of a® | 0@ |+ m@ o) 127 ] df+0f | Tz~

In*(t) | dr (23)
Similarly,
! ((—) <130 |+ | -2 (0)—5(0)£(O)i+f (Im@®] 10|+
pd
HLO 0@ ) o™ fdr+ f [ SO | | £ @) | de. (24)
[

Now, (23) and (24) can be written in the form

() + . .
[T e 1O | | v |+ (2] [eo | ]a
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{;(x)‘<A+f[ n;((tr)) ] oo |+ RO | |0 | g

(x) (0

where A = max [1~A"1 1/ (0)=T(0) 7(0) | + | a(0) |, | =\~1¢'(0)~
S0)5©) | + 1 £0) |1
and £/ | =1&® |+ | TO) 2|
[ =16@ | +180 20" .
We can take | £1(1) | = max[ | 10 |, | 3@ ] = My(®) say,
for otherwise the same lines of argument will follow with
18| =max[ | €50 |, | (1@ | 1. It follows then from (25) that

() | £
2(x) #(x)

where (("s B) = max [({Ml(t)’ i nl(t) ' }9 B)’ ({ | "ll(t) I’ Ml(t)}’ B)]

|<A+{(u,s)dt

and B = { T—]:(Ltt)) | l ;;Eg | }; if & = {a;, oz}, then
ap + ag = My(®) + | m) |
(x) tHx) T 0! 0]
s 1 gy [=ae] g el Ja

X
< Aexp| f (1 +ay) 41, by Conte and Sangren’
0

<dexp [ |2 | [ (i) + ab()) di], where () = o4(t) | 2(8) | ™
0

It follows by definition of Q*(x) that
[ n(x) exp(-i&(x)) | , | §(x) exp(—i&(x)) |

F Myt
=aem [ L L) 1o

[aG) |, [L6) | <A | exp (ER)) |

or

!
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M,
X exp [ | z(x) | f i):_&t)l_‘m{_ dt]. (31)
r Ml(f) + | m() |

[T

e+ D | dt
is either equal to _!; K310 |I z(t)| ]m() l

2 g0 | + | m | f -
={_1_W(t_)|___dt+oflT(t)Z(t) 2| gt

or equal to f _Hl_(?z_l(_gm

f I ;l(t)l(;; || Tl!(t) | di +6f Is(t) I lz(t)‘m I dr.

The two integrals above in the R.H.S. are convergent by Proposition 1. Therefore,
we obtain from (31)

@ |, 11@) | < A exp(i&(x))) exp [k | 2(x) | ]
= 0[ | exp(i(x)) | | exp(K p:i(x)g:(®)) | ]- (32

27 Derivation of asymptotic expressions for {n(x),{(x)} = Q(x)
From (21), we have
00) = exp(i(x) [5-(1+exp(—2ig(0) M(0)+ - (1-exp(~2iE(x))
(=X (©)~T(0)-n(0) + - 2(x) exp(Kp:():())

X J 26" exp(~ Kpi(x)as () exp(—i8(0) (1= exp(~2i(6() ~£0))
X (&(0m@) +mu()e()) dr
=X (Kpy ) 2(x7t) [ 2(e7) {1+exp(-2i(E)-50))

0

X 2/ T(4) m(t) exp(~K pi()g:(x) exp(—~iE(®)) el 39)



360 $. DASKANUNGO AND B. RAY PALADHI
Now,
| 2(x) exp(~ Kp:(¥)a:() exp(—i&(®)) {1~exp)—2i(x)~£(H)}
x (&0 @) +m@® 1) |
<z(r™") exp(—Kpi(qu(t) exp(—i€(®) (| & | | (@) | +
+lm® ] [
= lexp (~Kpi(as(9) | | exp (—i&(2) |

[£0) | | () |
ALET 1o 1+ PR 0 )
= K](M>, by (32) when K is a constant. (34

[ =(0) |
Also, | 2(6) 7 1+exp(—~2i(E(x)—£D)} 2(0)'* T(On(exp(—Kpi(x)q:(x))
X exp (~ig(®) |
= | {1+exp(—2i(EX)—E£@N 202 | | T@m() | | exp(~E@) |
x| exp(—Kp:(t)qu(?) |
<K, | T(Dz(9)*? | by (32), where K, is a constant. 35)

®

But, [(1 &0 |+ [m@® ) |20 | dy J 1 1) 297 | dt are convesgent by
0 0

Proposition 1.

Therefore, from (34) and (35), it follows that

Ly = Tim [ 4207 exp(- Kpu@as(e)esp(~ig()) x {L+exp(~2i(E()=E))

X (& 1) +mOLE) dr, and
La = lim [~z exp(~Kpi()s(¥) exp(~iE()

X {1+ exp(~24(E(x)~E(5)) () *T(D(r) dt
are finite numbers.

Hence, it follows from (33)

n(x ~—]—2‘-*Z(x) exp(Kp1(x)qy(x) + i&(x)) where L* = Ly + Lo e
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Proceeding in a similar way, it follows that

tx) ~S%2 2(x) exp(Kp1(x)q1(x) +i&(x)) where §* = §;+5,

with 8 = lim [ 2(0)™" exp(~Kp:1(x)a(0)~ (D) {1—exp(~2i(E(x)—&(H)}
Eastali]

X (nm(®) +4E() de

ad §; = lim | —2(x) exp(— Kp:(x)q1 (x) i) {1+exp) ~26(6(x) (1))}

20
x® g

x z(H¥ S@® 1) dt.
We take

Uy Vi
Ux) = = {Up, Up}, Vix) = ( )
Up Va

where {Uy, Up} = Ufx) = iz(x)”“{p o5,(), 40y (9)}
Vix) = iz(x)"{Pou(x), qovi(x}}
= {Vu, Vo), j = 1,2.

361

@n

b = {ue, v}, k = 1,2 are two solution vectors of (2) satisfying (24) and 6, =

{t,¥:} are also two solution vectors of (2) such that
[0102] =0, [¢j9k] = jk(j:k = 1’2) and

Uy Uy Vi Vi

[d:)/‘d’k] = Do + 4o

ul ul v} vi
It follows from (36-37)
Uy, \)~ —;-z (x) exp [Kipy()qa(x)+iEx)] LN
Vi) ~ 5-2(x) exp [Kipi()a: () +ED] S; V)
where L) = (Ly(\), Ly (V) SO = {Sy(0), Sy}
Ued) = {Uy, Vi}, Vilu)) = {Vp, Vs
ad L, are independent of x; U (x) = iz(x)"* {po %,(%), 4oy ()}

and Vj(x) = i z(x)"{poui(x), govi(x)}

(38)
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8. Main theorem

Theorem. The spectrum of the differential system (2-4) is a countably infinite poit
spectrum in (—,) if all the conditions (i)—(vi) of Proposition 1 are satisfied by th
potentials po, 4o, P1, g1, (X)-

Proof. We consider two solutions of (2-4), viz.,

2
Uy = BN + 2 m ) b)) (=12
(x, + my uy +omp u2>
Y+ mpvit+mp v,
Po’ Un(¥) + mupd’ Vi + maps' Vo
= —iz(x)~
q3* Up(x) + my g5 Via + mpqo' Ve
Therefore,

1 . P Ly + muSy + mpSyl
by~(~54) 2(x)™* "exp[Kip1(x)q1(x)+ iE(x)]
qot[Ly + my Su + mpSal
= + o 2 Ky (g () + ED)] Wi, b 45
G =12 )

But for non-real values of A, we have in the singular case 0 < x < o at least two
linearly independent solutions of (2) say W, (x, \) (» = 1,2) such that

WAx,\) € L? [0, =) (Bhagat'®).
If ¢ be an L-solution of (2), we must have
PitLu + my sy + myp Spg) = 0
45" (L1 + myy Sy + my Sp) = 0
that is, Ly + myy Sy + myp Sip = 0
Loy + myy S + myp Sy = 0 «@
since 1/2i exp [#(x) + Kipi(x)gi(x)] z(x)** — = as x — =.
Similarly, if Y, be an I*solution of (2) we have
Lp + my Sy + myp Sp = 0

Loy + my Sy + myp Su = 0. )
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It follows from (40—41) that
U.s(\)
\) =
s (8) D()

are functions of A; expressible in terms of L,;, S,(r). It follows by argument similar
to Paladhi® pp. 457-438) that U,(\), D(\) are integral functions of A. Therefore,
my(A) are meromorphic functions of A over (—, ).

where Uy(N), D)

The spectrum of the system (2—4) is, therefore, a countably infinite point-spectrum
in the interval (—oo, 0),
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