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ABSTRACT 

General expressions have been obtained for the gain of a simple dis- 
tributed amplifier with any number of tubes joined by identical reactive 
symmetrical filter sections, with or without unsymmetrical terminating sec- 
tions at the ends of the filter chains. These results may be applied to the 
band-pass as well as to the low-pass distributed amplifier. It is shown 
that reduction of band-edge peaks is much more difficult of accomplish- 
ment in the band-pass case. Some considerations regarding the choice 
of the most suitable filter network in the band-pass case are given, as 
well as experimental results. 

I. INTRODUCTION 

The wide bands of frequency which must be amplified in many modern com- 
munication systems have aroused interest in several new types of wide-band ampli- 
fiers. Among these is the travelling - wave amplifier,' which uses an helix and an 
axial stream of electrons and may be used down to frequencies as low as 200 mc. 
Low-pass forms of the distributed amplifier, invented by Percival 2  in 1935 have 
been described by Ginzton, 3  Rudenbergi and others.° This type of amplifier, 
which uses orthodox tetrodes or pentodes separated by filter sections may also 
be built in band-pass form. This paper is chiefly concerned with these band-pass 
forms, although the general expressions obtained for gain in Appendices A and B 
may be used for the low-pass case as well. 

II. SIMPLE GAIN EXPRESSIONS 

Since we are primarily interested in the band-pass case it is useful to develop 
simple formulas from the transformer-coupled amplifier. These apply in the 
case of other kinds of filter sections, but only the transformer permits free choice 
of load and generator impedances. 

In the circuit of Fig. I (a), with transformers designed to match the generator 
and load impedances to the grid and plate loading resistors the mid-band power 
gain is, 6 . 7  
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Here 4 f is the bandwidth between cut-off points of the transformers 
viewed 

as filter sections. (4 f is approximately the bandwidth to points two db down on 

the transmission curve). Simple parallel or push-pull parallel combinations of 
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AG. 1. (a) Single-stage transformer-coupled amplifier used as standard reference amplifier. 
(h) An increase in gain of 6 db is possible by capacitance splitting. 

tubes increase both the transconductance g„, and the capacitance so that no increase 
in gain results for a given bandwidth. 

If the input and output capacitances are split between two transformers, as 
shown in Fig. 1 (b), the impedance levels will be doubled, and the mid-band gain 

increase ncrease to 4 G o, or 6 db above that of the reference amplifier in Fig. I (a). 

If 2n transformers (n in each line) are used to couple n 	1 tubes, as shown 
in the distributed amplifier of Fig. 2, the transconductance will be effectively 
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(n — 1) times greater, and the gain will be increased by 4 (n — 1) 2  times that of 
the reference amplifier. Thus this amplifier has an advantage over the reference 
amplifier of 6 db from capacitance splitting and 20 log (n — 1) db for the (n i) 
tubes, or 

= [G o  + 6 -I- 20 log (n — 1)] db. 
(2) 

The bandwidth, assuming all transformers to have the same cut-off frequencies, 
will roughly correspond to the bandwidth between these frequencies. 

III. THE DISTRIBUTED AMPLIFIER 

General expressions for gain have been obtained for the distributed amplifier 
of Fig. 3, in Appendix A. The amplifier contains n — 1 identical tubes which give 
negligible resistive loading on the grid and plate lines, and which are coupled as 

z a  

es1 
isre 

FIG. 3. Distributed amplifier with 2n identical filter r.ection. 

shown by 2 n reversible filter sections, each with propagation function 0. The 

input and output capacitances of the tubes are included in the filters. The grid 

chain has n sections of characteristic impedance 74  and is terminated in ZR. The 
corresponding impedances for the plate chain are Z 1 , , ZR ' . The characterisoc 

impedances, normalized with respect to the terminating impedances are assumed 

to be equal for each chain, 

Zi 	Z; 	 (3) z =4= 
ZR 	Z  1  R • 

The gain, at frequencies where z =--- 1 (usually at midband), may be obtained 
from (1) by using a transconductance increased by (n — 1) times and by using, 

in place of R, and Ro  the impedances ZR and ZR ' . (The latter are twice the value 

of 11 9  and II, for the same bandwidth and are assumed to be resistive.) 

E f2 	4ZR 
 ' 

Go = 	x - - - 	g mZ  RZ  R t  

L 	Eg2 —4 — 
(4) 

(n 	1) 2 . 

The forward voltage gain, taken as the ratio of output voltage to 
rator voltage is therefore, where z = 1, 	

internal gene- 
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The general expression for forward gain, normalized to unity where z 
	I by dividing the actual voltage gain by A i0  is. from (15) App. A, 

A,== 2z 2  
R1 	z 2) coshnO 	2zsinhnO1 + (1 — z9 sinh (n — 1)0 

(n — 1) sinhO 

  

    

(6) (I ± z 2) sinhne + 2z coshn • 

The backward gain to the plate chain terminal at the left in Fig. 3 is, from 
(16) App. A. 

sinh  (n — 1)  0
[(I ± z 2) coshnO ± 2z sinh 2  O . (n — 1) sinh0 n] + (1 — z) 

At, = 2z2 	 (7) [(1 - z 2) sinhnO + 2z coshnO] 2  

If the grid and plate lines are terminated in their image impedances, ZR .= Zp 
ZR 1  = ZI I I  Z = 1 (all frequencies), then from (6) and (7), 

Af = CIS° 	 (8) 

sinh (n 	1)  0  c_no. 	 (9) A (n — 1) sinh,0 

If terminating filter sections are added on at the ends of the n-section filter 
chains, new general expressions for gain can be obtained as shown in Appendix B, 
Equations (6) and (7). These are identical with those in (6) and (7) above, except 
for the multiplying factor z 01z 02 /(z 01  cosh 96 	sinh 0) 2, and the substitution of 
ti + 1 for n 	1, which is made because two more tubes can now be added. The 
Impedances z ol  and z 02  are the image impedances of the terminating networks, 
in this case normalized with respect to the impedance offered by the terminating 
section. 

IV, THE PROBLEM OF BAND-EDGE PEAKS AND RIPPLES 

Fig. 
in each 

4 shows a distributed amplifier with terminating sections with sketches 
block to indicate the variation of characteristic impedance with frequency 

al 	 •11 	a 	1•1 

FIG. 4. The distributed amplifier of Fig. 4 with the addition of four terminating ftections 

and two tubes. 
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within the pass-band. If these sections are of proper design (and complexity) 
to match the filter chain to the resistive impedances outside, as shown in 

Fig, 4 and if all internal characteristic impedances are characteristically U-shaped al
s shown, we can show that a band peaked at the edges may still be expected. For 

if z01  — 1, z =-- I then expressions for normalized gam in App. B reduce to, 

Af := Z02 E-(789+20), 

A,,
sinh (ir -1- 1) 0 	

00) 

(n 	l)sinh 0 ZU 6-
("9+2°). 

( 1 1) 

In the pass-band 9 =fifl, =j13 ' and, 

Af = Z02 6-4(N 13+213  ), 	 (12) 

A,  = sinh (n 4- 1) 13 
(n1+ 1) ship z02t"nt3-+213°). (13) 

Thus for a perfectly matched amplifier the overall gain characteristic follows 
the same curve as the image impedance Z02 of the terminating network. In the 
case of simple filters with U-shaped curves for Z 02  and Zi  as shown in Fig. 4 a 
band peaked at the edges will result; thus simple terminating sections remove 
ripples, but not peaks, in the band characteristic. If Z02 were constant the for- 
ward gain characteristic would be straight and uniform throughout the band, and 
the backwards gain would follow a typical sin (n + 1) fl/(n -I- I) sin /3 curve. 

Unfortunately a constant Z 02 over the whole pass-band is impossible of attain- 
ment. This may be proved as follows. In a reactive four-terminal network the 
open and short-circuit impedances are purely reactive, so that the image impedances 
are, 

Z /1=  Vic' ejAitc-1) 42 = Vaost I gas,' 2' 

The propagation function is, 

Acc + I 
XN  1 •Mr•Py• 	 0 = a + jfl = In I . 

V ,X.„22  
Xse2 

• 
(14) 

(15) 

Within the pass-band a = 0 and the image impedances are real and therefore_ 
the open and short circuit reactances must be of opposite sign. At the edges of 
the pass-band one or the other, but not both of these reactances must change sign. 
By Foster's reactance theorem the slopes of these reactance curves versus frequency 

are always positive so they must pass through zero or infinity to change sign 	

h 

. The 

image impedances must therefore be either zero or infinity at the edges of the 
pass; 

band. In the case at hand, of filters with capacitive input, the image im 
pedance 
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will be infinite at the edges of the pass-band, and the gain of a distributed amplifier 
with perfect terminating sections will theoretically approach infinity there. In 
practice the use of ordinary terminating sections and the presence of dissipation 
will limit the gain at the band edges to some finite value, but serious peaks can 
always be expected. 

The problem of controlling these peaks at the band-edges has been recognized 
as a serious one and several methods of compensation have been proposed. One 
method is to pair the plates, or connect them together at alternate points along 
the filter, inserting dummy capacitances elsewhere. This method has the dis- 
advantage that the plate line capacitance are doubled, thus halving plate line impe- 
dance at a cost of 6 dh in gain, in the band-pass case. 

Another method for flattening the high-frequency peak in a low-pass distri- 
buted amplifier uses negative mutual inductance to give the equivalent of m-derived 
sections with m greater than unity. A third method uses a bridged-tee structure. 
These two methods are not applicable to the band-pass case, because their con- 
version to band-pass form would require negative capacitances. A fourth method 
for controlling band-edge peaking is by the use of two lines of tubes with sepa- 
rate interstages between individual pairs of tubes, as shown in Fig. 5. These 
interstages may easily be designed to correct for peaking. However the number 

FIG. 5. Bl ock diagram  showing a scheme for 5ecuring a flat bard ty peak-correcting 

in individual interstages between tvvo lines of tubes. 

of tubes is doubled, with small gain advantage, or even with a loss in gain, depend- 

ing on the bandwidth required. 

A practical solution for the hand-pass design in the case where very wide 

bands are desired is to build a low-pass amplifier with a low-frequency 
cut-off 
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determined by the coupling capacitors. Then only the high-frequency peak needs 
to be contended with, and if it is at a high enough frequency' so that appreciable 
grid loading occurs it may be flattened by this effect. There is some loss in effi- 
ciency if an appreciable part of the band must be thrown away. In the band-pass 
amplifiers described below the peaks and ripples were minimized by the use of 
double-tuned transformers as filter sections and series-parallel transformers as 
terminating sections, as explained in the following section. It was found experi- 
mentally that further reduction of peaks was possible in amplifiers containing up 
to four tubes by slightly detuning the filter lines. 

V. CHOICE OF FILTER SECTIONS IN A BAND-PASS DISTRIBUTED AMPLIFIER 

The simplest choice for a band-pass filter section which would include the 
shunt capacitance in the tubes is either the band-pass constant-k or the parallel- 
tuned transformer, a filter which has no low-pass counterpart. In App. C it is 
shown that the parallel-tuned transformer has the same characteristic impedance 
as the constant -k filter (mid -shunt), but only half the propagation function. This 
difference might be expected because in IT form the parallel-tuned transformer has 
one less reactive element. 

Pets at the edges of the band might be expected in either case if simple 
resistive terminations are used as well as ripples near the edge of the band. Calcu- 
lations show that in particular cases the peaks are lower in the parallel-tuned trans- 
former case, though no general expression has been obtained. 

The ripple appearing in the gain characteristic may be approximately deter- 
mined by a consideration of the equation for forward gain in the case where termi- 
nating sections are not used. Within the pass-band the normalized power gain 
may be shown to be, from (6), 

	

sin(n —1)ficosni? 	sin 2(n-1) /3 
4z2 -1-0 —z2)2cos 20+2 (1 —z4) – -- . --- + 	.  a ez92 

(n — I) sin 13 	(n-1) 2=213  ' 
Gis-----Al2=z4 	 SallSip 

al 9  
4Z2  + ( 1 .'-. Z 2) siniiii3 

(16) 

If n is large the third and fourth terms in the numerator may be neglected. 
The remaining terms in sin 2n/3 and cos 243 will combine to give ripples near the 
edge of the band where z begins to differ appreciably from unity. The variation 
in gain will be approximately of the order of the square of the following: 

1 	 4z2 	 (17) G 	
1-1-(1)(z 	14)2sin 243 	4r-1- (1 — z2) 2sin 2n/3 

which is, incidentally, just the transmission loss of an n-section filter, 

A comparison of the transmission gain G for five-section filters of the c0 11-  

stant-k and double-tuned transformer types was made to illustrate the relative 
ripple amplitudes to be expected in distributed amplifiers using these sections. The 
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FIG. 6. Transmission loss for five double-tuned transformers in tandem compared with 
that for five band-pass constant-k sections. 

calculated values of transmission loss, (L = 11G), are shown in Fig. 6, and the 
lower ripple amplitudes of the transformer filter sections is quite apparent. With 
this advantage, as we have stated. goes some reduction in the peaks. Thus, of the 
two simplest filter sections available, the tuned transformer is considerably superior. 

One advantage which the band-pass distributed amplifier possesses over the 
LOW-pass amplifier is that transformers can be used as terminating sections to 
transform the impedance in the filter line, which is fixed by bandwidth require- 
ments, to the value required by coaxial line or other impedances. This impe- 
dance ratio will often be such that if the parallel-tuned transformer is used for 
end sections, equivalent 7r or T structures cannot be used and sometimes even 
mutual coupling is not practically possible. In this case series-parallel tuned 
transformers may be used. Design formulas for this case are developed in Appen- 
dix 4, based on the equivalence between this transformer and a constant-k band- 
pass half-section. Therefore, because the parallel-tuned transformer has the same 

Image impedance as the mid-shunt image impedance in the constant-k section. 
the series-parallel transformer (shunt capacitance side) may be exactly matched 
to the parallel-tuned transformer, simply by making the cut-air frequencies the 
same. 

vi. EXPERIMENTAL RESULTS 

_ 	A number of experimental amplifiers, low -
pass as well as hand - pass were 

tbuilt. In the low -

pass amplifiers large (150 mmf.) capacitors were shunted across 
the e nput and output of each tube so that neither gain nor bandwidth would be 
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too large for accurate measurement. These low-pass amplifiers were used to 
check the theoretical expressions developed in this paper. 

A band-pass amplifier (Fig. 7) was built with a center frequency of 65 me. 

using 6AK5 tubes selected for nearly identical transconductance and shunt capa- 

1 1 50 1 	55 	60 	65 	70 	 eo T2 85 

FREQUENCY IN Mc. 

ria: 	

Comparison of the measured gain characteristic of amplifier of Fig. 7 and the calcu- 

lated gain for a single-tube and for a four-tube amplifier using the Wile tubes and matched trans- 

formers with the same cut-off frequencies. 

Citance. Parallel-tuned transformers were used as filter sections, with series- 
Parallel transformers at the ends of the filter chains to match them to the 51-ohm. 
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impedance used in the measuring equipment. In this amplifier great care was 
taken to provide good shielding and adequate by-passing. Transformers were 
built in equivalent-T form to avoid difficulties involved in working with mutual 
impedances. 

A value of 0-45 was chosen for the coupling coefficient k of the parallel-tuned 
transformer giving (Eq. C-10) cut-off frequencies at 51 mc. and 82-8 mc., a band- 
width to mid-frequency ratio of 0.49. The mid-band gain expected can be deter- 
mined by first calculating the gain of a single tube amplifier of the same bandwidth. 
The effective input and output capacities and average transconductances of the 
tubes used were C a  ---= 8-3 ppf, C 	6.0 	4030 p.mhos. The calculated 
single-stage mid-band gain is, from (1), G o  = 3-1 db. The mid-band gain expected 
in the four tube distributed amplifier is, from (2), G o  =-- 3.1 + 6 + 20 log4 
21-1 db. The experimental curve shown in Fig. 8 shows that this figure was not 
reached by about 5 db. This may be partly accounted for by loss in the filter 
elements, and by grid and plate loading. Ripples and band-edge peaks were 
reduced by slight detuning of trimmer condensers, while the band was observed 
with the aid of a sweeping oscillator. 

Note that the gain is higher than that calculated for an ordinary amplifier 
with the same cut-off frequencies and with four MKS tubes in tandem, with 
matched transformers. Such a tandem amplifier can be increased in gain theo- 
retically by 9 db by the use of mismatched interstage transformers. The advantage 
of the distributed amplifier becomes apparent if the effect of doubling the band- 
width is considered. This will cause the gain of the distributed amplifier or the 
ordinary single-stage amplifier to drop by b db, but the four-tube amplifier 
with the ordinary tandem connection will drop in gain by four times as much, 
or 24 db. 

A similar amplifier using four tubes but with the two middle tubes in parallel 
was built by the senior author at the Bell Telephone Laboratories in 1946, and 
gave similar results, but was considerably easier to adjust for a flat band, because 
there were fewer filter sections per chain. The band-pass characteristic for this 

• 	 amplifier is shown in Fig. 9. It will be noted that the band shape of the distri- 
buted amplifier is very similar to that calculated for a single tube amplifier although 
it had 8 transformers rather than 2, and about 9-5 db more gain. The delay curve 
was measured for this amplifier and was also very close to that calculated for the 
single tube amplifier (neglecting the fixed delay which is one of the great disadvant- 
ages of the distributed amplifier). 

One important advantage expected in these amplifiers is an increase in power- 
. handling capacity. One measure of this is the power at which the gain is reduced 

by some given amount. An appreciable gain reduction or compression occurs 

at a power where the peak plate current swing approaches the d-c plate current. 
It would be expected that the increased power output for a distributed amplifier 
would be 3 db (because of output impedance increase with capacitance splitting) 
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9. Measured band shape for a four-tube distributed amplifier (two middle tubes 
in parallel) compared to calculated single-tube amplifier band shape. 

plus 20 log (n 	I), (for the n 	I tubes) over a single-tube amplifier with matched 
transformer output. The expected advantage of 15 dh in the four tube 6AK5 

amplifier was not obtained in practice, the measured value being 71 db. The 

reasons for this discrepancy have not been fully investigated. 

Another advantage expected in the wave-amplifier is an improvement in noise 
Fig. 3. The measured noise figure for the four-tube 6AK5 amplifier was 6 eib, 

i Which s appreciably better than may be expected from an amplifier of the same 
bandwidth using single 6AK5 tubes in tandem, and with matched input. 

REFERENCES 

I. Pierce, J. It. 	 • 
2. Percival, W. S. 
3- Ginzton, F. L. et al. 

"Travelling-Wave Tubes," B.S.T.J., 1950, 29, 1. 

British Patent, 460, 562, 1935-37. 

"Distributed Amplification," Proc. I.R.E., 1948, 36, 956. 



150 	 V. C. RIDEOUT AND T. P. TUNG 

• 

4. 

5. 

Rudenberg, H. G. and 
Fitzroy Kennedy 

Wheeler, H. A. 

"200 Mc: 	Travelling-Wave Chain Amplifier," Electronics, 
1949, 22, 	106. 

.. 	"Wide 	Band Amplifiers for Television," Proc. 1.R.E., 1939, 
27, 429. 

6. Rideout, V. C. 	. "A Note on a Parallel Tuned Transformer Designi"B.S.T.1., 
1948, 27, 96. 

7. . 	.. Unpublished Class Notes. 

8. Ragan, G. L. 	 .. Microwave 	Transmission Circuits, McGraw-Hill Book Co., 
New York, 1948. 

9. Guillemin, F.. A. 	.. Communication Networks, John Wiley & Sons, New York, 
1935, 2, 151-56. 

10. Sandeman, E. K. . 	"Coupling 	Circuits 	as Band-Pass 	Filters," 	Wireless Ens 
neer, 1941, 18 1  361. 

• 

• 

4 ;  . • 



The Band-Pass Distributed Amplifier 	
'Si 

APPENDIX A . 	. 

In the circuit shown in Fig. 3 the blocks represent image-connected reversible 
filter sections, each with propagation constant 0. The grid sections have image 
impedance 4, the plate sections 4'. 

Considering first the grid line, the impedance looking towards the right at the 
input to the (k + 0th section is, 

7  ZR  COSh — k) 0  + sinh (n k)  0 
(A-1) " 4 cosh (n k) 0 + ZR  sin h (ti k) 0 .  

The matrix describing the first k sections of grid line is: 

[A, 	[1 41 [cosh0 Z/ sinhO] k  [ 1 	01 
. 

I 	 (A -2) 
CI. Di_ 	C 	1 	sinh 0 	cosh0 	,71 	1 

Zi 	 tRk 

From (A-2) .  

(Z cosh k0 + ZR  sinh k0) -1- wi  (4 sinh ked-ZR  cosh 0). (A-3) 
Zi 	i 	 kJ /v. 

From (A-1) and (A-3), 

A 	Z/ 2  sinh nO + Z9 2  sinh ne 2ZE ZI  cosh no (A-4) 

	

Z/  [Z9  cosh (n — -1-‘7) 0 + Z, 	— kr) 0] ' 

z cosh  (n  — k )  8 z sinh (n  k) 0 
E = 	E 	 (A-5) 

k  Ak 	 Z 1 2) sinh n 0 ± 2z, cosh nO 	' 

where z 1  = 4/4, is the normalized image impedance. 

Each plate may be considered to be a constant current generator driving two 
transmission chains as shown for the kth tube in Fig. A-1. 

• 

11111 	
Z ak I E ikK 

111 

 

N. ea E(rt-k) 

'V 7 

 

no. A-1 



152 	 V. C. RIDEour AND T. P. TUNG 

The matrix describing the behaviour of the upper chain is, 

	

[A k ' Bk ll.  [ 

Z

cosh k0 	7.4 1 ' sinh Ice] [1 0 

	I. . 

	

sinh  k0 	 I Ck ' Di. ' 	 cosh k9 
ZR' 	1 l—   

(A-6) 

From (A-6) 

EP' == C,' 	Z1' cosh  k0 + ZE ' sinh k0 

Z, '  Z '  
— 747 cosh k0+ Zft s sinh k0 * Zik+ Z3  (n —k) ' 

The values of the input impedances appearing in (A-7) are, 

Z ' cosh k0 + Zi t sinh k0 Z3k  = Z/  R, 
Zi  cosh k0 + ZR: sinh ke ' 

7  , Zil cosh (n — k) 0 + Z1' sinh (n — k) 6 
== .41  Z/ cosh (n — k) -6 + Zal sinh (II— k) 0' 

From (A-7), (A-8) and (A-9), 

r  7 1  z/ cosh (n — k) 0 + zi ' 2  sinh (n — k) 0 
ERkt =--- 

g  
r. 

„irikijn 	2Z1 1  cosh n6 + (I + zi2) sinh nO 	' 

7 1  z1 ' cosh  k8  + z,' 2 sinh  k8  
ER t(") re-  "Ektja  2z1' cosh n0+ (1 +z,' 2) sinh nO 

(A-7) 

(A-8) 

(A-9) 

(A-10) 

(A-11) 

The normalized image impedances of the plate and grid channels are the same, 
so let, 

Z = Zi  = zi. 	 (A-12) 

Substitution of the value of Ek from (A-5) in (A-11) gives, if we use (A-12), 

i  Z 2  cosh  ke cosh  (n — k) 0 + z 2  sinh  k0  sinh (n — k) 0 + z sinh ne . 
ER 1  ( n....0= g

iv7
irt% 4., iR  

R1 ± z2) sinh nO + 2z cosh -nay—  ---- - 
(A-13) 

The output voltage at the right-hand end of Fig. A-1 is, 

gm  
I 	n_-_- Ils I  

ER = E ER (n—k) =  k= i 	 [0 + z2) sin  
Zilz2 	 

n 4- 2z cosh n01 2  
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nal 
x 	cosh k0 cosh (n k) 0 z2  sinh ke sinh (n k)0 

tat 	 Pc=1 

+ z (n — 1) sinh nO} 

gE,ZR'z2  (n sinh (n — 1)  8 z2) cosh ne + 2z sinh n0 + 
(n 	1) sinh 0 " 

n012 • 

   

(A-14) 
The forward voltage gain normalized to unity when z = I is, 

sinh (n-1) 	0 [(I +0 cosh n0+2z sinh 	 (1 — z2) E R ' 	 (n-1)  sinh 0 
A = 	 2z 2 	  

gZR 'Ea  (n-1)/4 	 [(1 z*) sinIr iThrei- 2z cosh n0] 2  
(A-15) 

In similar fashion the 	normalized backward voltage gain 	or 	ratio of the 
output voltage at the left end of the plate chain in Fig. 3 to the input voltage is, 

sinh  (n — 1) 0 r(i  
z 2) cosh nO + 2z sinh n0)] + (1 — z 2) 

- (n 	1) sinh 0 1  
A,

"  
# 

= 2z' 	 lemirs.  • 
(A-16) 
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APPENDIX B 

Effect of the addition of terminating sections 

It is often desirable to add unsymmetrical lossless terminating sections to the 
ends of the filter chains in Fig. 3.' In order to find the new general expressions 
for gain it is necessary to use the expressions below in (B-1) to (13-4). 

If an unsymmetrical four-terminal network has image impedances Z02 and 
Z 01  and propagation constant 95 and is connected to a generator as shown in 
Fig. B-1, then, 

, R cosh  # + Z 01  sinh  0 = t02 , cosh ¢ + z01  sinh 46 
ZR znee 14  " Z 01  COSh 0 —1-- R sinh # 	 0 ' 	(:1-1) z 01  cosh 0 ± sinh  

where 
Z01 	Z 02 

Z01 = 71•ZO2 == T 
• 

Also, 

E = 	\An z02 E  
° 	z01  cosh 96 + sinh 95 	 (B-2) ' 

These are the new values for the internal voltage and impedance of the gene- 
rator driving the chain of identical filter sections. 

a 	 —is-  

E  Li io, 0 	2 c2  ZR 1E9 

Fig. B-I 

ER 1 	4 I z,,1 	0 	101 	Rite 

Fig. B-2 
Similarly in Fig. B-2, 

#  , cosh 0 + z01' sin Zni = Z-102,cos --
-1-0 + sinh 0 ' zoi 1-1  

EVE R I= 

Zolt  
Zna' (B-4) 

+ z01 ' sinh #1 
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In Fig. 4 these unsymmetrical sections have been added to the circuit of 
Fig,  3, together with two more tubes so that we now have n 	1 tubes. Equation 
(A-15) still holds. except that we now have, if we require Zo2= Zi, Z02 1 = Zi g , 

Zi  
=- 	z01  cosh 9C 	sinh z  

cosh + z0; sinh • (B-5) 

We must also substitute for E ff  the expression given in 8-2 to get 1? in terms 
of E. 

If we require the condition z 01 = z01 ' then we can write z, = z i '= z as before. 
Equation (A-14) will have the same form as before, except that we sum over n + 1 
tubes. giving (n -- 	I) in place of (n — 1) throughout. If we substitute in (8-4) the 
expression in (B-2) for E,,, the expression from (8-4) for ER, and the expression 
in (B-3) for ZR f  and again normalize the voltage gain E'/E to unity, by dividing 
by gle (n + 1)/4 we will get for the new forward gain, 

sinh (n 	1) 0 (1 	z2) 2z 01 z02z 2  [(1 	z2) cosh nO 	2z sinh nO} 
(n + I) sinh 0 , 	(B-6) 

 

(z 01  cosh ck 	sinh 4)) 2  R1 	z2) sinh nel -r  

Similarly, 

4,1= 	_2z 01 z 02Z2 
(z„, cosh 	sinh #12  • 

sinh  (n -1- I)  0 
(n + 1) sinh 0 

[(I+ z 2) cosh n0+2zsinh n0]-1-(1—z 2) 

zz) smn n 	cosh n 
(B-7) 

In both (8-6) and (8-7) the expression for z is that given in (13-5). 

• 
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APPENDIX C 

Image Parameters of a Parallel-Tuned Transformer 

Consider the tuned transformere of Fig. C-1. The Z matrix of the trans- 
former above is, 

[ 1,1  Al] 	[Si  0] 	— 	Al] 
[ Z =PO 	= it° 	+ 	, 	(C-1) 

M L2 	0 S2 	M L2 S2 

where S1  and S2 are arbitrary. They may be chosen so that the transformer repre- 
sented by the second matrix has a coupling coefficient of unity and a transforma- 
tion ratio of a = A/L21LI  if the determinant, 

I 	- cc  M 

I M, L2 S2 
and 

Li s  

(C-2) 

(C-3) 

Solution of these equations given for S 1  and S2, 

S1 = L1 (1 - k), 	S2 L2 (1 - k). 	(C-4) 

The equivalent circuit for the transformer as determined by (C-1) and (C-4) 
is the series combination of two self-inductances and the transformer with unity 
coupling in Fig. C-2 (a), which is in turn equivalent to the circuit with an ideal 
transformer of Fig. C-2 (b). 

The complete circuit of Fig. C-I may be drawn as shown in Fig. C-3 (a) 
and (b), where the ideal transformer has been moved to the left, and proper impe- 
dance changes made. 

Because the transformer is now symmetrical, if we assume identical tune fre- 
quencies (0 0  = Ih/LiC2  = 1/i/L2C2, the open and short circuit impedances may 
be obtained for a half-section, giving: 

j (1 	x 	(C-5) (I k) x 	zn i =  
CooC2 [l — 	k) x9 Z ee ' 	wict2p —(I 	k) x 21' 

where x =cu/w 0. 

From these impedances, by Bartlett's Bisection Theorem, 

/ 	 k2) 	 (C-6)
•Zi 	VZ04,24,6' 	iv-I C2 	2x2  — — x4  ( 1 	k f) 9 



1_ 1 (1-k) LE 040 (1-k) 	 L2(1-k) 

-k) L i e 0-10 L2 

Pi  I 	= kL ial  T 
__ 

aE 

(iak) La 0- 10 La 

Rz 

&PAP- 
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1111 1111 • 	Ra 
M k 

Fig. C -1 

(0) 

Ideal 
Trans. 

(b) 

Fig. C-2 

and 

Ideal 
Trans. 

(a) 	 (b) 

Fig. C-3 

tanh ° 	VZ'e l 	,\e/ 	
11 	k 	 k) x2 	 (C-7) 

2 — 	Z oe ' 	 (1 	kx 2  )  

Ile cut-off frequencies, from C-7, are at, 

coo 
=_ 	_0 	

(C-8) 
cdc  A/ I k 

rhe minimum value 
of Z , obtained by setting the derivative or C-6 o zero 

is at, 
030 

k 2  to 	 Vcotcos • 
(C-9) 

The bandwidth, du) 	ca l  — co l  is from C-8 and C-9, 

4to 	/ lc* lull 	W1 + k N/1 	. 
—  

(C-10)  
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The value of ZI at the geometrical mid-band, to = con  is from (C-6), (C-9) 
and (C-10), 

k 2  	1 
Z (min) = cooc2(v i 	k 	,vr-- k) 	adc0C2 1  (C- 1 1) 

1W 
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FIG. C-4. Normalized characteristic impedance of a parallel-tuned transformer (z,) and 
of a constant-k filter (4 1  mid-shunt, and z", mid-series), and propagation functions (O r  and 0%) 

plotted against frequency. 
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If Z 1  is normalized with respect to this value, it may be shown that: 
159 

‘i 	Rom  \ 2 ( to wont  

AW) k co 	CO 
mill•Pwr ■■ 

d 	
• 

(C-12) 

This is the same as the mid-shunt impedance of a constant-k type band-pass 
filter. 

The propagation function is from (C-7), (C-8) and (C-9), 

it ---- sinh 0 = 2 	
2j 

2 V k W -6-  W1 7 k W22 	2
J
N 

Ct)  2 — Wi 
(C-13) 

This is not the same as that of a full section of a constant-k band-pass filter, 
which is, 

(0 )2( 	— (0 	(0„,)2 	(C-14) _ 	--- • sinh 0 2i j'no,) 	w 	 4(0 	to. 	w 

In Fig. C-4 the normalized characteristic impedances and propagation con- 
stants are plotted for the parallel-tuned transformer and the constant-k band-pass 
filter for a bandwidth corresponding to k = 0-45 for the transformer. 

If a single transformer is used, the response will be maximally flat if loaded 
with resistances across the tuning capacitances given in each case by, 

R 1 — • hloiC 
(C-15) 

A perfect match will result at midband ((0 = (0.) under these conditions. 
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APPENDIX D 

Design Parameters of a Series-Parallel tuned Traits .  former 
Based on Simple Filter Theory 

The Z matrix for the transformer° ,  '° in Fig. D-1 may be split up so as to give 
a series inductance on only one side and a transformer with unity coupling, as 
follows: 

Ali 	r (1 — k 2) 0] 	[k2Li  fri] 
[ Z =fro 	 =i0) 	 +fro 	 (D-1) 

M L2 	 0 	M L2 

M = k 

Fig. Del 

The transformer represented by the second matrix has a transformation ratio 
a 	1 I L2  

. It may be replaced by an ideal transformer with this trans 
k 	

- 
k  
formation ratio and a parallel inductor, as shown in Fig. D-2 (a). 

(I ski) L 2C; 	issa 
ci—iHrtito 

■•••-••• 

Zl i  
_L a1C 

k 	k 	Zia 	
2t:A.SiS 

z T 
Idcat 
Trans. 

(3) 

FIG. D-2 

(Capacitance C2 has been moved through the ideal transformer). 

The equivalent circuit for the transformer shown in Fig. D-2 (b) has the 

form of a simple band-pass constant-k filter half-section. It will be a constant
-k 

• al 	 e 	 La ati nressed 
halt-section it L 1f 1C2 ' --= L2f/C 1'=---  R 2, and reactive parameters may 

41, 
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_ 
in 
40 

terms of the tune frequency w e, =1/N/Litit IWL2IC2' and the bandwidth 
0)2 	(01  between upper and lower cut-off frequencies. 

R 
2 	' 

2L2' = Rzlo)  
WIN 
 2 • (D-2) 

If we equate the reactances in Fig. 0-2 (a) to the same quantities and solve 
for LI, C1 , etc. in terms of it i  and R2 = a2R 2 1k2 / 	we get, 

CO 

C 1  R , 2 ' 
1 

= [1 + ( 41 2 1 
lb■ w in z 

1 
C2 = 4d—it—)E2  

k 	  

iej

+—no\ 2  

I 	Wm) 

tico '
2 W1 (42 — Wgp 

i 	2  f ALON 2 	Zlit) 

t° 1  = 	Win  + 	2 ' 

L — R2" 	 (
41w2  4 

2 	0H-7,—;4 2 	 41)2 = VW•s 2  	+ 2  . 	(D-3) 

If terminated in 14 and R2, this transformer will have a maximallyflat trans- 

mission band with I db points at co l  and w2 . 

The image impedances are, 

1) 2  
Zil = RI 	1 	(44d) 

2  (,, Z,2 = R2 Ni 	(No 	y 	
(1)4) 

where y --= witom . 

, The Propagation function is the same as for a half-section of a constant-k 

Tier or just half of that shown in Fig. 
C-4. The normalised characteristic 

impedances are those plotted there. 

b4 




