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FGM and Laminated Doubly-Curved and 
Degenerate Shells Resting on Nonlinear Elastic 
Foundations: A GDQ Solution for Static Analysis 
with a Posteriori Stress and Strain Recovery

Francesco Tornabene1 and J.N. Reddy2

Abstract | This work focuses on the static analysis of functionally 
graded (FGM) and laminated doubly-curved shells and panels resting 
on nonlinear and linear elastic foundations using the Generalized 
Differential Quadrature (GDQ) method. The First-order Shear Deforma-
tion Theory (FSDT) for the aforementioned moderately thick structural 
elements is considered. The solutions are given in terms of general-
ized displacement components of points lying on the middle surface 
of the shell. Several types of shell structures such as doubly-curved 
shells (elliptic and hyperbolic hyperboloids), singly-curved (spherical, 
cylindrical and conical shells), and degenerate panels (rectangular 
plates) are considered in this paper. The main contribution of this 
paper is the application of the differential geometry within GDQ 
method to solve doubly-curved FGM shells resting on nonlinear elastic 
foundations. The linear Winkler-Pasternak elastic foundation has been 
considered as a special case of the nonlinear elastic foundation pro-
posed herein. The discretization of the differential system by means 
of the GDQ technique leads to a standard nonlinear problem, and the 
Newton-Raphson scheme is used to obtain the solution. Two different 
four-parameter power-law distributions are considered for the ceramic 
volume fraction of each lamina. In order to show the accuracy of this 
methodology, numerical comparisons between the present formula-
tion and finite element solutions are presented. Very good agreement 
is observed. Finally, new results are presented to show effects of vari-
ous parameters of the nonlinear elastic foundation on the behavior of 
functionally graded and laminated doubly-curved shells and panels.
Keywords: Static Analysis, Laminated Composite Doubly-Curved Shells and Panels, Nonlinear Elastic and 
Winkler-Pasternak Foundation, First-order Shear Deformation Theory, Generalized Differential Quadrature 
Method.

1DICAM—Department, 
School of Engineering 
and Architecture, 
University of Bologna, Italy.

francesco.tornabene@unibo.it
2Mechanical Engineering—
Department, Texas A&M 
University, College Station, 
TX, USA.

jnreddy@tamu.edu



Francesco Tornabene and J.N. Reddy

Journal of the Indian Institute of Science  VOL 93:4  Oct.–Dec. 2013  journal.iisc.ernet.in636

1 Introduction
1.1 Background
Shell theories based on the Kirchhoff-Love assumptions have been developed by various authors.1–12 
The effect of transverse shear deformation has been incorporated into shell theories in the same way 
as in plates,13 and the resulting theories are also termed shear deformation shell theories, where the 
assumption of the preservation transverse normals to the shell middle surface after the deformation has 
been abandoned. A comprehensive analysis for elastic isotropic shells was made by Kraus,7 Gould,14,15 
and Qatu.16,17 In,16,17 the shear correction factor has been eliminated by assuming a parabolic thick-
ness function along the shell lamina thickness and the initial curvature effect has been embedded into 
the displacement field (also see Reddy and Liu18 for the third-order shell theory). The curvature effect 
is not only included in the evaluation of the stress resultants as in Kraus,7 Qatu,16,17 and Toorani and 
Lakis,19 but also in the kinematic analysis of the shell. According to literature, there are three different 
ways to calculate the thickness-integrated shell stiffness coefficients. The first is the Reissner-Mindlin 
approach,7,20 in which the effect of curvatures is neglected [i.e., (1 + z/R)−1 » 1, where R is the local radius 
and z is the thickness coordinate]. The resulting elastic stiffnesses are constant and do not depend on 
curvatures. The second approach, proposed by Kraus7 and Toorani and Lakis,18 is based on the Taylor 
series expansion of (1 + z/R)−1, and the third approach due to Qatu16 evaluates the shell stiffnesses by 
exact integration of the elastic constants through the shell thickness. Due to these considerations the 
stress resultants directly depend on the geometry of the structure in terms of the curvature coefficients 
and the hypothesis of the symmetry of the in-plane shearing force resultants and the twisting moments 
is not valid. A further improvement of the previous theories of shells has been proposed by Toorani and 
Lakis,19 in which a kinematic model is used in order to include the effect of the curvature from the begin-
ning of the shell formulation. When this hypothesis is considered, the strain-displacement relationships 
have to change and, as consequence, the equilibrium equations in terms of displacements have to be 
modified.

1.2 Present study
In this paper, we propose a shell theory, named General Shell Theory (GST) and compare its results with 
those of the first-order shear deformation shell theory.7,20 Furthermore, the GST is employed to analyze 
doubly-curved shells resting on linear (Winkler-Pasternak) and nonlinear elastic foundation. Due to the 
increasing importance of the interaction of shells with an elastic medium, a nonlinear elastic founda-
tion including the linear Winkler-Pasternak one is introduced. Unlike the papers in the literature,21–29 all 
effects of the foundation, are separately considered.

Over the years, different numerical tools that are used to carry out static and dynamic analyses of 
every kinds of engineering problem are developed in literature,14,15,20,30–36 such as Finite Element Method 
(FEM) and meshless methods. In this paper the fundamental equations constitute a system of second-
order nonlinear partial differential equations. Since the system is written as a function of the displace-
ments of the middle surface, it can be easily solved by using the Generalized Differential Quadrature 
(GDQ) method. The mathematical fundamentals and recent developments of the GDQ method as well 
as its major applications in engineering are discussed in detail in the book by Shu.37 The interest in the 
use of this procedure is increasing due to its great simplicity and versatility. As shown in,38 GDQ tech-
nique is a global method, which can yield very accurate numerical results by using a considerably small 
number of grid points. Therefore, this simple direct procedure has been applied in a large number of 
cases39–101 to circumvent the difficulties of programming complex algorithms in the computer, as well as 
excessive storage and computing time. In summary, the aim of the present paper is to demonstrate an 
efficient and accurate application of the GDQ approach by solving the equations governing the static of 
functionally graded and laminated composite doubly-curved moderately thick shells and panels with the 
Differential Geometry (DG) tool. Furthermore, due to the fact that a nonlinear algebraic system of equa-
tions must be solved, an iterative method has been considered. The Newton-Raphson scheme has been 
implemented in a MATLAB code in order to solve the nonlinear problem. The use of the GDQ method 
allows us to obtain, in an easy way, the Jacobian matrix necessary for the Newton-Raphson method. A 
high rate of convergence has been found and a maximum of three Newton-Raphson iterations has been 
used for all the results obtained in this paper at each load steps considered. The nonlinear behavior of 
all the analyzed structures due to the effect of the nonlinear elastic foundation is graphically reported 
for different load steps. Different lamination schemes are considered to expand the combination of the 
two functionally graded four-parameter power-law distributions adopted. The treatment is developed 
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within the theory of linear elasticity, when materials are assumed to be isotropic and inhomogeneous 
through the lamina thickness direction. A parametric study is performed to illustrate the influence of 
the parameters on the mechanical behavior of functionally graded shell structures made of a mixture of 
ceramics and metal.

In summary, the present study is based on four aspects. Firstly, an improvement of the first-order 
shear deformation shell theory using a different kinematical model is presented and the shear correction 
factor is included using a parabolic thickness function. Secondly, functionally graded and laminated 
doubly-curved shells and panels are represented using the differential geometry tools to describe the 
middle surface of the structure. Thirdly, an investigation has been carried out on the effects of linear 
and nonlinear elastic foundations on the behavior of shell structures in the static case. In addition, all 
the effects of the foundation are separately considered. Finally, the GDQ methodology coupled with the 
Newton-Raphson procedure has been used to solve the system of nonlinear governing equations.

2 Governing Equations
A shell structure can be described by the position vector of an arbitrary point using an orthogo-
nal coordinates α α α α α α α α1 1

0
1 1

1
2 2
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2 2
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Geometry (DG) tool7,11,12,92,96–102
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where z = 2ζ/h(α
1
, α

2
) and z ∈[−1,1] is the dimensionless shell thickness. From equation (2) the loca-

tion of each shell point is a function of the position of the corresponding point on the reference surface 
r(α

1
, α

2
) and of the corresponding normal vector n(α

1
, α

2
) to the reference surface (Figure 1). Moreover, 

the position of the generic point of the shell volume is also a function of the shell thickness h(α
1
, α

2
). 

The three components of the shell reference surface r(α
1
, α

2
) along the three global axes Ox

1
x

2
x

3
 can be 

written as

 
r e e eα α α α α α α α1 2 1 1 2 1 2 1 2 2 3 1 2 3, , , ,( ) = ( ) + ( ) + ( )r r r  (3)

Figure 1: Geometry and coordinate system of a laminated doubly-curved shell.
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where e
1
, e

2
, e

3
 are the unit vectors of the global reference system Ox

1
x

2
x

3
. From the definition of the first 

fundamental form, the Lamé parameters can be expressed as

 
A A1 1 2 1 1 2 1 2 2 2α α α α, , ,, , , ,( ) = ⋅ ( ) = ⋅r r r r  (4)

where r
,i
, for example defines the partial derivative with respect to α

i
. Moreover, by considering an 

orthogonal curvilinear coordinate system O′α
1
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2
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2
) (3) the normal 
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2
) can be written as
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Due to the fact that an orthogonal curvilinear coordinate system O′α
1
α

2
ζ  is considered and following 

the definition of the second fundamental form, the principal radii of curvature can be evaluated as
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The displacement field for a moderately thick shell follows the first-order shear deformation theory 
(FSDT) and can be written as13,20
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where
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) are the displacement components on the middle surface (ζ = 0) of the shell, while (β

1
, β

2
) are 

the rotations about the α
2
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 axes, respectively. Due to the displacement field (8), the relationships 
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3
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]T can be written as

 η = Du (9)

where the definition operator D is defined as

Figure 2: A doubly-curved shell: (a) subjected to external forces at the top surface and (b) resting on an 
elastic foundation at the bottom surface.
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According to the generalized Hooke’s laws,20 the internal stress resultants and the internal couples 
S = [N
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 S A= η  (11)
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The elastic stiffnesses Anm pq( )
( )τ  are expressed in the following form
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where the shear function g(ζ ) is defined as
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Recently, different approaches have been presented to evaluate the engineering elastic constants Anm pq( )
( ) .τ  In 

the present paper, the relations of the elastic stiffness Anm pq( )
( )τ  are numerically evaluated using the Generalized 

Integral Quadrature (GIQ) in order to avoid numerical instabilities. For more details about the GIQ rule, the 
reader can refer to the book by Shu.37 Since the elastic constants Anm pq( )

( )τ  depend on the shell curvature (11), 
the corresponding derivatives evaluated along the coordinates α

1
 and α

2
 directions of the reference surface 

have to be evaluated. In order to perform this operation, the GDQ rule37 is used. Thus, the derivatives of the 
elastic constants Aij pq( )

( )τ  are numerically evaluated. The corresponding elastic constants Qnm
k( ) can be found in 

literature (see, for example),20,85,87,92,93 in which Qnm
k( ) and Qnm

k( ) are explicitly defined for a laminated composite 
and functionally graded shells and panels. For the sake of clarity, they are reported in the following for the 
k-th orthotropic lamina (see Reddy):20
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where θ (k) is the orientation angle of the principal material coordinate system ′O ˆ ˆ ˆα α ζ1 2  of the k-th 
orthotropic ply with respect to the laminate coordinate system O′α

1
,α

2
ζ.  The elastic constants Qnm

k( ) in 
the material co-ordinate system ′O ˆ ˆ ˆα α ζ1 2  are expressed as follows:
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where E
1
, E

2
, G

13
, G

23
, G

12
, v

12
 are the engineering parameters of the k-th lamina. It should be noted that 

for a complete characterization of an orthotropic material, parameters E
3
, v

13
, v

23
 have to be taken into 

account as well.
For the functionally graded material k-th lamina the elastic constants Q Qnm

k
nm
k( ) ( ) ( )= ζ in the material 

coordinate system ′O ˆ ˆ ˆα α ζ1 2  are functions of thickness coordinate ζ ζ ζ ζ( [ , ])∈ +k k 1  and are defined as:
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where the following relations have to be introduced:
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Typically, the functionally graded materials are made of a mixture of two constituents. In the 
present work, it is assumed that the functionally graded material lamina is made of a mixture of 
ceramic and metal constituents. The material properties of the functionally graded shell vary con-
tinuously and smoothly in the thickness direction ζ of each lamina and are functions of volume 
fractions of two constituent materials. The Young’s modulus E(k) (ζ), shear modulus G(k) (ζ), Pois-
son’s ratio v(k) (ζ) and mass density ρ(k) (ζ) of the functionally graded shell k-th lamina can be 
expressed as:
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where ρ νC
k

C
k

C
k

C
k

E V( ) ( ) ( ) ( ), , ,  and ρ νM
k

M
k

M
k

M
k

E V( ) ( ) ( ) ( ), , ,  represent mass density, Young’s modulus, Poisson’s 
ratio and volume fraction of the ceramic and metal constituent materials, respectively.  In this 
work, the ceramic volume fraction VC

k( ) ( )ζ  follows two simple four-parameter power-law 
distributions:71
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where the volume fraction index p(k) (0 ≤ p(k) ≤ ∞) and the parameters a(k),b(k),c(k) dictate the material 
variation profile through the functionally graded shell lamina thickness. It is important to remark that 
the volume fractions of all the constituent materials should add up to unity:

 V VC
k

M
k( ) ( )+ =1  (21)

In order to choose the three parameters a(k),b(k),c(k) suitably, the relation (21) must be always satis-
fied for every volume fraction index p(k) in each lamina. By considering the relations (20), when the 
power-law exponent is set equal to zero (p(k) = 0) or equal to infinity (p(k) = ∞), the homogeneous  isotropic 
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 material is obtained as a special case of functionally graded material. Some material profiles through the 
functionally graded shell thickness are illustrated in literature.87–95

Following the principle of virtual works,13,20 the five governing equations in terms of internal actions 
S can be written as

 
D S q q q 0∗ + + + =f nlf  (22)

The equilibrium operator D* is defined as
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The generalized external forces q = [q
1
 q

2
 q

3
 m

1
 m

2
]T due to the external forces ( , ,( ) ( )q q1 1
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 acting on the shell top and bottom surfaces are
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Furthermore, the generalized external forces q
f
 = [q
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+ − + − + − + −  acting on the shell bottom 

and top surfaces can be evaluated using the static equivalence principle as
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where the Laplacian ∇( )m
2  operator is defined on the shell bottom and top surfaces as
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On the contrary, the generalized external actions q
nlf

 = [q
1nlf
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can be expressed on the reference surface of the doubly-curved shell as follows:
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The formulation of the linear and nonlinear foundations is based on the first-order approximate 
assumption that the foundation is made of a homogeneous material of uniform thickness h hf f

( ) ( ),+ − .12

By replacing the kinematic equations (9) into the constitutive equations (11) and the result of this 
substitution into the equilibrium equations (22), the complete nonlinear governing equations in terms 
of generalized displacements can be written as

 
( ( , ))L L L u u u q 0− − + =f nlf

2  (29)

where L
(ij)

, L
(ij)f 

, L
(ij)nlf 

, i, j = 1, …, 5, are the equilibrium, the linear Winkler-Pasternak elastic founda-
tion and the nonlinear elastic foundation operators, respectively. As it can be seen, the nonlinear elastic 
operators L u u u u u uij nlf( ) ( , , , , , , , , , )1

2
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1 2 3 1 2β β β β  are linear and nonlinear functions of the generalized 
displacements themselves.

Three types of boundary conditions are considered, namely the fully clamped edge boundary 
 condition (C), the free edge boundary condition (F) and soft-simply supported boundary condition (S). 
The following equations describe the boundary conditions introduced previously:

Clamped edge boundary conditions (C)
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Free edge boundary conditions (F)
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Soft-simply supported boundary conditions (S)
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To consider complete revolute shells characterized by α π2
1 2= , it is necessary to implement the kin-

ematic and physical compatibility conditions between the two computational meridians with α2
0 0=

and with α π2
1 2= .

Kinematic compatibility conditions along the closing meridian (α
2
 = 0, 2π)
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Physical compatibility conditions along the closing meridian (α
2
 = 0, 2π)
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Analogously, in order to consider toroidal and cylindrical shells it is necessary to implement the 
kinematic and physical compatibility conditions between the two computational parallels with α1

0 0=
and with α π1

1 2= .

Kinematic compatibility conditions along the closing parallel (α
1
 = 0, 2π)
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Physical compatibility conditions along the closing parallel (α
1
 = 0, 2π)
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  (39)

3 GDQ Numerical Implementation of Nonlinear Governing Equations
The GDQ method is used to discretize the derivatives in the fundamental system (29), written in terms 
of generalized displacements, as well as boundary conditions (see Tornabene71 for a brief review). For 
all the computations reported in this work, the Chebyshev-Gauss-Lobatto (C-G-L) grid distribution is 
assumed either along the curvilinear abscissa α

1
 and α

2
. For this grid distribution choice the coordinates 

of grid points (α
1i
, α

2j
) along the reference surface, in discrete form, are
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where I
N
, I

M
 are the total number of sampling points used to discretize the domain in α

1
 and α

2
 

directions, respectively, of the doubly-curved shell. It has been proven that, for the Lagrange inter-
polating polynomials, the C-G-L sampling point rule guarantees convergence and efficiency to the 
GDQ technique.37–102 For the nonlinear static analysis the GDQ procedure enables to write the gov-
erning equations (29) and the boundary and compatibility conditions (30)–(39) in discrete form, 
transforming each space derivative into a weighted sum of node values of independent variables 
using the GDQ rule37
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Each approximate equation is valid in a single sampling point. Thus, the whole system of differential 
equations has been discretized and the global assembling leads to the following set of nonlinear algebraic 
equations
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in which the partitioning is defined following the subscripts b and d, referring to the system degrees 
of freedom δ = [δ

b
 δ

d
]T associated with boundary δ

b
 and domain δ

d
, respectively. In other words, 

b-equations represent the discrete boundary conditions, which are valid only for the points lying 
on the constrained edges of the shell δ

b
 and they are numerically represented by the first matrix line 

of (42), whereas d-equations are the discretized equilibrium equations, assigned on the interior 
nodes δ

d
.

The nonlinear deflection of the shell structures can be determined by solving the nonlinear algebraic 
problem (42). In particular, the solution procedure by means of the GDQ technique has been imple-
mented in a MATLAB code and solved using the Newton-Raphson method. The load vector f = [f

b
 f

d
]T is 

applied incrementally and for each load value f(r), the Newton-Raphson iterations e are to be continued 
until the required accuracy is reached. After the evaluation of the Jacobian matrix J Re

r
e

( ) ∂
∂= ( )δ δ

, the fol-
lowing quantities are evaluated at each e-th iteration

 
J Rr

e
r
e

r
e

r
e

r
e

r
e( ) ( ) ( ) ( ) +( ) ( )= − ( ) = −∆ ∆δ δ δ, 1  (43)

The residual R(δ ) is gradually reduced to zero if the procedure converge. For this purpose, 
in the present approach, two different criteria are used and simultaneously satisfied at each e-th 
iteration

 
∆r

e
r

e( ) ( )≤ ( ) ≤δ δ ρ, R  (44)

Here, the convergence tolerances δ, ρ are taken to be equal δ = ρ = 10−9. For each r-th load step f(r), 
the generalized displacement field δ

r
 can be obtained. For all the results presented in the following a 

maximum number of three iterations has been used to converge to the solution.

4 A Posteriori Stress and Strain Recovery Procedure
The 3D Elasticity problem represents a starting point for all the engineering problems of mechanics. In 
fact, the initial problem has been simplified using the well-defined hypotheses of the FSDT. Hence it must 
be underlined that the approximated solutions found within a 2D Equivalent Single Layer (ESL) theory 
work only under the limits of the theory. Since the 3D Elasticity equations are always valid for every elas-
tic problem, the approximated solution can be used to evaluate some quantities that had been neglected 
by the FSDT. For example the in-plane stresses, their derivatives and in addition others quantities of 
interest can be found solving the 3D equilibrium equations such as shear and normal stresses.89,90,92,95,98,100 
Thus, starting from the 3D Elasticity in orthogonal curvilinear coordinates for a general doubly-curved 
shell,12 the 3D equilibrium equations for a doubly-curved shell can be written as follows
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 (45)

It can be seen that if the stresses (σ
1
, σ

2
, τ

12
) and their derivatives (σ

1,1
, σ

2,2
, τ

12,1
, τ

12,2
) are known in 

all the points of the 3D solid shell, the above three differential equations can be seen as three independ-
ent differential equations of the first order that can be solved via the GDQ method along the thickness 
direction ζ. It is worth noting that the third equation can be evaluated after the numerical computation 
of the first two unknowns τ

1n
, τ

2n
 and their derivatives τ

1n, 1
, τ

2n,2
.

In order to determine the unknowns present in the right-hand side of the equations (45), it is pos-
sible to start from the static solution in terms of the displacements obtained in the previous paragraph. 
Thus, after solving the static problem, all the displacements in the 3D solid shell can be written in dis-
crete form using the displacement field (7)
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where T is the total number of sampling points used to discretize the domain in ζ direction. The C-G-L 
grid distribution is assumed for the coordinates of grid points ζ

m
 along the shell thickness direction ζ
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Furthermore, the discrete external actions q q q q q q
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bottom surfaces due to the external forces and due to the linear and nonlinear elastic foundations can 
be evaluated as:
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By using the GDQ rule,37 an approximation of the kinematic relations (9) can be obtained in discrete 
form
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Since the kinematic relation ε
1
, ε

2
, ε

12
 of the 3D shell medium are the following
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by using the well-known reduced Hooke’s laws20 for elastic composite materials
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and the GDQ rule,37 the derivatives of the stress components σ
1,1

, σ
2,2

, τ
12,1

, τ
12,2

 can be approximated as 
follows
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By considering the boundary conditions at the bottom surface of the shell, the first two 3D equilib-
rium equations (45) in terms of shear stresses τ

1n
, τ

2n
 can be directly and independently solved at each 

reference surface points (α
i
, α

j
) using the following linear algebraic systems of equations obtained via 

the GDQ method
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In order to satisfy the second boundary condition at the top surface of the shell, τ1 1n ijT ijq( ) ( )
( )= +  

and τ2 2n ijT ijq( ) ( )
( )= + , respectively, the shear stress profiles can be linearly corrected in the following 

manner
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Finally, the last 3D equilibrium equation (45) can be written in discrete form and solved via the GDQ 
method
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where the derivatives τ τ1 1 2 2n n, ,,  of the shear stresses τ τ1 2n n,  can be approximated using the GDQ rule37
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In order to satisfy the second boundary condition at the top surface of the shell σn ijT ij
q( ) ( )

+( )=
3

, the 
correction profile of the normal stress can be defined as the shear stresses (54) as follows
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Furthermore, it is possible to use the generalized Hooke’s laws20 in order to evaluate the out-of-plane 
deformations γ
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It is worth noting that the relations (58) do not guarantee the strain compatibility. In fact, some 
discontinuities can arise. However, the solution obtained in this way can be used as a good approxima-
tion of some quantities that are considered a priori constant or negligible by using the FSDT.  In fact, the 
stresses σ

1
, σ

2
, τ

12
 can be corrected taking into account the contribution of the approximated deforma-

tion ε
n
 using the following generalized constitutive relations
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Thus, after the above considerations all the stress components (σ σ τ τ τ σ1 2 12 1 2, , , , ,n n n) of the 3D shell 
medium are numerically computed using the relations (54), (57), and (59). Finally, the simple efficient 
method for accurate evaluation of the through-the-thickness distribution of shear and normal stresses in 
composite laminated shells presented above can be easily applied to different generalized displacement 
field solutions obtained with other numerical methods and with more sofisticated kinematical models. 
In fact, since no restriction has been assumed about the methodology used to perform the pre-processing 
static analysis, the post-processing procedure proposed can yield stress distributions starting from the 
knowledge of the displacement field previously evalauated with an altenative methodology different 
from the FSDT solution presented in this work.

5 Numerical Results
In the present section, some results and considerations about the static problem of functionally graded 
and laminated composite doubly-curved, singly-curved and degenerate shells and panels resting on 
nonlinear elastic foundations are presented. The geometrical boundary conditions for a panel are iden-
tified by the following convention. Considering the Figure 1, the West edge (W) is defined by the rela-
tions α α α α α2 2

0
1
0

1 1
1= ≤ ≤, , whereas its opposite, the East edge (E), is characterized by the relations 

α α α α α2 2
1

1
0

1 1
1= ≤ ≤, . Likewise, the North edge (N) is defined by the relations α α α α α1 1

0
2
0

2 2
1= ≤ ≤, , 

whereas its opposite, the South edge (S), is characterized by the relations α α α α α1 1
1

2
0

2 2
1= ≤ ≤, . Thus, 

the boundary condition sequence for a panel structure can be represented with the following symbology 
WSEN. In this way, the first side is the West edge, the second one is the South edge, the third one is the 
East edge and finally, the last one is the North edge. For example, the symbolism CFCF shows that the 
West and East edges are clamped, whereas the South and North edges are free. Differently, the CF symbol 
denotes that the South and North edges are clamped and free for a revolution shell, whereas the West 
and East edges are clamped and free for a toroidal shell. The missing boundary conditions are the kin-
ematical and physical compatibility conditions that are applied at the same closing meridians, the West 
and East edges, for a revolution shell and at the same closing parallels, the South and North edges, for a 
toroidal shell, respectively.

In order to verify the theoretical formulation proposed in the second section, the solution procedure 
has been implemented in a MATLAB code.102 In this study the geometric parameters are calculated by 
using the differential geometry, as it is shown in.92–102 Since a 2D Equivalent Single Layer (ESL) theory20 
has been considered, it is important to specify in which surface the foundation is applied; it can be on 
the bottom k(−) or on the top surface k(+), depending on whether the foundation is considered to support 
the structure. With the same symbology the top and bottom nonlinear elastic normal and in-plane stiff-
nesses have been applied.

Figure 3 shows the six investigated shell structures: a rectangular plate, a cylindrical shell, a conical 
shell, a spherical shell, an elliptic paraboloid and a hyperbolic paraboloid. For these structure, the local 
coordinate system and the reference surface vector r(α

1
, α

2
) are shown in Figure 3.

For the present GDQ results coupled with the Newton-Raphson method, a Chebyshev-Gauss-Lobatto 
grid distribution (40) with I

N
 = I

M
 = 31 is considered for all the shell structures depicted in Figure 3. 

Moreover, a C-G-L grid of 31 points for each lamina is considered through the thickness of the shell. 
The external load has applied on the top and bottom surfaces of the shell and the numerical value of 
the nonlinear foundation varies from case to case and it is indicated in the corresponding figures and 
tables.

Figure 4 shows the lamination schemes for the six structures analysed varying the value of the expo-
nent of the four-parameter power-law distribution adopted. Tables 1–6 present numerical results in 
terms of the static center deflection of the six considered structures. The material properties used and 
the lamination schemes adopted as well as the geometric parameters and the boundary conditions con-
sidered for each structure are indicated in Tables 1–6.

Figure 5 graphically shows some of the results of Tables 1–6 and presents the effects of various 
parameters of the nonlinear elastic foundation introduced. Finally, Figures 6–23 report the through-
the-thickness displacement, stress and strain profiles for all the structures under consideration obtained 
using the stress recovery procedure.

Table 1 presents results for a square plates (Figure 3a) with a (30/65/45) lamination scheme as shown 
in Figure 4a. Two different composite material has been considered: Graphite-Epoxy and Glass-Epoxy. 
The orthotropic materials and the lamina thicknesses, as well as the boundary conditions and lamination 
scheme are also reported in Table 1. The external laminae are made of different orthotropic materials 
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with respect to the middle lamina (see Table 1 and Figure 4). The thickness of the first and third laminae 
are equal to h

1
 = h

3
 = 0.03 m, whereas the second lamina has a thickness equal to h

2
 = 0.04 m. Figure 5a 

shows the response of the structure surrounded by different kinds of linear and nonlinear foundations. 
The static center deflections are compared for seven different cases: the first has no foundation, the sec-
ond is a Winkler elastic foundation with k3

−( ), the third is a Winkler-Pasternak elastic foundation with 
k Gf3

( ) ( ),− − , the fourth is characterized by k k nl3 3 2
( ) ( ),− − , the fifth considers k k Gnl f3 3 2

( ) ( ) ( ), ,− − −  and finally the sixth 

Figure 3: Different shell and panel structures and relative reference position vectors r(α1, α2).
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and the seventh are characterized by the following parameters k k knl nl3 3 2 3 3
−( ) −( ) −( ), ,  and k k k Gnl nl f3 3 2 3 3

−( ) −( ) −( ) −( ), , , , 
respectively. In analogous way, Figure 5 shows similar results for the others five structures considered.

In order to validate the procedure in Figures 6–8 the GDQ results in terms of displacements, strains 
and stresses are compared with 3D FEM solution obtained using Straus code. 16000 bricks with 20 nodes 
are used to obtained 3D FEM solutions for the square plate with and without Winkler foundation. 
The reference 3D FEM mesh is taken as 40 × 40 × 10, where 10 represents the number of elements 
along the thickness direction. Very good agreement is observed with the FEM solutions as it can be seen 
from the Figures 6–8, even though a 2D FSDT is considered.

In Figures 9–11 a cylindrical shell (Figure 3b and Table 2) is considered. The material properties are 
reported in Table 2. The lamination scheme is reported in Figure 3b. Figure 5b reports the results by 
varying the nonlinear elastic foundation parameters, whereas Figures 9–11 show the response of the 
structure by varying the exponent of the four-parameter power-law distribution.

Figure 4: Lamination schemes and volume fraction distributions Vc for the six structures of Figure 1: (a) 
rectangular plate of Table 1, (b) cylindrical shell of Table 2, (c) conical shell of Table 3, (d) spherical shell of 
Table 4, (e) elliptic paraboloid of Table 5, (f) hyperbolic paraboloid of Table 6.
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The results in terms of displacements, strains and stresses for the conical (Figure 3c and Table 3) and 
the spherical (Figure 3d and Table 4) shells, which have the lamination schemes reported in Figure 4c 
and 4d, respectively, are shown in Figures 12–14 and 15–17. Also for these two cases Figures 5c and 5d 
present the structural response by varying elastic foundation parameters, whereas Figures 12–14 and 
15–17 show the response of the structures by varying the exponent of the four-parameter power-law 
distribution.

In conclusion, Figures 18–20 and 21–23 present results for two doubly-curved panels: an elliptic 
paraboloid of Figure 3e (Table 5) and a hyperbolic paraboloid of Figure 3f (Table 6). The lamination 
schemes adopted are shown in Figure 4e and 4f, respectively. Also for these two last cases Figures 5e and 
5f present the structural response by varying elastic foundation parameters, whereas Figures 18–20 and 
21–23 show the response of the structures by varying the exponent of the four-parameter power-law 
distribution.

As expected, from the parameter investigation the structural response of the last five structures does 
not present any discontinuities in terms of stresses, strains and displacements, as it can be seen for the 

Figure 5: Static center deflection u3 [m], at the point B = (0.5(α1
1 − α 01), 0.5(α1

2 − α 02)) for different load steps, 
of six different structures resting on elastic foundations, using a 31 × 31 Chebyshev-Gauss-Lobatto (C-G-L) 
grid distribution: (a) rectangular plate of Table 1, (b) cylindrical shell of Table 2, (c) conical shell of Table 3, 
(d) spherical shell of Table 4, (e) elliptic paraboloid of Table 5, (f) hyperbolic paraboloid of Table 6.
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Figure 6: Through-the-thickness variation of the displacement component vector [m] at the point 
c = − −( . ( ) . ( )),0 25 0 251

1
1
0

2
1

2
0α α α α , for a C-C-C-C square plate of Table 1 with a (30/65/45) lamination scheme 

when uniformly distributed load q3 10+( ) = − kPa is applied at the top surface: 1) 3D FEM (16000 Bricks 
with 20 nodes), with no foundation; 2) 3D FEM (16000 Bricks with 20 nodes), with k3

−( ); 3) 2D Shell 
GDQ, with no foundation, 4) 2D Shell GDQ, with k3

−( ); 5) 2D Shell GDQ, with k Gf3
−( ) −( ), , 6) 2D Shell GDQ, 

with k k nl3 3 2
−( ) −( ), ; 7) 2D Shell GDQ, with k k Gnl f3 3 2

−( ) −( ) −( ), , ; 8) 2D Shell GDQ, with k k knl nl3 3 2 3 3
−( ) −( ) −( ), , ; 9) 2D Shell GDQ, 

with k k k Gnl nl f3 3 2 3 3
−( ) −( ) −( ) −( ), , , .
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Figure 7: Through-the-thickness variation of all the strain components at the point c = −( . ( ),0 25 1
1

1
0α α

0 25 2
1

2
0. ( ))α α− , for a C-C-C-C square plate of Table 1 with a (30/65/45) lamination scheme when uniformly 

distributed load q3 10+( ) = − kPa is applied at the top surface: 1) 3D FEM (16000 Bricks with 20 nodes), with 
no foundation; 2) 3D FEM (16000 Bricks with 20 nodes), with k3

−( ); 3) 2D Shell GDQ, with no foundation, 4) 
2D Shell GDQ, with k3

−( ); 5) 2D Shell GDQ, with k Gf3
−( ) −( ), , 6) 2D Shell GDQ, with k k nl3 3 2

−( ) −( ), ; 7) 2D Shell GDQ, 
with k k Gnl f3 3 2

−( ) −( ) −( ), , ; 8) 2D Shell GDQ, with k k knl nl3 3 2 3 3
−( ) −( ) −( ), , ; 9) 2D Shell GDQ, with k k k Gnl nl f3 3 2 3 3

−( ) −( ) −( ) −( ), , , .
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Figure 8: Through-the-thickness variation of all the stress components [Pa] at the point c = −( . ( ),0 25 1
1

1
0α α

0 25 2
1

2
0. ( ))α α− , for a C-C-C-C square plate of Table 1 with a (30/65/45) lamination scheme when uniformly 

distributed load q3 10+( ) = − kPa is applied at the top surface: 1) 3D FEM (16000 Bricks with 20 nodes), with no 
foundation; 2) 3D FEM (16000 Bricks with 20 nodes), with k3

−( ); 3) 2D Shell GDQ, with no  foundation, 4) 
2D Shell GDQ, with k3

−( ); 5) 2D Shell GDQ, with k Gf3
−( ) −( ), , 6) 2D Shell GDQ, with k k nl3 3 2

−( ) −( ), ; 7) 2D Shell GDQ, with 
k k Gnl f3 3 2

−( ) −( ) −( ), , ; 8) 2D Shell GDQ, with k k knl nl3 3 2 3 3
−( ) −( ) −( ), , ; 9) 2D Shell GDQ, with k k k Gnl nl f3 3 2 3 3

−( ) −( ) −( ) −( ), , , .
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Figure 9: Through-the-thickness variation of the displacement component vector [m] at the point c = 
(0.25 ( ), . ( ))α α α α1

1
1
0

2
1

2
00 25− −  for a C-C cylindrical shell of Table 2 with a ( /

( / /
Zirconia FGM

a b c1 1 12 2 2( ) ( ) ( )= = =
 

2 2/ )
/ )

p( ) Zirconia  lamination scheme, for different values of the exponent p = p(2), when uniformly distributed 
load q3 10−( ) = kPa is applied at the bottom surface and a foundation k G k kf nl nl3 3 2 3 3

+( ) +( ) +( ) +( ), , ,  is applied at the top 
surface.
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Figure 10: Through-the-thickness variation of all the strain components at the point c = −( . ( ),0 25 1
1

1
0α α

0 25 2
1

2
0. ( ))α α− , for a C-C cylindrical shell of Table 2 with a ( / / )

( / / / )
Zirconia ZirconiaFGM

a b c p1 1 1 22 2 2 2( ) ( ) ( ) ( )= = =  lami-

nation scheme, for different values of the exponent p = p(2), when uniformly distributed load q3 10−( ) = kPa is 
applied at the bottom surface and a foundation k G k kf nl nl3 3 2 3 3

+( ) +( ) +( ) +( ), , ,  is applied at the top surface.
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Figure 11: Through-the-thickness variation of all the stress components at the point c = −( . ( ),0 25 1
1

1
0α α

0 25 2
1

2
0. ( ))α α− , for a C-C cylindrical shell of Table 2 with a ( / / )

( / / / )
Zirconia ZirconiaFGM

a b c p1 1 1 22 2 2 2( ) ( ) ( ) ( )= = =
 lami-

nation scheme, for different values of the exponent p = p(2), when uniformly distributed load q3 10−( ) = kPa is 
applied at the bottom surface and a foundation k G k kf nl nl3 3 2 3 3

+( ) +( ) +( ) +( ), , ,  is applied at the top surface.
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Figure 12: Through-the-thickness variation of the displacement component vector [m] at the point  
c = − −( . ( ) . ( )),0 25 0 251

1
1
0

2
1

2
0α α α α , for a C-F conical shell of Table 3 with a ( /

( / /
Zirconia FGM

a b c2 1 02 2 2( ) ( ) ( )= = =
 

0 2/ )
/ )

p( ) Zirconia  lamination scheme, for different values of the exponent p = p(2), when uniformly distrib-
uted load q3 10+( ) = − kPa  is applied at the top surface and a foundation k G k kf nl nl3 3 2 3 3

−( ) −( ) −( ) −( ), , ,  is applied 
at the bottom surface.
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Figure 13: Through-the-thickness variation of all the strain component at the point c = −( . ( ),0 25 1
1

1
0α α

0 25 2
1

2
0. ( ))α α− , for a C-F conical shell of Table 3 with a ( /

( / /
Zirconia FGM

a b c2 1 02 2 2( ) ( ) ( )= = = 0 2/ )
/ )

p( ) Zirconia  lamina-
tion scheme, for different values of the exponent p = p(2), when uniformly distributed load q3 10+( ) = − kPa  is 
applied at the top surface and a foundation k G k kf nl nl3 3 2 3 3

−( ) −( ) −( ) −( ), , ,  is applied at the bottom surface.
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Figure 14: Through-the-thickness variation of all the strain component [Pa] at the point c = −( . ( ),0 25 1
1

1
0α α

0 25 2
1

2
0. ( ))α α− , for a C-F conical shell of Table 3 with a ( /

( / /
Zirconia FGM

a b c2 1 02 2 2( ) ( ) ( )= = =0 2/ )
/ )

p( ) Zirconia  
lamination scheme, for different values of the exponent p = p(2), when uniformly distributed load 
q3 10+( ) = − kPa is applied at the top surface and a foundation k G k kf nl nl3 3 2 3 3

−( ) −( ) −( ) −( ), , ,  is applied at the bot-
tom surface.
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Figure 15: Through-the-thickness variation of the displacement component vector [m] at the point 
c = −( . ( ),0 25 1

1
1
0α α  0 25 2

1
2
0. ( ))α α− , for a C-F spherical shell of Table 4 with a ( /

( . / . / / )
FGM

a b c p2 0 8 0 2 31 1 1 1( ) ( ) ( ) ( )= = = 

3 1 0 8 0 2 31 3 3 3 3/ ) ( . / . / / )
/ / )

p a b c p
FGM( ) ( ) ( ) ( ) ( )= = =

Zirconia  lamination scheme, for different values of the exponent  
p = p(1) = p(3), when uniformly distributed load q3 10+( ) = − kPa is applied at the top surface and a foundation 
k G k kf nl nl3 3 2 3 3

( ) ( ) ( ) ( ), , ,− − − −  is applied at the bottom surface.
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Figure 16: Through-the-thickness variation of all the strain component at the point c = −( . ( ),0 25 1
1

1
0α α  

 
0 25 2

1
2
0. ( ))α α− , for a C-F spherical shell of Table 4 with a ( /

( . / . / / )
FGM

a b c p2 0 8 0 2 31 1 1 1( ) ( ) ( ) ( )= = =
 

Zirconia/ )
( . / . / / )

FGM
a b c p1 0 8 0 2 33 3 3 3( ) ( ) ( ) ( )= = =

 lamination scheme, for different values of the exponent p = 
p(1) = p(3), when uniformly distributed load q3 10+( ) = − kPa is applied at the top surface and a foundation 
k G k kf nl nl3 3 2 3 3

( ) ( ) ( ) ( ), , ,− − − −  is applied at the bottom surface.
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Figure 17: Through-the-thickness variation of all the stress component [Pa] at the point c = −( . ( ),0 25 1
1

1
0α α  

 
0 25 2

1
2
0. ( ))α α− , for a C-F spherical shell of Table 4 with a ( /

( . / . / / )
FGM

a b c p2 0 8 0 2 31 1 1 1( ) ( ) ( ) ( )= = =  
Zirconia/ )

( . / . / / )
FGM

a b c p1 0 8 0 2 33 3 3 3( ) ( ) ( ) ( )= = =
 lamination scheme, for different values of the exponent p = p(1) =   

p(3), when uniformly distributed load q3 10+( ) = − kPa is applied at the top surface and a foundation 
k G k kf nl nl3 3 2 3 3

( ) ( ) ( ) ( ), , ,− − − −  is applied at the bottom surface.
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Figure 18: Through-the-thickness variation of the displacement component vector [m] at the point  
c = −( . ( ),0 25 1

1
1
0α α   

0 25 2
1

2
0. ( ))α α−  for a C-C-C-C elliptic paraboloid of Table 5 with a (

( /
FGM

a b1 11 1( ) ( )= =

0 0 2 1 0 01 1 3 3 3 3/ / ) ( / / / )
/ / )

c p a b c p
FGM( ) ( ) ( ) ( ) ( ) ( )= = = =

Zirconia  lamination scheme, for different values of the exponent  
p = p(1) = p(3), when uniformly distributed load q3 10( )+ = − kPa is applied at the top surface and a foundation 
k G k kf nl nl3 3 2 3 3

( ) ( ) ( ) ( ), , ,− − − −  is applied at the bottom surface.
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Figure 19: Through-the-thickness variation of all the strain component at the point 
c = −( . ( ),0 25 1

1
1
0α α   

0 25 2
1

2
0. ( ))α α−  for a C-C-C-C elliptic paraboloid of Table 5 with a (

( /
FGM

a b1 11 1( ) ( )= =

0 0 2 1 0 01 1 3 3 3 3/ / ) ( / / / )
/ / )

c p a b c p
FGM( ) ( ) ( ) ( ) ( ) ( )= = = =

Zirconia  lamination scheme, for different values of the exponent p =  
p(1) = p(3), when uniformly distributed load q3 10( )+ = − kPa is applied at the top surface and a foundation 
k G k kf nl nl3 3 2 3 3

( ) ( ) ( ) ( ), , ,− − − −  is applied at the bottom surface.
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Figure 20: Through-the-thickness variation of all the stress component [Pa] at the point 
c = −( . ( ),0 25 1

1
1
0α α   0 25 2

1
2
0. ( ))α α−  for a C-C-C-C elliptic paraboloid of Table 5 with a (

( /
FGM

a b1 11 1( ) ( )= =

0 0 2 1 0 01 1 3 3 3 3/ / ) ( / / / )
/ / )

c p a b c p
FGM( ) ( ) ( ) ( ) ( ) ( )= = = =

Zirconia  lamination scheme, for different values of the exponent  

p = p(1) = p(3), when uniformly distributed load q3 10( )+ = − kPa is applied at the top surface and a foundation 
k G k kf nl nl3 3 2 3 3

( ) ( ) ( ) ( ), , ,− − − −  is applied at the bottom surface.
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Figure 21: Through-the-thickness variation of the displacement component vector [m] at the 
point c = −( . ( ),0 25 1

1
1
0α α   0 25 2

1
2
0. ( ))α α−  for a C-C-C-C hyperbolic paraboloid of Table 6 with a 

( / /
( / / / ) ( /

FGM FGM
a b c p a b2 1 1 4 1 12 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ( )= = = =

Zirconia
== =( ) ( )1 42 2/ / )

)
c p

 lamination scheme, for different values of 

the exponent p = p(1) = p(3), when uniformly distributed loads q q q3 2 210 5+( ) +( ) +( )= − = =kPa, kPa  are applied 
at the top surface and a foundation k k k G k k k kf nl nl nl nl1 2 3 1 2 2 2 3 2 1 3

( ) ( ) ( ) ( ) ( ) ( ) ( ) (, , ,− − − − − − − −= = = = )) ( ) ( )= =− −k knl nl2 3 3 3 is applied at 
the bottom surface.
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Figure 22: Through-the-thickness variation of all the strain components at the point c = −( . ( ),0 25 1
1

1
0α α   

0 25 2
1

2
0. ( ))α α−  for a C-C-C-C hyperbolic paraboloid of Table 6 with a ( / /

( / / / )
FGM

a b c p2 1 1 42 2 2 2( ) ( ) ( ) ( )= = =
Zirconia

FGM
a b c p1 1 1 42 2 2 2( / / / )( ) ( ) ( ) ( )= = =

 lamination scheme, for different values of the exponent p = p(1) = p(3), when uni-

formly distributed loads q q q3 2 210 5+( ) +( ) +( )= − = =kPa, kPa  are applied at the top surface and a foundation 
k k k G k k k kf nl nl nl nl1 2 3 1 2 2 2 3 2 1 3

( ) ( ) ( ) ( ) ( ) ( ) ( ) (, , ,− − − − − − − −= = = = )) ( ) ( )= =− −k knl nl2 3 3 3  is applied at the bottom surface.
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Figure 23: Through-the-thickness variation of all the stress components [Pa] at the point 
c = −( . ( ),0 25 1
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)
c p

 lamination scheme, for different values of 

the exponent p = p(1) = p (3), when uniformly distributed loads q q q3 2 210 5+( ) +( ) +( )= − = =kPa, kPa  are applied 

at the top surface and a foundation k k k G k k k kf nl nl nl nl1 2 3 1 2 2 2 3 2 1 3
( ) ( ) ( ) ( ) ( ) ( ) ( ) (, , ,− − − − − − − −= = = = )) ( ) ( )= =− −k knl nl2 3 3 3 is applied at 

the bottom surface.
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laminated square plate, due to the fact that the material properties continuously vary through the thick-
ness of the structure. Furthermore, the behaviour in terms of displacement, strains and stresses is included 
between the two limit cases of the zirconia and aluminum materials as expected due to the fact that the 
functionally graded materials considered are mixtures of the two isotropic constituents themselves.

6 Conclusions
The static analysis of functionally graded and laminated doubly-curved shells and panels resting on lin-
ear and nonlinear elastic foundations has been investigated using the GDQ method coupled with the 
 Newton-Raphson scheme. All the effects of the nonlinear elastic foundation are separately introduced. 
New results are presented showing the effects of various parameters of the elastic foundation on the behav-
ior of laminated doubly-curved and degenerate shells. The first-order shear deformation shell theory has 
been generalized considering the curvature effect in the computation of thickness-integrated shell stiff-
nesses, and the shear correction factor has been eliminated using a parabolic thickness function. The fun-
damental equilibrium equations have been discretized with the GDQ method giving a standard nonlinear 
problem for the static analysis. Numerical solutions are presented and compared with the ones obtained 
using the finite element method. The comparisons conducted with the FEM codes confirm how the GDQ 
simple numerical method provides accurate and computationally low cost results for all the structures 
considered. New results regarding six different structures are presented in this paper that can be used for 
further verification by numerical analysis performed by others and validated by experimental studies.
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