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Abstract 

Semi-pseudo Rica rymmetnr manifold has been defmcd and studled. 
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1. Introduction 

In a rccent paper1, Chaki introduced pseudo-Ricci symmetric manifold (PRS),,, i e., 
non-flat n-dimensional Riemannian manifold whose Ricci tensor s satisfies 

where v is a 1-form, p is a particular vector field such that 

and V is the covariant diffcrentiation 

Considcr a non-llat n-dimensional Riemannian manilold with its metric g ,  whose 
Ricci tcnsor s is such that 

where V, p and n arc already defined. Such a manifold shall be called semi-pseudo 
Ricci symmetric n-dimensional manifold and will be denoted by (SPRS),. 

The existence of such a structure on a Riemannian manifold is first established. It 
is shown that, on such an (SPRS),,, the scalar curvature is zero. Some conditions 
satisfied by the Ricci tensor with respect to the vector p are established and it is 
shown that an (SPRS), cannot be conformally flat. Also, a particular type of quarter 

* For corremondencz 



592 M TARAFDAR AND MUSSA A.A. JAWARNEH 

symmetric metric connection ii has been introduced on (SPRS),,. The curvature ten- 
sor R,  the Ricci tensor s and the scalar curvature tensor 7 with respect to have 
been derived in the last section. 

2. Existence of an (SPRS),, 

For the existence of such structure, defined in (I), consider a Riemannian manifold 
Mn w~th metric tensor g which admits a linear connection D defined by 

D# = Va + d y ) x  ( 2 )  

and 

(Drv) ( Y J )  = 0. (3) 

Then, from (2)  and (3), we can have, 

(VJ) ( y , 4  = ~ ~ ( Y ) S ( X > Z )  + +)s(x,Y). (4) 

Hence, Vs f 0,  since D is not identical at V. Therefore, structure (1) exists on a 
Riemannian manifold if it admits a linear connection which satisfies (2) and (3). 

3. Preliminaries for (SPRS), 

From (I), we can have 

Contracting ( 5 ) ,  with respect to y and z ,  we get 

where s' is the symmetric endomorphism ot the tangent qpace at each point of (M", 
g) corresponding to the Ricci tensor s. 

Next, contracting (1) with respect to y and z we get 

Hence, from (6)  and (7) ,  we get 

Hence, r=O, since ~ ( x )  # 0 

Thus, we can state 

Theorem I:  The scalar curvature is zero on (SPRS), 

4. Ricci tenwr and the vector p on an (SPRS), 

Since r=O on (SPRS),, we get from ( 6 ) ,  
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Hence, 
g(s'x, P) = 0,  

that is 

s(x,p) = 0, 

Taking z=p in the ahove equation, we get by virtue of (9) 

By virtue of (1) the ahove equation takes the form 

.ii(p)s(x,y) + sCv, VZP) = 0. 

Now, let p he a torse-forming vector field5 given by 

V,p = ax + o(x)p 

where a is a non-zero scalar and o is a 1-form. 

By virtue of (10) one can have 

{a  + .ii(p)} s(x,y) = 0. 

Since s t 0 it follows that 

a + n(p) = 0. 

Thus, we can state, 

Theorem 2: If on an (SPRS), the vector p is a torse-forming vector field given by 
( l l ) ,  then, the scalar a must be equal to -n(p). 

5. Einstein (SPRS). 

It is known that in an Einstein space (W,g) (n>2) the scalar curvature r is constant 
and the Ricci tensor is given by 

Since on (SPRS),, r = 0 ,  we have from ahove 

s(x,r) = 0 

which contradicts the hypothesis of the dewtion of (SPRS),. Thus, we state, 

Theorem 3: An (SPRS), (n>2) cannot be an Einstein manifold. 

6. Conformal curvature tensor of (SPRS). 

It is knownZ that in a conformally flat manifold 
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Using Theorem 1. we get 

(VJ)()-,.) - (VJ)(X,?.) = 0. 

Thus, the Kicci tensor is of Codazzi type2. 

By virtue of (I), one gets from the above 

a(z)s(x.,v) = .ii(x)s(z,y). 

Taking ,k=p, i n  the above equation, we get on using (9) 

.i(p)s(y,z) = 0. 

Since - i r ( p ) f  0, we have s=O. Thus, we can state, 

Theorem 4 An (SPRS) ,  (n>3) cannot he coniorrnally flat 

7heorenz 5: The Ricci tensor of (SPRS),  (n>3) cannot he of Codazzi type 

Further. it is knownz that on a Riemannian manifold 

where c is the conformal curvature tensor of the manifold 

Now, if the conformal curvature tensor of the manifold 1s conservat~vej. then since 
r=O in (SPRS),, we have. 

( V ~ ) ( - v , z )  - (O$j(y.x) = 0. 

Using Theorem 5, we can state. 

Tlzeorem 6: An (SPRS),, cannot hc of conscrvatlve contormal curvature tensor 

7. Quarter symmetric metric connection on (SPRS),, 

Consider a Riemannian manifold iM" with its Levi-Civita connection V and quarter 
symmetric metric connection4 17. Then. the torsion tensor T is given by 

- 
T(x.v)  = 'ir(y)sSx - .i(x)s'y 

Let, 
D,Y = v x y  + +(x,y); 

then, smce (&y)Cy,z) = 0. we can have 
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~ ~ o r n  (13) and (14). onc can liave 

H(x.J.) -- ff(y,x) = w(y)s'x - n(x)s'y 

It is easy to see Erom (15) and (16) that 

H(r,y) = nb)s'x - s(x,y)p 
So that, from (14) one can write 

Dry = D,y -t .?r(y)s'x - s(x,y)p. (17) 

Let 

R (x,y,z) = B,Dyz - D,Dg - D,x,yp 

be the curvature tensor with respect to the quartcr symmetric metric connection D. 
Then from (17) one can have 

Using (5) and also the relation 

(Vzs')y-(V$)x = m(y)s'x - n(x)s'y 

we gct from above 

Let us write 

h(x,z) = (VZr)(z) - w(x)m(z) + js(x,z)n(p) = g(Lx,z). (181 

Hence, we can have 

Contracting (19) with respect to r, we get, on using Theorem 1. 

where 

r-2 
o = trace L=div n + - n(p) 

2 
(21) 
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Contracting (20) and using Theorem 1, we get 

Using (8) ,  we get from (18) 

;\(x,s'y) = (V&'y + f "I(p)s(x,s'y) 

X(sJx,y) = (V?,,n)y + f .ii(p)s(s8x,y). 

Also, on using (4) and (8), we get 

( Vx"I)s'y = -"I(p)sky) .  

Consequently (22) reduces to, as 

Thus, we can state 

Theorem 7: If an (SPRS), admits a quarter symmetric metric connection B, then we 
have (19), (20) and (23). 

Theorem 8: On an (SPRS), with quarter symmetric metric connection D,  the neces- 
sary and sufficient condition for X(x,y) defined by (18) to be symmetric is that "I be 
closed. 

Theorem 9: On an (SPRS), with quarter symmetric metric connection B the necessary 
and sufficient condition for ii = R is that 

Corollary 1: On an (SPRS), with a quarter symmetric metric connection F ,  if ii = R 
then, we have 

a s(y,z) = h(s'y,z) + hb,s'z)  

A(x,slx) + h(s8x,x) = 0 ,  and 

(V,.x"I)x = -?r@)s(x,s'x). 

Acknowledgement 

The authors are grateful to the referee for helpful comments. 

References 
1 .  CHAICI. M. C. On pseudo Ricci symmetric manifolds, Bulg. J. Phys., 1988, 15, 6. 
2. EISENXART, L. P. Riemannnan geornefry, 1967, Princeton University Press. 
3. HICKS, N. J.  Notes on differential geometry, 1969, Affiliated East West Press. 
4. MISHRA, R. S. Strucmres on a differentiable mnnifold and ther application, 1984, 

Chandrama Prakashan, AUahabad. 
5. SCHOUTEN, J. A. Ricci calculur, 1954, Springer-Verlag. 


