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Synthetic Gauge Fields for Ultra Cold Atoms:

A Primer

Sankalpa Ghosh' and Rashi Sachdeva®

Abstract | We start by reviewing the concept of gauge invariance in quan-
tum mechanics, for abelian and non-abelian cases. Then we describe how
the various gauge potential and field can be associated with the geomet-
rical phase acquired by a quantum mechanical wave function while adia-
batically evolving in a parameter space. Subsequently we show how this
concept is exploited to generate light induced gauge field for neutral ultra
cold bosonic atoms. As an example of such light induced Abelian and
Non Abelian gauge field for ultra cold atoms we discuss ultra cold atoms
in a rotating trap and creation of synthetic spin orbit coupling for ultra cold

atomic systems using Raman lasers.

1 Introduction
“Quantum Simulation with ultra cold atoms”! is
a much discussed and investigated topic nowa-
days. Such quantum simulations imply that cer-
tain model hamiltonians that were originally pro-
posed to explain exotic quantum behavior in con-
densed matter systems and sometimes in high
energy physics can be realized with ultra cold
atoms in various types of optical potentials. In
a typical condensed matter or high energy sys-
tems, the actual system is far more complex than
the one described by such model hamiltonians,
and that leaves a lot of issues less than verified.
Ultra cold atomic systems on the other hand, are
much more controlled, and model behavior can be
studied almost exactly. In nature, electromagnetic
fields are known as Abelian gauge fields, whereas
more complicated non Abelian gauge fields are the
ones that are responsible for strong and weak inter-
action. Gauge fields are therefore known and con-
firmed to define three fundamental interactions,
and form the very basis of our understanding of
the microscopic world.? Given this crucial role
of gauge fields in fundamental physics, the recent
success in simulation of Abelian and Non Abelian
gauge fields for ultra cold neutral atoms®~7 is one
of the most significant achievement in the field of
ultra cold atomic research.

Apart from allowing us to study the fields
responsible for fundamental interaction in a non-
trivial context, this development also opens up the

possibility of studying the model hamiltonians that
predicts Quantum Hall Effect,® Topological Insu-
lators and Superconductors,’ Interesting vortex
phases in superconductor '° and other interesting
magnetic field dependent phenomena in electronic
system. There have been already a number of
excellent and detailed review articles written by
some of the most prominent experts in this field.
We are not going to repeat the topic of their review.
We describe the basic physics associated with the
processes that create such synthetic abelian and
non abelian gauge fields for ultra-cold atomic sys-
tem, and a systematic comparison with true gauge
fields that occurs in nature is presented, which is
responsible for the fundamental interactions with
the aim to analyze their “fundamental”-ness.

To that purpose we shall first begin with the
gauge invariance of Schrddinger Equation (for
example see [11]) for Abelian gauge theory in
Sec. 2. In Section 3 we shall introduce the Non
Abelian gauge theory. Rather than taking a field
theory route we shall do that in a theoretical back-
ground of Quantum Mechanics.!? In Section 4
we shall show how such gauge fields described in
the two preceeding sections can arise in ordinary
Quantum Mechanics purely for geometrical rea-
sons. In Section 5 we present how the rotating Bose
Einstein Condensate such an abelian gauge field
can be simulated. Section 6 describes a general
scheme of producing Abelian and Non Abelian
gauge potential for multilevel ultra cold atoms by

Journal of the Indian Institute of Science | VOL 94:2 | Apr.-Jun. 2014 | journal.iisc.ernet.in

REVIEWS

! Department of Physics,
Indian Institute of
Technology Delhi, Hauz
Khas, New Delhi-110016,
India.

sankalpa@physics.iitd.ac.in

2Department of Physics,
Indian Institute of
Technology Kanpur,
Kanpur-208016, India.



218

Sankalpa Ghosh and Rashi Sachdeva

using laser induced coupling between different
hyperfine states. In the next section we shall try
to describe how both the geometric gauge poten-
tials are related to a more fundamental geometrical
concept of parallel transport. We shall also briefly
describe in this section why inspite of this connec-
tion the gauge fields for ultra cold atomic systems
are called “synthetic”. In Section 7, as a specific
example of synthetic non-abelian gauge field, we
shall explain how synthetic spin-orbit coupling for
ultra cold gases. We shall finally conclude.

2 Gauge Invariance of Schrédinger

Equation in Electromagnetic Field
In this section we shall start with the gauge invari-
ance properties of the ordinary Schrédinger Equa-
tion in Quantum Mechanics, namely how this
equation transforms under the gauge transfor-
mation and how it compares with our knowl-
edge about gauge invariance from classical physics.
Though any standard book on “Quantum Mechan-
ics” may be consulted for more detail, we shall
closely follow the discourse given in the book by
J. J. Sakurai. !

In quantum mechanics our description of a
physical system starts with Schrédinger equation

ov

The solution of this equation can be written as
U(x,t) =U(t)T¥(x,0)

where the time evolution operator U(t) =
exp(—iflt).  We shall consider the quantum
mechanical motion of a charged particle in pres-
ence of electric and magnetic field. Such a situation
is very common to many solid state electronic sys-
tems where one can subject the free electrons that
carry electric current to such forces. According to
the law of electrodynamics, such electric and mag-
netic field can be given in terms of scalar potential
¢ and vector potential B such that

E=-V&B=VxA

For the discussion below we shall only con-
centrate on the vector potentials alone, which can
be easily generalized to scalar potential. This is
because according to the convention of Special
Relativity, scalar and vector potentials are just the
time and space like components of a Four Poten-
tial.

Since,

VxVA=0=B=VxA’

=V x (A+ VA), (1)
Similarly if
10A
V’:V—fa—andA':A—&—VA
c ot
Then
10A 10A’
E=-VV--"—"=-VV _--_"_=F 2
v c Ot c Ot @

Therefore, classical electrodynamics tells us
that upto a gauge transformations the vector and
scalar potentials are arbitrary. This means that two
vector potentials differ from each other by a gradi-
ent of a well behaved scalar function A, and will
lead to the same magnetic field which is clearly a
measurable quantity. This non uniqueness of the
vector potential for a given magnetic field how-
ever, does not create a problem in describing the
motion of charged partile in classical mechanics
under Newton’s Laws. This is because the force
on such classical charged particle, Lorenz force is
given by

F=qv xB.

Therefore, in classical physics the fundamental
quantity is magnetic field and vector potential is
more like mathematical quantity that defines such
magnetic field upto a gauge transformation. By
this statement, all the physically measurable quan-
tities must depend on the magnetic field and not
on the vector potential.

We shall first construct the definition of gauge
transformation from the preceeding discussion
and then continue to improve over it in this section
before going to ultra cold atoms. Summarizing the
above description, such a transformation is the one
that links a vector potential with another with both
yielding the same magnetic field. Magnetic field is
therefore a gauge invariant quantity, and only this
appears in the classical equation of motion. This is
why all measurable dynamical variables in particle
mechanics are gauge invariant. Please note at this
stage we did not mention anything to the field part
of the Lagrangian which is required for a complete
description of the problem. This is done keeping
in mind the special situation in ultra cold atoms
which we will analyze in this particular review.
One can therefore expect at the level of Quantum
mechanics where we only quantize the motion of
the particle and use the same field as used in the
classical mechanics, such gauge invariance should
be respected.
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The Hamiltonian in presence of such magnetic
field is given as

=46

In the above expression, the canonical momen-
tum is p is distinguished from the mechanical
momentum

H:p—EA

However, the previously proposed idea about
gauge invariance now needs a careful scrutiny
since the vector potential now appears directly in
the Hamiltonian. It can be checked that the com-
mutation relations between different components
of the mechanical momentum does not vanish,
[1L;, I} = m?eezjkBk

However, the commutator is indeed gauge
invariant. Using the above commutator and the
fact that

HZ
H=—"—
2m

It can be straightforwardly shown that the spec-
trum is given by the so called one dimensional har-
monic oscillator like Landau levels

1 eB
E, = <n—|—> hwe; we = —
2 mc

The energy spectrum is thus a gauge invariant
quantity. However, the gauge invariant form of the
energy and the basic commutation relation does
not necessarily ensure that the relevant physical
quantities in quantum mechanics, such as the tran-
sition matrix elements two different states under
the action of a given operator, are necessarily gauge
invariant.

To understand this issue better, let us recall
the Ehrenfest theorem, which states that expecta-
tion values of the observables in quantum mechan-
ics behave in the same way as the classical quan-
tities. Therefore, we can expect them to trans-
form in the same gauge invariant way like classical
quantities. As one can see this is not trivially sat-
isfied, since what appears in the dynamical vari-
able like Hamiltonian is A and not B. This tells
us that under a gauge transformation the operators
indeed get affected. To see how the gauge invari-
ance of expectation values can be ensured, let us
define a state ket |«) in presence of vector poten-
tial A and the corresponding state ket |o’) for the

Synthetic Gauge Fields for Ultra Cold Atoms: A Primer

same magnetic field with a different vector poten-
tial A" = A + VA. Our basic requirement for
gauge invariance is

(alxla) = (o'lx]a’)
(elio = Calo) = {
c
apart from the normality of each ket. Now, since

both kets are normalized there must be a unitary
operator such that

o) = Gla) 4)

o), O

e
—ZA
P c

The invariance of position and momentum
expectation value then demands

G'xG = x
t(pg_Ca_C _,_ ¢
g (p cA CVA)g_p cA

One can immediately see that the unitary oper-

ator that does the job is
_ ie A
g = exp [hc (")] )

This is actually the generator of U(1) gauge
transformation and is same as a phase transforma-
tion. This is also the simplest gauge transforma-
tion. The moral of the above story is that in Quan-
tum Mechanics, in order to keep dynamical vari-
ables U(1) gauge invariant, the wavefunction also
needs to changes under gauge transformation and
acquire an additional phase.

This has highly non trivial consequences, such
as the Aharanov-Bohm effect. However, to stay
focussed on our topic in the next section we shall
not discuss this issue further. The function A
that appeared as the exponent and implements the
gauge transformation is a function of local coor-
dinates. Since all such functions commute with
each other, such a gauge transformation is called
Abelian. In the next section we shall consider more
complicated gauge transformations that are non-
Abelian.

3 Non-Abelian Phases

We shall now introduce Non Abelian gauge field
using the language of quantum mechanics rather
than quantum field theory. To this purpose we
shall follow the treatment given in Ref. [12]. Yang
and Mills in 1954 generalized this gauge (phase)
invariance properties of the Schrodinger Equa-
tion for multicomponent wave function, namely,
the wavefunction has internal degrees of freedom
apart from the co-ordinate space or orbital degrees
of freedom. As we know when the wavefunction
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has such internal degrees of freedom, the wave-
function is a complex vector defined at each point
in space time rather than a complex number. In
such cases

\I/N—l (1", t)
\IIN(r, t)

We shall now extend the concept of gauge
invariance for a scalar Schrédinger equation in the
earlier section, to the case of vector Schrédinger
equation that will be satisfied by such multicompo-
nent wave function and analyze the consequences.
However, unlike in the previous case, here we pre-
tend that initially we have no idea about the type of
“Electromagnetic field” will demand the resulting
gauge invariance. So we start by demanding gen-
eralization of such gauge invariance for a multi-
component Schrédinger equation and wait for the
outcome.

Since here the wavefunction is multicompo-
nent the generalization of exp, (i;- A(x)) will be an
unitary matrix, where the condition for unitarity
comes from the constraint that the norm of the
wavefunction

(B (r, )] = [, ) + [Ta(r, 1)

4 [ Un(r 8 (6)
should remain invariant under this transformation
P'(r,t) = UP(r,t)

If we apply this transformation to the
Schrédinger equation for the multicomponent
wavefunction, which is (here we assume that

all operators are correctly multiplied by suitable
matrices so that they have the correct dimension),

2
2 _ (—ihV - fA) (r,t) + eVE(r, 1),
C

ot
(7)

it can be written as

L0 _ . € N\ g

iU lII(r,t)—(—th—EA> U (r, f)
+eV(r\ U (r,t).

We multiply both sides of the above equation
from left by U and expand the covariant momen-
tum operator inside bracket and finally obtain

)

ih—W'(r,t) =

1 8t (r7 )

(—ihV — SUAU™! — ilUV U2 (1, £)
Cc

+eUVU '/ (r,t) — ihU% U (r,t)  (8)

as the Schrodinger equation for transformed wave
function ¥’. Equation (8) will have the same form
as Eq. (7) if we define

B
A= VAU + i uvu!
e
h 0
V=UvwU'—i—U=U"! 9)
e Ot

The above set of transformations define the
rules for gauge transformations for a multicom-
ponent wave function. The gauge transformations
defined in this way through the unitary matrix U
is a generalization of the one done for scalar wave
function in Sec. 2, but now A and V are matrices.
To see this connection explicitly let us note that any
unitary matrix U can be written as

_ iH
U=¢",

where # is a Hermitian matrix. In case of a scalar
function, H = 7ZA(r). Since Hermitian matri-
ces in general do not commute, the gauge fields
that transform according to the transformations
defined in (9) are called Non-Abelian gauge fields,
whereas for the scalar wave functions they are
abelian.

What will be the corresponding gauge field for
such non-abelian gauge potential? To find out, that
let us note that the principle we adopted in find-
ing out the electromagnetic field is that under the
gauge transformation

Au(x) = Ay + 0uA(x)

This is basically the same equations written ear-
lier in Eq. (2) and Eq. (1), but written in a more
compact way using relativistic notation. The field
strength should remain invariant under such gauge
transformation. This implies that the field strength
can be given by

Fpuw = 0uA, — 0,A, (10)

It can be readily checked that under the abelian
gauge transformation this is indeed gauge invari-
ant. Also in (10) the terms that only contain the
spatial derivative of gauge potential, combines to
give

V x A = B.

For Non-Abelian gauge potential under the
transformation defined in Eq. (9), it can be shown
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that

F., — 0,[U'A,A+iUY(9,U)]
- 0,[UALA+iU(0,U)]
=UY9,A, — 0,A,)U
+i[(8,U")(0,U) — (8, U )(9,U)
+ (0, U A, U+ U'A,(0,U)
— (0, U A, U-U"A,(0,U) (11)

It is clear the same expression does not trans-
form covariantly. To make it covariant let us note
that under the same gauge transformation,

—i[A,, A = —iU'[A,, AU
— i{(8,U™)(8,U) — (8,U™)(9,V)
- (0,UMA, U~ U"4,(0,U)
+ (0, U MNA, U+ U'A,(0,U) (12)

This means the additional terms that appear in
the expression of F,,,, also appear in the trans-
formed commutator of the Non Abelian gauge
potentials, however with the opposite sign. Thus,
suggest that if we define

Fo, = 0,A, — 0,A, —iglA,, A, (13)

then it transforms covariantly under the gauge
transformation. Here the quantity ¢ depends on
the nature of the coupling with the gauge poten-
tial. Equation (13) defines the non abelian field
strength.

Non Abelian gauge fields do appear in nature,
and fields transforming according to the rules
given in Eq. (9) are actually responsible for weak
and strong interactions that happen inside nucleus.
This is one of the dominant topic in quantum field
theory.>?® But as emphasised above, these may
appear in ordinary quantum mechanics also. This
is what we are going to discuss further in the next
section. One of the motivation for that it shares
a close connection with synthetic gauge field for
ultra cold atoms.

4 Geometric Phase in Quantum
Mechanics and the Related
Gauge Fields
Abelian and Non Abelian gauge fields are funda-
mental to our understanding of the nature since
it is known that the three fundamental interac-
tions Electromagnetic, Weak and Strong are due
to the existence of such gauge fields. However,
the Abelian gauge transformations are equivalent
to phase transformations and Non Abelian gauge
transformations are their higher dimensional gen-
eralization. One can therefore naturally ask the

Synthetic Gauge Fields for Ultra Cold Atoms: A Primer

question whether such a transformation arises in
the other domain of Quantum Mechanics, and if
the answer is yes what are the possible realiza-
tions. This question was answered in the clearest
form by M. V. Berry in his seminal work!® based
on a number of other works which already indi-
cated the existence of such different type of gauge
fields in a number of physical phenomena, that
spans optic,* Chemistry,!®> Atomic and Molecu-
lar Physics!® etc. A selected collection of papers
on this related topic is available in Shapere and
Wilczek edited book.!” Here we follow a pedagog-
ical account of the key argument given in Ref. [18].

To this purpose we shall consider the phase
change in a quantum mechanical wavefunction
under an adiabatic change. The adiabatic the-
orem in quantum mechanics tells us that if the
particle Hamiltonian is given by H(R(t)) where R
is some external co-ordinate which changes sufhi-
ciently slowly (slower than the natural time scale
set by the typical energy spacing in the unper-
turbed system) and appears parametrically in H,
then the particle will sit in the #n-th instantaneous
eigenstate of H(R(t)) at the time ¢ if it started out
in the n-th eigenstate of H(R(0)).

The solution of the time dependent
Schrodinger equation for this case is

o(0) =cttjesp (5 [ B0 ) Ino)
(14)

Here the exponential factor comes from the
usual time evolution of an eigenstate of the Hamil-
tonian, after taking into account the fact that one
is dealing with the instantaneous eigenstate of the
time dependent Hamiltonian, which is changing
with time. The other factor c(t) is kept to check
if there is any non-trivial additional time depen-
dence due to the time evolution of the basis states.
Substituting the state (14) in the time dependent
Schrodinger equation and taking the inner prod-
uct with the instantaneous (n(t)| one gets

d;(tt) _c(t)<”(t) : ”(t)>

dt
with the solution

c(t) = ¢(0)e)

with y(t) = i [;(n(t)|&|n())dt. The impor-
tant thing here to notice that this phase is arising
because the basis state |n(t)) is constantly chang-
ing with time. The instantaneous adiabatic state
can therefore be written as

n(R)(1))a = ¢"V|n(R(r)))
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where the subscript , is used to denote the differ-
ence with a time evolved state in the absence of
such phase factor. We know that an extra phase
factor in a quantum mechanical state may not have
any measurable consequences. However, in the
present case actually it does have. We shall explain
it here. Let us rewrite

exp (- [ tt)

dt’

n(t')>dt’>

. t
_ exp@/o

where

A"(R) = ih <n(R) d%

n(R)>

is known as the “Berry curvature”. Now under a
phase transformation on the state

[n(R)) — exp(i®(R)
Berry Curvature transforms as A"(R) = A"(R) — k

This is exactly the gauge invariance condition
that was imposed on the vector potential in Eq.
(1) in Section 2. The transformation of the wave-
function defined in (16) is same as the one defined
in Eq. (4) for real electromagnetic field. What
motivates a gauge invariant quantity in this case?
To see that, consider a case where the adiabatic
parameter R comes back to the same value after
a time period T. This implies R(T) = R(0) and
H(T) = H(0). Under that case the single val-
uedness of the wave function in the parameter (R)
space demands that the line integral of the Berry
curvature around the closed loop in the parameter
space must be invariant under such gauge or phase
transformation. This is exactly the same condition
which states that two vector potential A and A’
differing from each other through a gauge trans-
formation when integrated over a closed contour
will be same since this is equal to the flux enclosed
by the area ( f B - dS). Thus, the Berry curvature
exactly plays the same role as the vector potential
due to a real magnetic field under gauge transfor-
mation and its effect on the wave function, namely
the integral of the vector potential around a close
loop in the co-ordinate space, is gauge invariant as
demanded by the single valuedness of the wave-
function.

A pertinent question at this point is whether
such adiabatic evolution of the time (parameter)

exp <7lil int} <n(t’)

— exp <711 /0 tih<n(R(t’)

dependent Hamiltonian will also generate a scalar
potential along side a vector potential. This is
important to establish a full analogy with electro-
magnetic theory, since vector and scalar potentials
are space and time like component of the four

dt'

n(t’)> dt’)
di’ n(R(t’)> Zﬁdt’)
dR

A”(R)dt,dt’) (15)

potential that appear in a relativistically invariant
theory of Electromagnetism. It turns out that in
this case there also exists a corresponding scalar
potential which has the form

)In(R)) = [ (R))

dB(R)
R (16)
(R) = 1.2 n(R) P
d

We again refer to ref. [18] for the detailed
derivation of this accompanying scalar potential.
The gauge potentials described in this section are
known in literature as geometric gauge potential
because of their origin.

The adiabatic parameter that appears here is
not necessarily a scalar, it could be a vector as well,
namely R, having a certain number of components.
In that case a straightforward generalization of the
above calculation will show in that case Berry Cur-
vature will be a matrix and its different compo-
nent will generate the Non Abelian counterpart of
the Geometric gauge potential. The most signifi-
cant impact of the concept of “Berry curvature” or
“Geometric Vector Potential” is that it opens the
possibility of identifying gauge potential and fields
in a wide variety of quantum systems. In the fol-
lowing section we shall analyze how these concepts
lead to the creation of synthetic gauge field for ultra
cold atoms.
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Figure 1: A typical configuration for rotated trap.

Here the laser induced optical potential imprinted
on BEC is rotated with the help of a rotating mask.
In some experiments such a set up was used.

5 Rotating Bose-Einstein Condensates
The simplest example of implementing the artifi-
cial or synthetic gauge field for cold atomic con-
densates is through rotation. This was accom-
plished by ENS Group,® MIT group* and JILA
group.® This method exploits the equivalence
between the Coriolis force in a rotating frame and
Lorenz force acting on an electron in a uniform
magnetic field. ' In this scheme the trap in which
an ultra cold condensate is created is rotated by
using a moving laser. A schematic figure for the
set up is depicted in Fig. 1.

If the plane of this rotation is taken as x — y
plane and the symmetry axis as z, the effect of such
rotation on spatial co-ordinate is given by

r(o) ] rtort = 00 el

Here R,(¢) = exp(—i jOLe + ) is the Rotation oper-
ator about z axis. If the rotat1on is executed at an
uniform angular velocity 2, then ¢ = Qt. We
can immediately see the connection between R, (¢)
and the U(1) gauge transformation defined in (5).

The time dependent Hamiltonian that
describes a trapped boson in a rotating frame is
given by

Pl
H(t) = R(1) |+ Em(wﬁxz +wiy’) | RI(Q)
Since the p? remains invariant under the rota-
tion it yields
V'
2m
+wy(fxsm Qt + ycos Q)] (17)

H(t) = + = [( 2(x cos Qt + ysin Qt)?

Synthetic Gauge Fields for Ultra Cold Atoms: A Primer

One needs to solve the time dependent
Schrodinger equation (TDSE) for such system
which is

oY
ot

However, to do equilibrium thermodynamics
of such bosonic systems, it is useful to go to the
co-rotating from where the Hamiltonian does not
change with time. For that one needs to do a uni-
tary transformation on the wave function by writ-
ing

¢ = RI(Qt)

This is again equivalent to the gauge transfor-
mation given in (4) where the ¢’ is the wave func-
tion in the co-rotating frame. The transformed
TDSE for 9’ looks like

ih—— = H(t)y. (18)

/ 2

(19)

One can check the time independent Hamilto-
nian on the right hand side can be written as

_ 2
e QAR L e by - ]
(20)

Thus the unitary transformation that takes
the wavefunction to the co-rotating frame, also
induces a gauge potential in the stationary hamil-
tonian in the co-rotating frame. Comparing with
our discussion in Section 2 we can comment that
the unitary operator R,(¢) defined here is math-
ematically same as unitary gauge transformation
operator U = exp(i;zA(x)) defined. The trans-
formation of the Hamiltonian operator introduces
a gauge potential.

The gauge (vector) potential and the gauge field
obtained in this way is of the form

A= —Qyx + Qxy
B =20z

This is however, not the only effect on the
Hamiltonian by the unitary transformation. It will
also introduce a scalar potential

Vr(r) = —%szrZ (21)

Thus the effective trap potential in the rotating
frame gets reduced.

As we can see, equivalently, the creation of such
“artificial” gauge field through rotation can also
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be explained using the concept of Berry Curvature
discussed in Ref. [13]. One can recognize here
that the adiabatic parameter is the time dependent
rotation angle 2t and the Hamiltonian is a func-
tion of this parameter R = Q¢. If the rotational fre-
quency is ramped up adiabatically, then it can be
ensured that system will always stay in the ground
state of the rotated hamiltonian provided the ini-
tial system is in the ground state.

The ultra cold atomic Bose Einstein conden-
sate we are going to talk about consists of inter-
acting bosons. However, in the typical experi-
mental condition, the system is described very well
by the mean field Gross-Pitaevskii equation.*® For
simplicity we choose a two dimensional conden-
sate that can be derived from a three dimensional
model for a rotating cigar shaped condensate. The
Gross-Pitaevskii equation is

L, OV By 1 2.2 2.2 2
Zhﬁ = Gﬂv + Em(wxx +wy) +glv | v

(22)

Even though the U that appeared in the above
equation is the mean field superfluid order param-
eter of the N-boson condensate and not the quan-
tum mechanical wavefunction of the correspond-
ing many body Schrédinger equation, the above
equation has the same mathematical structure of
a usual one particle Schrédinger equation apart
from the non-linear term which represents inter-
action.?® It can be readily verified that the non-
linear term is invariant under the action of the Uni-
tary operator R,(2t). Thus the entire previous dis-
cussion on the artificial gauge transformation of
single boson Schrédinger equation can be applied
here for the Gross-Pitaevskii equation also. In the
early days of BEC this was the technique through
which vortices and vortex lattice was created in
ultra cold condensate. The entry of such vortices
in a rotating condensates and the change of con-
densate profile due to this is shown in Fig. 2.

We shall not discuss the vortex physics in Ultra
Cold BEC any further in this review since this
has already been discussed in a number of earlier
reviews. The early experiments in rotating ultra
cold gases, vortices etc. was discussed in Refs. [21,
22]. An interesting regime is where the rotational
frequency €2 is almost equal to the trap frequency
in the transverse plane w, . This means that the
trap potential becomes almost negligible. Because
of the entry of the large number of vortices in the
ultra cold condensate under this condensation, a
number of interesting phases of large number of
vortices appear in this regime. This is the regime
of rapidly rotating ultra-cold gas, and has been
reviewed extensively in Refs. [23, 24].

6 The Creation of Abelian and
Non-Abelian Gauge Field for Ultra
Cold Gases Using Berry Curvature

In the previous section we saw how synthetic

Abelian field can be created for ultra cold atoms

exploiting the similarity between the rotational

operator about a particular axis with a U(1) gauge
transformation. The above scheme has a serious
limitation. The additional deconfining potential
in Eq. (21) destabilizes the trap in which conden-
sate is created beyond a critical value of the rota-
tional frequency, when {2 — w,. This in turn
limits the strength of the Abelian field that can be
created in this method. Thus, the cold atom ana-
logue of strongly correlated phases of two dimen-
sional electronic systems in a perpendicular mag-
netic field with high value (of the order of several

Tesla) such as Quantum Hall phases® cannot be

created in this set-up. This requires one to look

for alternative schemes. We shall describe that in

a very general way following the excellent review

article?® where one may look for further details.

6.1 Geometrically induced abelian
gauge field

Consider a general model of a two level atom with

|¢) and |e) states being respectively its ground state

and excited state and forms a two dimensional

Hilbert space. They can be considered as the eigen-

state of a simple Hamiltonian like

Hy = o (23)

We consider the dynamics of the particle in
space dependent external field that couples these
two states (Fig. 3 (a)). One can recognize that a
given laser with suitable parameters can accom-
plish this job through dipole interaction. For more
details on laser-atom interaction refer to standard
textbook on Quantum Optics such as ref. [27]. The
general Hamiltonian of such coupled system can
be written as

H; = Hy(r)[g) (gl + Hee(r)[e) (e]
+ Hgelg) (el + Hogle) (g] (24)

Since this is a two level system one can map this

to spin % system and rewrite this as
RQ
H=—n o
2

where n is a three dimensional unit vector param-
eterized in terms of polar angle 0(r) and azimuthal
angle ¢(r). As one can see that the spatial
dependence comes from the fact that the cou-
pling between the states is assumed to be spatially
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Figure 2: The entry of a vortex in a rotating condensate with increased rotational frequency and the change
of condensate profile. The sequence of the plots are like (1,1) — (1,2) — (2,1) — (2,2) — (3,1) — (3,2).
The numerical result is obtained by simulating Gross-Pitaevskii equation (22) in a co-rotating frame. The x

and y axis is the condensate co-ordinates in dimensionless units. We also take w, = w

y =W The z axis

is the superfluid density |\I/|2. At the position of the vortex the complex order parameter of the superfluid
condensate 1 vanishes and the phase of complex order winds around the position of the vortex.

dependent since it will depend on electric field of
the laser and the atomic wavefunction.

At the spatial point r, the local eigenstates of H;
are now given by

0(r)
COS -

Inp(r)) = .
sin @6’4)(’)

[ sin @e‘i‘f’(”

n,(r)) = o (25)
COS —=

These two states form a local basis for the
Hilbert space at each point in the co-ordinate space
r. In the language of quantum optics they are
called dressed states. If the system evolves adiabat-
ically through this space, this means that this local
basis of the Hilbert space is also changing at every
point in space. Following our discussion in Section
15 this adiabatic motion will generate Berry curva-
ture. Further/moreover the quantity i(n4|Vny) is
real since ny | forms an orthogonal basis. A gen-
eral state in this Hilbert space at any point of time

can be written as

(W(r, 1)) = r(r; )|ng(r)) + Py (r, 1), (r)) (26)

Since the basis vector is changing from one
point to another in co-ordinate space,

V (i(r)|ni(r))) = Vbi(r))|ni(r)
+i(r)[Vni(r)),i =1,

Given this relation when such state is operated
by the momentum operator, one yields

1
PI®) = (50 — Ay)tylm)
=1

Now suppose an initial state the particle is in
the state |n;) and the motional state is such that
it stays in this state all the time (the transition
amplitude to the up-state is negligible). Under
this condition we assume 14 = 0 and project the
Schrédinger equation in the dressed state [n(r),)).
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(a) Abelian Set-up

le)
d-E = ) Non-Abelian Set-up
|g) o
2o A Cd B \@ B,
/’E g

g g, lg.) g,

Figure 3: (a) A typical atom-laser configuration
that can be used to generate Berry curvature of
the form of Abelian gauge potential. The atom
is modelled as two level system having states |g)

and |e). For more details refer to the discussion in
Sec. 6.1. (b) Generalization of the set up in (a) to
produce Non Abelian gauge potential. For more
details refer to the discussion in Sec. 6.2.

This gives us the following “gauged” Schrodinger
equation for 1.
o (p—A)?* hQ

ih— = |——"—+—+V 27
T 2m ot v @7)

Here A and V are essentially the vector poten-
tial and scalar potential that arise due to the
geometric phase created by the slowly changing
Hilbert space basis from one point to other. The
resulting vector potential is given by in this case

A(r) = ih(ny (1) Vny(r)) = 2 (cos ~ 1) ¥

The synthetic magnetic field that is created due
to the vector potential is given by

A
U
U(r) = .
(N +11U(r) 1)
h
B(r) = EV cosf x Vo (28)

The magnetic field and vector potential created
in this way have geometric origin. It can be con-
cluded from the preceeding discussion on Berry’s
phase that this gauge potential cannot be “gauged
away” completely if the magnetic field (28) is non
zero, since the line integral of this vector poten-
tial around a closed contour in a region where the
magnetic field is non-zero should be equal to the
flux enclosed by this region. This apart, the chang-
ing basis of the Hilbert space also introduces a

{1jU(r))2)

scalar potential

V() = o |l (1) V)

h 2 2 2
= om [(VO)* +sin” 0(V o)

One of the practical advantages of generating
a synthetic vector and scalar potential in this way
is that if we consider the Hamiltonian of a trapped
system, the scalar potential does not offset the trap
potential. The scalar potential in this case also
can be repulsive and attractive.” Also given the
fact that there are various ways of coupling differ-
ent hyperfine states of ultra cold atomic multiplets,
such a scheme, provides one an wide range of pos-
sibilities to create such geometrically induced syn-
thetic gauge potential and gauge field. But as we
see in the next section that one of the most inter-
esting aspect of this scheme is the fact that it can be
easily generalized to create a Non Abelian-gauge
field.

6.2 Geometrically induced non-abelian
gauge field

One of the earliest paper that introduces the con-
cept of such non-abelian Geometric phases in a
general context is the work by Wilczek and Zee.?
Here we shall discuss a specific example involv-
ing ultra cold atoms and laser following.? Partic-
ularly, we shall show how the idea discussed in the
preceeding section can be easily generalized to cre-
ate synthetic non-abelian gauge field whena N+ 1
state atomic system with N > 3 is suitable config-
uration of laser beams. A prototype configuration
is displayed in Fig. 3(b). The structure of the cou-
pling matrix U(r) will be

UEIN +1)
CIU()IN+1)
| (29)

(N+1|U(r)IN+1)

For a fixed position r, the above matrix can be
diagonalized to give N + 1 dressed states |n;(r))
with energy eigenvalues E;(r) where i goes from
1to N + 1. Under certain circumstances it hap-
pens that a subset Q out of this N + 1 states are
either degenerate or quasi-degenerate and are well
separated from the rest of states energetically. It
is under this condition that it is possible to real-
ize adiabatic motion in this low lying degenerate
subspace H of dimension Q. Assuming that the
motional states are such that there is almost no
scattering from this low energy subspace Hg to
(N +1) — Qhigher energy state.
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Again we can write the full wave function of the

N+1

U) = Z%(f)\ni(r»

and then we can project this Schrodinger equation
to the reduce Hilbert space H to get an equa-
tion for the reduced spinorial wavefunction ¥ =
(41, - . .,1q)T. We can straightforwardedly extent
the gauged Schrédinger equation given in Eq. (27)
to its spinorial counterpart, namely

Y
in2¥e _ {(P A et V} Vg (30)
2m

ot

With the important differences that A and Vare
now matrices with their matrix elements given by.

A;j = ih(ni(r)|Vn;(r))

1 N+1
Vij=o— Z_XQ;H Aj - Ay (31)

With different component (x, y, z) these effec-
tive vector potentials being matrices will not gen-
erally commute with each other, and are therefore
called non abelian vector potential. Here € corre-
sponds to the energy of the unperturbed atomic
systems.

The above described atom-light interaction
induced synthetic abelian or non-abelian gauge
potential has been successfully implemented by
I. B. Spielman’s group®’ in NIST by coupling
atomic states with Raman lasers. They created syn-
thetic magnetic field, electric field as well as SO
coupling in ultra cold atomic systems. However, it
may be noted inspite of the fact that NIST method
was able to overcome some of the difficulties that
was encountered in rotating an ultra cold atomic
system, particularly in the process of creating high
“synthetic” magnetic field, it has its own limita-
tions. Here the highest possible value of the syn-
thetic magnetic field is capped by the wavevector
of the Raman Laser. A detailed discussion on these
experiments appeared in Ref. [29] which one can
see for more details. Very recently, an experimen-
tal success was achieved in creating optical flux lat-
tices®! where it is possible to create much higher
value of synthetic magnetic field. We are not cov-
ering this topic here and direct the reader to the
Refs. [32, 33] and the refs. cited there for the same.
Studying the effect of artificial gauge field in pres-
ence of optical lattice is another interesting topic
which is also not covered in this article. A sum-
mary of the relevant work and discussion on some
relevant issues for this topic is available in Ref. [34].
The other case of synthetic gauge field for cold

Synthetic Gauge Fields for Ultra Cold Atoms: A Primer

atoms that we shall discuss in some detail in sub-
sequent Section 7 is the principle of creating syn-
thetic Spin-orbit coupling for ultra cold bosonic
atoms. However, before that here we shall provide
a comprehensive analysis of the “synthetic-ness” of
the gauge field created from the geometric phases.

6.3 Geometrical interpretation of the
gauge potential: Parallel transport

In this section we shall briefly digress the origin of
gauge field in Quantum Mechanics/Field Theory
and discuss the existence of similar reason in the
current case of synthetic gauge field for ultra cold
atoms. We know from quantum mechanics '8
that a spinorial (two-component) wave function
transforms under a spin rotation as

U = exp <;0’ . nqﬁ) U
Here
[0, 0j] = €ijkok

obeys the standard commutation relation between
the generators of the SU(2) rotation in the spin-
space. Under such general SU(2) transformation a
n-dimensional iso-spinor similarly transforms to

U’ = exp(iMFAP) W = U (x)P(x).

In field theory a system is said to have gauge
invariance, if under such transformation the defin-
ing Lagrangian density remains invariant. The
Lagrangian density involves the derivative of the
field. Same is true for the wavefunction in Quan-
tum Mechanics where the Hamiltonian involves
the derivative of the wavefunction. For that it is
important that the 0, ¥, must change covariantly.
Now it can be immediately checked that this is not
the case for the usual derivative as

0,V =U(0,V) + (0,U)¥

This happens because under the generalized
spin-rotation, the axes in the space of such isospin
is getting at each point in space. Thus ¥(x) and
U(x + dx) are measured in different co-ordinate
systems. To make the derivative co-variant one
should compare ¥ (x+ dx) with the modified value
of U(x) if it were transported from x to x+dx keep-
ing the iso-spin axis fixed. This is known as paral-
lel transport in isospace. This is depicted in Fig. 3.
Under this condition the change in the ¥ will be
different and this change § U can be written as

OU = igM* A}, dx" ¥
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W(x+dx) = W(x) + d¥(x)

(b) W(x+dx) = W(x) + d¥(x)

Figure 4: The concept of parallel transport is
illustrated with the help of two figures adopted
from ref. [25]. In (a) no parallel transport was
done. In (b) the parallel transport was done.

Here, Aj, takes care of the change in the local
co-ordinate axes in the isospace from one point
to another. The derivative defined in this way
becomes

DU = (U 4 d¥) — (¥ +67)
= dyp — igM" A}, dx"' ¥

Dy e

It can be checked that the above modified
derivative transforms covariantly under the gauge
transformation and is therefore qualified to enter
into the gauge invariant Lagrangian density. Here
M are the generators of the rotation in the iso-spin
space and their detail form depends on relevant
group that represents the symmetry. The simplest
of this case is U(1) rotation where M = 1. In par-
ticular, it corresponds to our problem of a charged
particle in electromagnetic field g = e. Under that
situation

D, =0, +ieA,.

The above discussion is available in a number of
Field Theory books that discuss gauge field theory.
We here mostly followed the notation and discus-
sion of Ref. [25]. Now comparing this discussion
with the discussion in the preceeding sections (6.1
and 6.2), we can immediately recognise that there
also it is the changing basis in the pseudospin space
under adiabatic evolution. The adiabatic evolution
of these basis states leads to the development of

synthetic gauge field or Berry Curvature, and has
a similar geometrical interpretation like the true
gauge field.

Finally this brings us to a important question,
namely, why inspite of this similar geometrical
origin, we call the Berry curvature related gauge
field in ultra cold atoms as “synthetic”. The rea-
son is in true gauge field theory there is purely
gauge field dependent term in the Lagrangian den-
sity>?® which stands for the Field energy. It is this
term that gives the gauge field their independent
dynamics in the complete matter-field Lagrangian
density. Thus such gauge fields are dynamical.
The corresponding gauge potentials appeared in
the covariant momentum operator. However,
in the atom-laser configuration the full Lagrangian
density does not contain any such field energy
term which is related to the Berry curvature gen-
erated due to adiabatic motion. The field part
that appears here is just the electromagnetic field
energy associated with the laser and the not one
related to the geometric gauge field. This is why
geometric gauge fields do not have any indepen-
dent dynamics.

7 Synthetic Spin-Orbit Coupling for Ultra
Cold Atomic Gases: Case of Non
Abelian Gauge Field

The motivation behind creating synthetic spin-

orbit coupling for ultra cold atoms primarily

comes from the fact that spin orbit coupling plays

a very important role in spinotronics*® and Topo-

logical Insulators,” both of which have interesting

practical applications. However, spin-orbit cou-
pling also forms an interesting example for Non

Abelian gauge potential which we shall describe in

the following discussion.

7.1 Non abelian gauge potential and
spin-orbit coupling

In our familiar notation a Non Abelian vector

potential can be written as

A=AJ+AJ+AL

where Ay, A, and A; are now matrices. Field
strength for such Non Abelian vector potential
given by the expression (13) can be written as

B:VxA—%AxA (33)

One can now easily identify that in the expres-
sion (33), the first part is a straight forward gener-
alization of the relation between vector potential
and magnetic field for the Abelian case, the sec-
ond part is only non zero if the gauge potential is
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Non Abelian. For Abelian cases, the second part is
identically zero.

A major motivation of simulating synthetic
magnetic field for ultra cold atoms is to observe
Quantum Hall Effect like phenomenon which
occurs when a two dimensional electron gas is sub-
jected to an transverse uniform magnetic field.® A
related question can therefore be asked what are
the gauge potentials that can create a uniform Non
Abelian magnetic field. A detailed analysis of this
problem was done in Ref. [35]. Here we pro-
vide a brief summary of the relevant results to dis-
cuss subsequently in some detail why and how one
creates synthetic spin-orbit coupling for ultra cold
atomic systems.

An important difference between Abelian and
Non Abelian gauge field is that, whereas in the
case of the former two vector potentials that cre-
ate the same magnetic field are related to each
other by a simple gauge transformations, in the
case of Non Abelian field it is not so. By
that one means that two non-equivalent Non-
Abelian gauge potential can lead to the same
Non-Abelian magnetic field. Following* we shall
illustrate this case for the non abelian magnetic
field

B=20:=2 [(Z) 04 (34)
The above magnetic field is uniform but its
direction is opposite for spin-up and spin-down
component of the wavefunction of the particle on
which it is applied.
One type of vector potential that can give such
uniform field is given by

A= %B X 1= Y0, X — X0,) (35)

This is again a starightforward generalization of
vector potential in symmetric gauge for uniform
magnetic field B = Bz, and here the vector poten-
tial contributes to the magnetic field only through
the first term (on R.H.S.) of the expression (33) for
Non Abelian field strength. Even though all com-
ponent of the vector potential are matrices, they
are Abelian matrices. Thus this is also the case of
Abelian gauge field. The single particle spectrum
of Schrodinger Equation, in presence of such gauge
potential, is a generalization of the Landau prob-
lem. Quantity like magnetic length, phenomenon
like Aharonov Bohm effect etc. can be defined for
such a problem.

Another type of vector potential that can also
generate the same magnetic field is given by

A= —0,X+ 0y). (36)

Synthetic Gauge Fields for Ultra Cold Atoms: A Primer

This is a uniform (does not depend on local co-
ordinate) non commuting vector potential. This
is indeed Non Abelian gauge potential. The con-
tribution to the field purely comes from the sec-
ond term in the expression (33). The single parti-
cle spectrum of Schrodinger Equation in presence
of such gauge potential is very different from the
Landau problem.? However, there is more inter-
esting motivation for realizing such Non Abelian
gauge potential for ultra cold atoms.

To see thislet is recall the well known spin-orbit
coupling (Thomas Term) which arises due to rela-
tivistic correction to the motion of a spin-1/2 elec-
tron obeying Schrodinger Equation, namely

eh
Hyp=——-—0-(E X 37
[39) oy o (Exp) (37)
Using the triple product rule the above hamil-
tonian can be rewritten as

eh

Ho = ——p-
S0 4m§czp

(E x o)

For a uniform electric field along z-axis, E x o
is just the Non Abelian uniform vector potential
defined in Eq. (36). Identifying this we can rewrite

HsoO((p~A)

where A corresponds to the vector potential
defined in Eq. (36). Such a term also appear in
the kinetic energy term of the Hamiltonian,

1
Hy = —(p— mA)*
k 2m(P mA)

that describes a free particle in the presence of Non
Abelian gauge field (36). Thus the simulation of
such synthetic Non Abelian gauge field for ultra
cold atoms is equivalent to creating synthetic spin-
orbit (SO) coupling for such systems. SO coupling
plays a crucial role in Spinotronics*® and Topo-
logical Insulator.” With this background we shall
now briefly discuss how such SO coupling is cre-
ated experimentally for ultra cold BEC.

7.2 Principle of spin orbit coupling in
ultra cold bosonic systems: NIST
method

To generate SO coupling one considers the ¥ Rb

atoms whose ground state electronic structure is

%Sy, giving electron spin as § = 1/2, and nuclear

spin as I = 3/2. Therefore, the total spin F can

take value F = 1 and F = 2 due to hyperfine cou-
pling. The low energy manifold therefore consists
of three F = 1 states. Such states are characterized
by state vectors |F, mg) which represents simulta-
neous eigenstates of F? and F, operators, and for

Journal of the Indian Institute of Science | VOL 94:2 | Apr.-Jun. 2014 | journal.iisc.ernet.in

229



230

Sankalpa Ghosh and Rashi Sachdeva

F = 1 they are given as |1,1), |1,0) and |1, —1)
respectively. A schematic for the set-up is given in
Fig. 5. In presence of Zeeman field all these three
levels that have same energy will split into three
different levels. The resultant system is exposed to
two counter propagating Raman laser beams along
the x direction. The atom which is moving with
velocity %k* along x direction will absorb a pho-
ton coming from the opposite direction of Laser I,
and will have the momentum #i(k, — k;). From
this excited state it will emit a photon in the direc-
tion of laser II. As a result finally the momentum
of the state along the x-direction will be h(k, —
2kp). 'Therefore, the state will finally be written
as | — 1,k, — 2kg). Here the first quantum num-
ber corresponds to the hyperfine quantum number
mp, whereas the second one gives the momentum
along the x direction. Similarly the atoms absorb-
ing photon from laser II and emitting a photon in
the direction of laser I will be finally in the state
|1, k, 4 2k). The final outcome is to have the fol-
lowing three states

1) = |1, ky + 2kz)
0) =0, k)
| —1) = [0, ke — 2k;) (38)

It is possible to write down the effective hamil-
tonian now in 3 X 3 matrix form that includes
contribution from atom, field (laser) and atom-
laser interaction. However, shown explicitly in
Ref. [36], it is possible to tune the Zeeman energy
and the laser frequency in such a way, that the
low energy subspace created by |1,0) and 1, —1
states are well separated from the |1, 1) state. Under
this situation it is possible to construct an effective
Hamiltonian in this two dimensional Hilbert space
spanned by hyperfine state |0) and | — 1) which we
shall respectively call as spin up | 1) and spin-down
| 1) state. This is somewhat modified version of the
scheme suggested in Section 6.2. The 2 x 2 effective
hamiltonian becomes,

K2 i
ﬁ + g %621k1_x
H= ) (39)
Qp—2ikx K g
2

2 2m

Here 2ky is the momentum transfer due to
the relative motion between the laser and the
hyperfine state of the atom, and ¢ is the detuning
between the Raman resonance and the energy dif-
ference between the spin up and spin-down level.
We have also absorbed an overall 7 factor in vari-
ous terms. We refer to ref. [36] for the details about
the derivation of the above hamiltonian.

ﬂ ‘@ ﬁ 2y
1>=>
IZ 2" M..
X |-0>=(T>

ho, + 3812

[+1>

Figure 5: (a)Schematic setup by NIST set up for
exposing a BEC to two counter-propagating laser

beam. (b) The Raman coupling between three
hyperfine states.

If one makes a unitary transformation on the
two component wave function that will describe
this system such that o' = Uy, with

e* ikLX 0
0 eika

This changes the Hamiltonian from H to UHU'
which is given by

U=

(kx+kL)2 + 5 Q
m 2 2
Hgo = 40
SO o k) s (40)
2 2m 2

As one can see the resulting Hamiltonian can
be written as

2
HSO:W‘F% x"’gaz (41)

The above hamiltonian is the spin-orbit cou-
pled hamiltonian realized in NIST experiment.®
Even though here the vector potential has only
one component A,, since that does not commute
with the scalar potential %Jx + gaz, this is one of
simplest realization of uniform non Abelian gauge
potential. With a suitable spin rotation it can also
be shown that the first term actually represents and
linear combination of equal weight Rashba and
Dresselhaus SO coupling. The energy eigenvalues
are

2 2 2 2
ekkx+kLi\/(kka6> L w

2m m 2 4

which for zero detuning 6 = 0, the momentum
dependent energy eigenvalues can be given as

2 2 2

X 02

ekzmi (k kL) 4+ — (43)
2m m 4
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E(q)/EL |T’> |~L’>

Quasi momentum, g/k,

Figure 6: The transition from a single to dou-
ble non-degenerate minima with the variation of

detuning for a spin orbit coupled gas. The idea of
the figure is taken from ref. [6].

The condition for the minima of the energy can

now be obtained from % = 0 which gives
k=0
Q \2
ky = ko /1 — [ — 44
or ky 0 < 4EL) (44)
Here E; = % one can now check the fol-

lowing things from the above expression. If the
detuning 9 is 0, there will be distinctly one min-
ima for 2 > 4E; at k, = 0 and another min-
ima atk, = dko,/1 — (%)2 for Q < 4E;. How-
ever, if the detuning ¢ is finite, there is still a sin-
gle minima at k, = 0 for 2 > 4E;, but there
are also two non-degenerate minima at different
height for 2 < 4E;. The height difference can be
controlled by the detuning, and the transition from
single to two minima is the way one can detect
the spin-orbit coupling.® For details of the exper-
imental method one can look at Refs. [29, 36]. A
schematic of the variation of the energy E as a func-
tion of the wavevector q = k, is given in Fig. 6.

8 Conclusion

In this introductory review we provided a careful
comparison between the true gauge fields that
is responsible for the fundamental interaction
between elementary particles and the synthetic
gauge field for ultra cold atoms. We analysed
both Abelian and Non Abelian gauge field for
this purpose. We have particularly show how
both fundamental and synthetic gauge fields
can be interpreted in a similar geometric way;
however the latter does not have any independent
dynamics and hence dubbed as synthetic. We also
illustrate the examples of such synthetic gauge

Synthetic Gauge Fields for Ultra Cold Atoms: A Primer

field for ultra cold atoms by considering two
specific cases: Abelian gauge field in rotating Bose
Einstein condensates and Non Abelian gauge field
in spin-orbit coupled Bose Einstein condensates.
This primer by no way covered the large amount
of exciting work that was done in the field of
synthetic gauge field for ultra cold atoms. We
referred to a number of excellent review articles to
that purpose. We also cited only a limited number
of mostly pedagogical articles and books on the
relevant topic, and apologize for our inability to
cite a large number of exciting and important and
highly relevant work in this field. We hope the
direction and information given in this review will
be sufficient to direct the interested reader to more
complete set of references on synthetic gauge field.
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