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Large Eddy Simulation‑Based Turbulent 
Combustion Models for Reactive Sprays: Recent 
Advances and Future Challenges

1 Introduction
Intense turbulence-chemistry interactions with 
a change in phase are predominant in many engi-
neering devices, such as liquid-fueled furnaces, 
gas turbines, direct injection, and rocket injection 
engines. Due to the high energy density, combus-
tion of liquid hydrocarbons is expected to con-
tinue for both land- and air-based transportation 
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Abstract | Numerical simulations of turbulent reactive sprays are chal‑
lenging owing to the presence of multiple timescales and multiphysics 
phenomena involving complex turbulence spray and turbulence‑chem‑
istry interactions. In turbulent spray flames, several physical phenomena 
such as primary and secondary atomization, droplet dispersion, inter‑
particle collisions, evaporation, mixing, and combustion occur simultane‑
ously, and hence it becomes a formidable task to model these complex 
interactions. To gain fundamental knowledge and advance current 
modeling capabilities, it may be appropriate to aim for progress in indi‑
vidual modeling of breakup, dispersion, mixing and combustion, which 
however cannot be viewed in complete isolation. A brief review of the 
development of state‑of‑the‑art turbulent combustion models applicable 
to the dilute spray regime is presented. Therefore, complexities associ‑
ated with the dense regime, including interparticle collisions as well as 
primary and secondary atomization, are not covered. Further, we restrict 
ourselves to a brief discussion on large eddy simulation, which has 
found applications in both laboratory and industrial applications of tur‑
bulent combustion without a change in phase. The gas phase‑based tur‑
bulent combustion models such as flamelet, conditional moment closure 
and transported filtered density function methods have been developed 
and extensively used for combustion without a phase change. However, 
careful adaptation and extension of these models are necessary toward 
modeling of turbulent combustion with phase change. This article pre‑
sents a review of recent advances and directions of future research on 
modeling of turbulent combustion for dilute sprays.
Keywords: Spray combustion, Turbulent combustion, Large eddy simulation, Filtered density function, 
Mixture fraction, Evaporation
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systems in the foreseeable future. Liquid fuel 
often injected as a thin column or sheet even-
tually disintegrates to produce a large number 
of fine, dispersed liquid droplets. These drop-
lets undergo dispersion and evaporation as they 
move under the influence of the gas phase and 
subsequently evaporated fuel mixes with the 
surrounding oxidizer leading to combustion. 
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While turbulence remains as one of the unre-
solved problems in classical physics, conversion of 
chemical to thermal energy through a myriad of 
chemical reactions in a turbulent flow field poses 
unparallel complexities associated with funda-
mental understanding and predictive modeling 
of highly nonlinear turbulence chemistry and 
turbulence spray interactions. Therefore, numeri-
cal simulations of turbulent reacting sprays rely 
heavily on the accurate description of primary 
and secondary atomization, droplet dispersion 
and evaporation under the influence of underly-
ing turbulent flows, as they are considered to be 
the rate-limiting process1.

Turbulence modeling approaches, such 
as direct numerical simulations (DNS), large 
eddy simulations (LES) and Reynolds-aver-
aged Navier–Stokes (RANS) have been used to 
model spray combustion. A Eulerian-Lagrangian 
approach2, where the droplets are tracked in the 
Lagrangian frame using Newton’s equation of 
motion and the gas phase in the Eulerian frame, 
is mostly used to model dilute sprays. In this 
approach, a ‘point-particle’ assumption is made, 
where the dispersed, particle phase is assumed 
to be of the order of the subgrid size. In the con-
text of LES, these subgrid size droplets interact 
with underlying subgrid turbulence, and hence 
the droplet modeling should reflect the effects 
of these unresolved subgrid-scale fluctuations of 
flow variables on droplet dispersion and inter-
phase transfer rates. LES is a three-dimensional, 
unsteady computational technique where the 
unsteady Navier–Stokes equations are spatially 
filtered, the large scales of the flow are directly 
computed after removing the instantaneous 
small-scale fluctuations by the filter and the influ-
ence of the unresolved, subgrid scales on the 
resolved scales is accounted using subgrid-scale 
stresses/fluxes. LES of turbulent combustion 
has only emerged as a science in the 1990s, and 
over the last two decades, it has been applied to 
a wide variety of combustion problems of both 
practical and research interests3. However, in the 
literature, there are only very limited instances of 
LES applied to turbulent reacting and nonreact-
ing sprays compared to LES of gas-phase com-
bustion. In this review article, we briefly present 
the state-of-the-art modeling approaches of spray 
combustion based on LES.

Models for turbulent combustion may be clas-
sified into two broad categories: mixture fraction-
based presumed filtered density function (FDF) 
approach, and the transported FDF approach. 
The mixture fraction concept has been routinely 
used for advancing our understanding on mixing 

and combustion processes for non-premixed tur-
bulent flows without a phase change and led to 
the development of several advanced modeling 
approaches for turbulent reactive flows. In mix-
ture fraction-based presumed FDF approaches, 
the instantaneous state relationship of reactive 
scalars with mixture fraction may be specified at 
different levels of difficulties: a burning profile 
based on infinite fast chemistry or Burke–Schu-
mann limit4, flamelet model5 and the conditional 
moment closure (CMC) model6, 7, while the FDF 
of mixture fraction may be conveniently assumed 
by β function. For reactive flows with phase 
change, the mixture fraction no longer remains a 
conserved scalar and the choice of the often used 
presumed β-pdf may be a questionable assump-
tion for spray combustion due to evaporation 
of droplets1, 8, 9. On the other hand, in the trans-
ported FDF method, the turbulent flow field is 
described by the transport equation of composi-
tion FDF or joint FDF of the velocity and scalars 
(species mass fractions, enthalpy/temperature). 
In the transported FDF formulation, the nonlin-
ear chemical source term does not require any 
closure, although the terms describing molecular 
mixing or micro-mixing term in the reactive sca-
lar space, fluctuating pressure term and transport 
of FDF in the velocity space by viscous stresses 
require closure models10–12.

Numerical simulations of dilute spray combus-
tion have been successfully performed in the past1, 

13–17. However, an improper choice of inlet bound-
ary condition could lead to inaccurate predictions. 
To develop and validate numerical models for 
turbulent combustion, well-defined inlet bound-
ary conditions should be supplied. In this review 
article, we present results from recent simulations 
of spray jet flames investigated at the University of 
Sydney18–20. These burners operate on the dilute 
spray regime, and hence complexities associated 
with atomization, secondary breakup, droplet col-
lisions, and coalescence can be neglected. Due to 
well-defined inlet conditions, these spray burners 
are suitable for development and validation of tur-
bulent spray combustion models, where the pri-
mary focus lies in modeling turbulence spray and 
turbulence-chemistry interactions.

Herein, a review of the state-of-the-art turbu-
lent combustion models for dilute reactive sprays is 
presented. The remainder of this chapter is organ-
ized as follows. In Sect. 2, the governing equations 
of continuous phase are briefly presented for dilute 
spray flames, followed by the governing equa-
tions for dilute sprays in Sect. 3. In Sects. 4 and 5, 
mixture fraction-based presumed FDF models 
and the transported FDF methods are described, 
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respectively. In Sect. 6, results from some of the 
recent numerical studies on the Sydney spray 
flames have been presented using various combus-
tion models. Finally, major conclusions and future 
research directions are summarized in Sect. 7.

2  Governing Equations of the 
Continuous Phase

In this section, we briefly present the gas phase-
governing equations within the LES framework 
for variable density, low Mach number, dilute 
reactive sprays by neglecting the acoustic interac-
tions and compressibility effects. To account for 
the density variation, density-weighted (or Favre) 
filtering is used for all flow variables except those 
that depend on the mass of the system, e.g., den-
sity and pressure. For any flow field variable φ , 
Favre-averaged quantity is written as:

where the overbar designates ordinary filtering, 
and the tilde specifies mass-weighted filtering. In 
LES, the instantaneous field variables are decom-
posed into resolved and subgrid-scale quantities 
as φ = φ̃ + φ

′

 . The LES equations are obtained 
by applying this decomposition on the govern-
ing equations, and subsequently applying the grid 
filter to the resulting equations. The large-scale 
or resolved fields are related to the instantaneous 
field via a filtering function G:

where the integral is over the entire computa-
tional domain V  and the filter function satisfies 
∫

V G(y)dy = 1 and G
(

y
)

= G
(

−y
)

. The filter 
function G has a filter width � , which may vary 
with position. It is desirable to have G as a posi-
tive definite function, so that a subgrid FDF may 
be defined. Although the small-scale fluctuations 
are removed by the filter, the influence of the 
unresolved subgrid scales on the resolved scales 
is modeled in terms of the subgrid-scale stresses/
fluxes. For dilute reacting sprays, the filtered 
Navier–Stokes equations can be written as:

(1)φ̃ =
ρφ

ρ̄
,

(2)φ̃(x, t) =
1

ρ̄

∫

V

ρ(y, t)φ(y, t)G(x − y)dy,

(3)
∂ρ̄

∂t
+

∂

∂xj
(ρ̄ũj) =

¯̇Sρ ,

(4)

∂

∂t
(ρ̄ũi)+

∂

∂xj

(

ρ̄ũiũj
)

= −
∂ p̄

∂xi

+
∂

∂xj

(

2µ̄S̃ij

)

−
∂τ

sgs
ij

∂xj
+

¯̇Sui ,

where ũi is the density-weighted filtered velocity 
of the gas phase, and ρ̄ and p̄ are the filtered den-
sity and pressure, respectively.

The subfilter stresses, τ
sgs
ij = ρ̄ũiuj − ρ̄ũiũj , 

is popularly modeled using eddy viscosity-based 
models such as the Smagorinsky model21, the 
dynamic Smagorinsky model of Germano-Lilly22, 

23 and the wall-adapting local eddy (WALE) vis-
cosity model24. In the dynamic Smagorinsky 
model22, the deviatoric part of the subgrid stress 
is related to the filtered strain tensor tensor via 
τ
sgs
ij = −2µsgsS̃ij , where Lagrangian averaging 

technique25 is often used for averaging along 
a streamline. The subgrid scale (SGS) viscos-
ity is modeled as µsgs = ρ̄(Csgs�

2)||S̃ij|| . The 
Smagorinsky constant Csgs is determined by the 
dynamic procedure22. Here, the filtered strain 
rate tensor is given as S̃ij =

1
2

(

∂ũj
∂xi

+
∂ũi
∂xj

)

 , and 
the Frobenius norm of the strain rate tensor as 

||S̃ij|| =

√

2S̃ij S̃ij  . The modeling of the filtered 

interphase transfer terms, ¯̇Sρ and ¯̇Sui , is discussed 
in the next section. A transport equation of 
energy is often solved separately to obtain the gas 
phase temperature field,

where � is the thermal conductivity of the gas, 
¯̇ωh is the energy source term due to chemical 
reaction and ¯̇Sh is the filtered source term due 
to heat exchange between discrete phase and 
the continuous phase. The subfilter heat flux, 
q
sgs
j,h = ρ̄˜ujh− ρ̄ũj h̃, may be modeled using the 

gradient approximation as q
sgs
j,h = −

µsgs

Prt
∂h̃
∂xj

 , where 
Prt is the turbulent Prandtl number. The viscous 
dissipation and the pressure contribution terms 
are neglected in Eq. (5).

3  Modeling of the Dispersed Phase
The dispersed liquid phase is most often modeled 
based on the stochastic particle method (SPM), 
in which the liquid phase is represented by a large 
number of discrete computational parcels. Each 
computational parcel consists of a finite num-
ber of droplets Nd , with identical properties, e.g., 
the d-th parcel consists of droplets with identi-
cal location (xd) , diameter (Dd) , velocity (vd) and 
temperature ( Td ). The uniform temperature or 
the infinite liquid conductivity thermal model of 
Abramzon and Sirignano26 is often used in the lit-
erature to describe evaporation1, 9, 14, 27. The effect 

(5)

∂

∂t

(

ρ̄h̃
)

+
∂

∂xj

(

ρ̄ũj h̃
)

=
∂

∂xj

(

�
∂T

∂xj

)

−
∂q

sgs
j,h

∂xj
+ ¯̇ωh +

¯̇Sh,
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of radiation on droplet heating and evaporation 
may be neglected, although the use of a uniform 
radiation absorption model for spray combus-
tion has been recommended28. In SPM, the liq-
uid droplets are tracked following the Lagrangian 
framework. For dilute sprays, both droplet-drop-
let interaction and coalescence may be neglected. 
The governing equations for the individual drop-
lets are expressed as2, 29:

In the above equations, the superscripts ‘g’ 
and ‘l’ refer to the gaseous state remote from the 
droplet location and liquid state, respectively. The 
latent heat of evaporation is Lv , and the gas and 
liquid specific heats are C

g
p and C l

p , respectively. 
Further, the non-dimensional numbers for heat 
and mass transfer between the droplet and sur-
rounding gas phase, and Nusselt (Nu) and Sher-
wood (Sh) numbers for each droplet parcel may 
be evaluated as26:

In the above expression, the droplet Reynolds 
number is given as Red = ρgDd|u

g
d − vd|/µg . The 

Prandtl number Pr = µgC
g
p/�g and the Schmidt 

number Sc = µg/(ρD)g are evaluated using a 
suitable ‘film’ composition and temperature based 
on the ‘1/3 rule’30, where weighted-average values 
of composition and temperature between the gas 
side of the liquid droplet and gas phase remote 
from the droplet surface are used to evaluate 
the variable thermophysical properties, e.g., the 
dynamic viscosity µg , thermal conductivity �g , 
mass diffusivity (ρD)g and specific heat capacity 
of the gas C

g
p appearing in the liquid phase equa-

tions. The droplet relaxation timescale is defined 
as τd = ρlD

2
d/(18µg) and f1 = 1+ 0.15Re0.687d  is 

the correction to the droplet drag coefficient29. 
The Spalding numbers, which are considered as 

(6)
dxd

dt
= vd,

(7)
dvd

dt
= f1

u
g
d − vd

τd
+

(

1−
ρg

ρl

)

g ,

(8)

dTd

dt
=

NuC
g
p

3PrC l
p

(

T
g
d − Td

τd

)

ln(1+ BH)

BH
+

ṁdLv

mdC l
p

,

(9)ṁd =
dmd

dt
= −

Sh

3Sc

md

τd
ln(1+ BM).

(10)
Nu = 2+ 0.552Re

1/2

d
Pr

1/3

and Sh = 2+ 0.552Re
1/2

d
Sc

1/3
.

the driving potential for heat and mass transfers, 
are given as

where YF is the fuel vapor mass fraction. The 
superscript ‘s’ refers to the condition on the gas 
side at the droplet surface. In Eq. (11), the tem-
perature and fuel mass fractions in the gas phase 
far from the droplet surface are T

g
d  and Y

g
F,d , 

respectively. Assuming thermodynamic equilib-
rium between the liquid and vapor phases, Y s

F is 
calculated using the Clausius–Clapeyron relation 
in terms of the molecular weights of the air Wair 
and fuel WF as:

where the partial pressure of the fuel vapor is 
given as

In the above expressions, the gas phase 
temperature at the droplet surface is taken as 
T s
g = Td , T b is the boiling temperature of the liq-

uid fuel at 1 atm and Ru is the universal gas con-
stant. In Eqs. (6)–(9), the gas phase velocity (u

g
d) , 

temperature (T
g
d ) and fuel mass fraction (Y

g
F,d) are 

needed to evaluate the evaporation rate and the 
temperature rise of the droplets.

Following De and Kim14, the instantaneous gas 
phase velocity appearing in the droplet equations 
may be modeled by randomly sampling a Gauss-
ian distribution function with a mean equal to the 
filtered gas phase velocity (ũ) and the variance rep-
resented by 2ksgs/3 . The unresolved kinetic energy 
of the gas phase is obtained using an equilibrium 
argument: ksgs = 2�C

2/3
sgs S̃ij S̃ij

14. This droplet 
dispersion model assumes local turbulence to be 
isotropic. A stochastically fluctuating value of the 
gas phase mixture fraction, seen by an individual 
droplet, is randomly sampled from the subfilter 
FDF of the local gas phase mixture fraction, rep-
resented by computed filtered mean and variance 
of mixture fraction at the droplet location. Further 
details on the modeling of the SGS velocity/scalar 
fluctuations are available in De and Kim14.

3.1  Modeling of Filtered Evaporation 
Source Terms

The effects of droplets on the carrier gas are 
included through interphase source terms in the 

(11)
BH = C

g
p
T

g
d − Td

Lv
and BM =

Y s
F − Y

g
F,d

1− Y s
F

,

(12)Y s
F =

[

1+
Wair

WF

(

p̄(xd)

pF
− 1

)]−1

,

(13)pF = exp

[

−
WFLv

Ru

(

1

T s
g

−
1

T b

)]

.
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gas phase continuity, momentum, and scalars 
equations. With the ‘point-particle’ assumption, 
a filtered, interphase transfer source term can be 
obtained as:

where Ṡφ,d refers to the interphase transfer term 
arising due to the d-th droplet located at the posi-
tion xd . The subscript φ = {ρ,ui, h} corresponds 
to the mass, momentum and enthalpy. The sum-
mation is carried out over all the particles within 
the domain V  . The source terms, Ṡγ ,d , due to 
the dth droplet parcel in the filtered continuity, 
momentum, and enthalpy equations are:

where Nd is the number of droplets in each com-
putational parcel.

4  Mixture Fraction‑Based Presumed FDF 
Approach

The mixture fraction concept has been routinely 
used for advancing our understanding of mix-
ing and combustion processes for non-premixed 
turbulent flows without a phase change and led to 
the development of several advanced combustion 
models for turbulent flows. The mixture fraction 
is defined as the normalized value of a conserved 
scalar31. In turbulent flows, mixture fraction at a 
physical location undergoes random fluctuations, 
but it exhibits statistics similar to those observed 
in non-reactive flows. In mixture fraction-based 
presumed FDF approaches14, 27, 32, fluctuations in 
the gas phase reactive scalars (temperature, spe-
cies mass fractions) are assumed to be associated 
with those in conserved scalar mixture fraction. 
Mean values of reactive scalars, i.e., composition 
and temperature at any physical location, are 
obtained by convoluting their instantaneous state 
relationship to the mixture fraction with the FDF 
of the mixture fraction.

4.1  Bilger’s Definition of Mixture Fraction 
for Reactive Sprays

Classical and current approaches33, 34 of the drop-
let and spray combustion utilize the concept of 
conserved scalars in the form of Shvab-Zel’dovich 

(14)
¯̇Sφ(x) =

∑

d

∫

V

Ṡφ,dδ(xd − y)G(x − y)dy,

(15)Ṡρ,d = −Ndṁd ,

(16)Ṡui ,d = −Nd
d

dt

(

mvd,i
)

,

(17)Ṡh = −Nd
d

dt

(

mclpTd

)

,

variables. In most of the previous modeling effort 
on turbulent spray combustion32, 35, the conven-
tional definition of mixture fraction has been 
routinely used, which remains conserved within 
the pure gaseous phase. Such a mixture fraction 
no longer remains a conserved quantity in the 
presence of evaporating droplets. Naturally, there 
exists a disjoint between the treatment of the 
droplet evaporation with the established theory 
and modeling of non-premixed mixing and com-
bustion processes in the gas phase36. As a result, 
the same conserved scalar could not be used to 
describe the aforementioned liquid and gas phase 
phenomena. Bilger36 provides seamless integra-
tion of treatment of the droplet evaporation and 
modeling of mixing and combustion processes 
in the gas phase by defining the mixture frac-
tion that is valid in both the gas and the liquid 
phases instantaneously. In LES, only the filtered 
quantities of the instantaneous flow field vari-
ables, namely velocity, temperature, and compo-
sition, are resolved. As a consequence, if the liquid 
phase-governing equations are solved using these 
filtered gas phase variables, then the effect of the 
subgrid-scale fluctuations would not be consid-
ered. Therefore, the inclusion of the effect of these 
SGS fluctuations becomes necessary to accurately 
describe the droplet dispersion and interphase 
heat/mass transfer rates. In most of the previous 
studies, the liquid phase-governing equations are 
very often solved by assuming that the gas phase 
properties seen by droplets are typically taken 
as the filtered values, and thereby neglecting the 
subgrid fluctuations in gas phase reactive scalars, 
namely, temperature and composition. Neglect-
ing the scalar fluctuations may not be justified in 
reacting sprays, as it is well known that there exist 
strong effects of turbulent mixing on fluctuations 
in gas phase reactive scalars. Bilger’s definition 
of mixture fraction has been used in the context 
of RANS-based fully stochastic separated flow 
(FSSF) approach of turbulent reacting sprays13. 
Following Bilger36, the mixture fraction is defined 
as unity and zero in liquid droplet and pure gas 
phases, respectively. Turbulence-chemistry inter-
action is modeled using a presumed PDF of the 
mixture fraction with infinite fast chemistry 
assumption within the gas phase represented by a 
single-step irreversible reaction.

4.2  Flamelet Progress Variable Approach
The flamelet progress variable (FPV) model was 
originally proposed by Pierce and Moin37 for 
non-premixed gaseous phase combustion in the 
context of LES. The FPV approach successfully 
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predicted extinction/re-ignition phenomena 
in non-premixed turbulent flames38. The mix-
ture fraction-based RANS-FSSF model13 has 
been extended to LES of reacting sprays where 
the finite-rate gas phase chemistry is considered 
via flamelet progress variable (FPV) approach14, 
where a novel stochastic method is proposed to 
consider the effects of the SGS fluctuations of the 
gas phase reactive scalars on droplet evaporation 
and interphase heat/mass transfer. The effects of 
the subgrid evaporating droplets on the model-
ling of the two-phase source terms in the trans-
port equation of variance of mixture fraction, 
subfilter scalar mixing processes and subfilter 
fluctuations in the gas phase reactive scalars on 
droplet evaporation and dispersion are modelled.

In the FPV approach, the internal structure 
of turbulent flame is assumed to remain lami-
nar5, and a reactive scalar is defined using the 
computed flamelet solution. The flamelet equa-
tions are solved to obtain the state relationship 
or mapping between a reactive scalar (or chemi-
cal source term) and reference space or inde-
pendent variables, namely, mixture fraction Z 
and reaction progress variable, C39. The progress 
variable is usually defined as the sum of product 
mass fractions, C = YH2 + YH2O + YCO + YCO2
14, 27. Several other definitions of progress vari-
able are possible. In FPV, the filtered reactive 
scalars are obtained by convoluting φ(Z,C) with 
the joint FDF of the mixture fraction and the 
progress variable P̃(Z,C) The joint FDF may be 
approximated as P̃(Z,C) = P̃(C)P̃(Z) by assum-
ing Z and C to be statistically independent. The 
β-function is used often to represent P̃(Z)9, 14, 

27. For P̃(C) , Dirac delta function, δ(C − C̃) , as 
used to approximate P̃(C)13, 37. A β-function for 
reaction progress variable may also be used as 
done in the LES—flamelet generated manifolds 
(FGM) study40, 41. For the dilute spray regime, the 
standard β-function parameterized by the filtered 
mean and the subgrid variance of the mixture 
fraction is used for the FDF of the mixture frac-
tion, P̃(Z) , with 0 ≤ Z ≤ 19, 14. In FPV, additional 
transport equations for the filtered mixture frac-
tion, subgrid variance of mixture fraction and 
filtered reaction progress variable C̃ are solved. 
The filtered equations for the mixture fraction 
and reaction progress variable are obtained by 
employing phase-conditional filtering and invok-
ing ‘dilute spray’ assumption36:

(18)

∂(ρ̄C̃)

∂t
+

∂(ρ̄ũjC̃)

∂xj
=

∂

∂xj

(

ρ̄D̃
∂C̃

∂xj

)

−
∂q

sgs
j,C

∂xj
+ ρ̄ ¯̇ωC,

where D is the molecular diffusivity. In the above 
transport equations, the SGS scalar fluxes q

sgs
j,φ 

where, φ = {Z,Z
′′2,C} , are modeled as follows:

The dynamic model22 may be used 
to determine the turbulent diffusivity, 
Dt,φ = Csgs,φ�

2|S̃ij| . The constant Csgs,φ is deter-
mined separately for each variable φ = {Z,Z

′′2,C} 
at all physical locations. The chemical source 
term, ¯̇ωC in Eq. (18), is obtained after convolut-
ing ¯̇ωC(Z,C) with the joint FDF P̃(Z,C) as dis-
cussed earlier. The subgrid scalar dissipation 
rate s̄χ

Z
 term appearing in Eq. (20) is modeled 

assuming a linear relaxation for the SGS scalar 

dissipation rate, s̄χ
Z
=

˜

Z
′′2

τφ
 . Here, the scalar mix-

ing timescale is τφ =
τt
Cφ

 , turbulent SGS timescale 

is τt ≈ �2/max(D,Dt) and Cφ is the scalar dis-
sipation constant. For gaseous mixing, Cφ = 2 is 
widely used, while higher values have also been 
reported using the transported FDF simulations42, 

43. Evaporating droplets are expected to signifi-
cantly affect the small-scale mixing process. How-
ever, a thorough understanding of their effects on 
the scalar dissipation rate is lacking. The last terms 
in Eqs. (18)–(19) are the source terms due to 
interphase transfer. The evaporation source terms 
in Eqs. (8)–(9) may be written as36, 44:

More details on the evaluation of the inter-
phase transfer terms are available in De and 
Kim14. This approach simplifies the construction 
of the flamelet lookup table used in LES, since 
the parameter Zs (Eq. (17)) does not need to be 
considered. However, there are instances when a 
modified form of the β-function between Z = 0 
and the local maximum mixture fraction of the 

(19)

∂(ρ̄Z̃)

∂t
+

∂(ρ̄ũj Z̃)

∂xj
=

∂

∂xj

(

ρ̄D̃
∂Z̃

∂xj

)
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gas phase Z = Zm are used following the conven-
tional definition of mixture fraction. The effect 
of radiation could be included in flamelet mod-
els by introducing another parameter, namely, 
enthalpy defect, which represents a departure 
from the adiabatic condition27, 45. Most state-of-
the-art research that accounts for the flamelet 
library generation for non-adiabatic processes 
have only dealt with radiation for pure gas phase 
combustion46. The modeling of these non-adi-
abatic processes remains an open problem since 
the spray distribution in the physical space is 
entirely uncorrelated to the mixture fraction 
space.

4.3  Conditional Moment Closure Method
In non-premixed flows, where there is mix-
ing between fuel and oxidizer streams, the reac-
tive scalars within the mixing field depend 
strongly on the local and instantaneous value 
of the mixture fraction Z(x, t) . The condi-
tional expectation Q(η; x, t) of a scalar vari-
able φ(x, t) , conditioned on the associated value 
Z(x, t) taking a specific value η is defined as 
Q(η; x, t) = φ(x, t)|Z(x, t) = η . Here, the nota-
tion of vertical bar indicates that the average 
is taken upon those members of the ensem-
ble which obey the condition to the right 
of the bar. Then, the local and instantane-
ous value of the scalar can be decomposed as: 
φ(x, t) = Q(Z[x, t]; x, t)+ φ

′′

(x, t) . In the con-
ditional moment closure (CMC) method6, 7, the 
transport equations for conditional scalars (tem-
perature or enthalpy and species conservation) 
may be derived either from the joint-FDF method 
or decomposition method. The CMC equations 
are derived based on the assumption that most 
of the fluctuations in scalar quantities of inter-
est could often be associated with the fluctuation 
of one key quantity. If closure of the conditional 
scalars appearing in the reaction rate term is 
achieved at the first-moment level by neglecting 
the conditional fluctuations, the model is said to 
be ‘first-order CMC’ model. The transport equa-
tion of the conditional moment of any species α 
may be written as in47, 48:

Here, the subscript η denotes the conditionally 
averaged property, Nη the scalar dissipation rate 
and uη is the conditional velocity. The conditional 

(23)
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reaction rate, ¯̇ωη,α in first-order CMC model with 
single-step reaction is directly obtained from the 
Arrhenius reaction rate expression using condi-
tional mean values of temperature and composi-
tion44, 49. For cases where the fluctuations about 
conditional means of a scalar are present in sig-
nificant proportions (e.g., flames with extinction 
and re-ignition), the closure is necessary at the 
second moment level, which is known as ‘second-
order CMC’ model50. Sometimes, another varia-
ble such as sensible enthalpy is used as the second 
conditioning variable51. The CMC equations with 
added dimension (mixture fraction space) are 
solved in tandem with flow field in case of fully 
coupled equations. The flow solver provides the 
mixing field information to the CMC equations, 
while the CMC solver offers the data of the mean 
density field to the flow solver. However, the CMC 
model incurs tremendous computational efforts 
mainly due to the added dimension, namely the 
mixture fraction space.

5  Transported FDF Method
Transported PDF (TPDF) methods for reactive 
flows were introduced initially in the context of 
RANS10. Later, the application of this method was 
extended to LES based on the concept of FDF11, 

52–54. In the transported FDF (TFDF) method, 
the turbulent field is described by the transport 
equation of joint FDF of the velocity and scalars 
(enthalpy and species mass fractions). The trans-
port equation of joint FDF may be derived from 
Navier–Stokes equations and conservation equa-
tions for scalars12, 55. Only very few attempts have 
been made so far on the TFDF method for tur-
bulent reactive flows with phase change16, 56–58. 
In the following section, we briefly present the 
composition FDF transport equation, followed by 
Lagrangian particle and Eulerian stochastic fields 
(ESF) solution approaches.

5.1  Transport Equation of Composition 
FDF

The filtered scalars may be obtained using the 
one-point, one-time joint FDF of the continu-
ous gas phase: P̃(ψ; x, t)16, where ψ is the sample 
space variable corresponding to the composition 
vector {φβ , h; 1 ≤ β ≤ N } containing species 
mass fractions (N) and enthalpy, respectively. The 
joint FDF may be defined as11, 52, 57, 59,

where δ is the Dirac delta function. The fil-
tered density, ρ̄ , may be obtained in terms of the 
joint FDF as ρ̄(x, t) = ∫ P̃(ψ; x, t)dψ . The term 

(24)P̃(ψ; x, t) = ∫ ̺
[

ψ ,φ
(

y, t
)]

G
(

x − y
)

dy,
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̺[ψ ,φ(x, t)] = δ[ψ − φ(x, t)] =
∏Ns

α=1 δ[ψα − φα(x, t)] 
is the fine-grained density (̺)11, 52, 60, 
where Ns = N + 1 is the total num-
ber of reactive scalars (N, enthalpy), i.e., 
{

φβ , h; 1 ≤ β ≤ N , 1 ≤ α ≤ Ns

}

 . The trans-
ported FDF equation may be written as16, 57

In the above equation, Dt is turbulent diffu-
sivity, φf

β is the mass fraction of any specie ‘ β ’ in 
the evaporating spray droplet, ¯̇ωh(ψ) is the source 
term in the energy equation due to chemical reac-
tions and D =

1
ρ̄

∂
∂xi

ρD
∂φα
∂xi

 is the diffusion term. 
The contributions arising due to evaporating 
droplets are modeled by the conditional evapo-

ration rate source term ˜̇Sρ |ψ , and the source 
term due to energy interactions between the gas 

and liquid phase ˜̇Sh|ψ . The salient feature of the 
transported PDF/FDF methods is that the chemi-
cal source term ¯̇ωα(ψ) appears as closed and 
requires no modeling. However, the molecular 
mixing or micro-mixing term in the reactive sca-
lar space, the fluctuating pressure term and the 
transport of FDF in the velocity space by viscous 
stresses require closure models. The micro-mix-
ing term may be closed using various molecular 
mixing models, such as the Euclidean minimum 
spanning tree (EMST)61, interaction by exchange 
with mean (IEM) or linear mean square estima-
tion (LMSE)52, 62 and the modified curl (MC)61 
models. Heye et al.16, 57 used the IEM model to 
close the conditional subgrid diffusion terms as

The solution of transported PDF/FDF equation 
becomes infeasible using conventional numeri-
cal methods, as the computational cost increases 
exponentially with an increase in the number of 
scalars used to describe the joint FDF P̃(ψ; x, t) . 
Monte Carlo (MC) method using Lagrangian par-
ticles52, 63–65 and Eulerian stochastic fields (ESF) 
method16, 57, 66, 67 are often used to achieve a solu-
tion of the joint FDF equation.
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(26)D̃β |ψ =
1

τφ
(ψβ − φ̃β),

(27)D̃h|ψ =
1

τφ
(ψh − h̃).

5.2  Lagrangian Particle Method
In this approach16, 59, 63, the transport equation of 
FDF, Eq. (25) is converted to equivalent stochas-
tic differential equations (SDE) and solved using 
an ensemble of notional particles, which evolve 
in time and space based on the Lagrangian frame-
work by solving the SDEs. Individual notional 
particles carry fluid properties, such as weight wi , 
position xi , composition φi and enthalpy hi . The 
sum of weights of all particles is equal to the gas 
phase density at that location, i.e., 

∑Np

i=1 wi = ρ̄�v , 
where �v is the filter volume and Np is the number 
of stochastic particles in that volume.

Using the MC method, the SDEs are solved 
to evolve the fluid property vector in the physi-
cal and the composition spaces16. The transport 
of the particles in the physical space may be 
described as52, 63:

where �t is the time step, and dωi is the Weiner 
term in the i-th direction. The change in particle 
composition may be written as

After the solution of the SDE, the filtered 
value of any scalar φ is obtained in terms of the 

weighted average as φ̃α =

∑Np
j=1 wαφα
∑Np

j=1 wα

 . Though 

the Lagrangian MC method is more accurate 
than the ESF method, it becomes computation-
ally intensive with an increase in the number of 
notional particles68.

5.3  Eulerian Stochastic Fields Approach
In the ESF approach, the transport equation of 
FDF, Eq. (26) is solved by representing P̃(ψ; x, t) 
as an ensemble of Nsf notional stochastic fields67. 
A system of SDEs is solved to describe the evolu-
tion of each stochastic field for all CFD cells within 
the Eulerian framework. In the ESF model, the 
joint FDF P̃(ψ; x, t) is represented by Nsf stochas-
tic fields ξ kα (x, t); 1 ≤ k ≤ Nsf, 1 ≤ α ≤ Ns for all 
Ns (N + 1) scalar variables {φβ , h; 1 ≤ β ≤ N }

69:
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The system of SDE governing the evolu-
tion of these stochastic fields ξ kα (x, t) may be 
derived following Ito67 or Stratonovich70 for-
mulation. The mean value of the reactive scalars 
is obtained by averaging the stochastic fields as 

φ̃α =
1
Nsf

∑Nsf
1 ξ kα .

6  Recent Numerical Simulations of Spray 
Combustion

In this section, the gas- and liquid-phase statis-
tics are presented from recent numerical simu-
lations using different turbulent combustion 
models for dilute reactive sprays. As mentioned 
earlier, development and validation of compu-
tational models for turbulent spray combustion 

Figure 1: Experimental dilute spray burner of Gounder and Masri71,72.
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require well-defined inlet boundary conditions 
and measurements at downstream locations. 
Here, we present limited numerical results on 
reactive spray burners at the University of Syd-
ney18. Two different spray burners are chosen, 
namely piloted spray jet flame burner of Gounder 
and Masri19, 71, 72 and auto-igniting spray flames 
stabilized by vitiated co-flow of O’Loughlin and 
Masri20, 73. The turbulent spray combustion data-
base of the University of Sydney has been popular 
among the modelers due to availability of well-
defined inlet boundary conditions and measure-
ments at several downstream locations. Different 
fuels, e.g., acetone, ethanol and methanol were 
used in experiments. Apart from the Sydney spray 
flames, some other configurations have been used 
recently for dilute spray flames, among which 
Cambridge spray burner74, burner of Karpetis 
and Gomez75, CORIA Rouen burner76–78 and 
Delft spray in hot co-flow79, 80 offer well-defined 
measurements for validation of numerical mod-
els. A list of the recent database on spray flames is 
available in Jenny et al.1.

The Sydney piloted spray burner19, 71, 72, as 
shown in Fig. 1, employed an ultrasonic nebulizer 

to produce liquid droplets, which get entrained 
by the carrier air 215 mm upstream of the jet exit. 
The atomized fuel is carried by a stream of carrier 
air. Surrounding the jet and pilot is an air co-flow 
which shrouds the flame from the ambient air. De 
et al.13 studied numerically the ethanol reacting 
spray flames19, 71, 72 using the FSSF approach with 
fast chemistry assumption (discussed in Sect. 4.1) 
for the gas phase. The flames studied were EtF1, 
EtF4 and EtF7 (‘Et’ meaning ethanol fuel, ‘F’ for 
flame) and the succeeding numbers represent 
conditions at the jet exit, such as equivalence ratio 
φeq and carrier air velocity. EtF7 has the highest 
jet velocity among all flames of the EtF series. 
Also, Et7 has the lowest amount of evaporated 
fuel at the jet exit with an equivalence ratio of 
φeqexit = 0.05 at the jet exit, followed by EtF4 and 
EtF1 having φeqexit = 0.53 and 1.75, respectively.

Radial profiles of the filtered gas phase tem-
perature are shown in Fig. 2. A comparison is 
made between the prediction capabilities of 
two RANS-based models, namely, FSSF and the 
conventional stochastic separated flow (CSSF) 
model. It is seen that the FSSF model yields a bet-
ter agreement with the experiments compared to 

Figure 2: Radial profiles of filtered mean temperature for the flames EtF1, EtF4 and EtF7 at axial loca‑
tions: a x/D = 10, b x/D = 20, and c x/D = 30. Solid line, FSSF model13, dashed line, CSSF model13, and 
symbols, experimental data72.
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Figure 3: Radial profiles of gas phase mean temperature [14] with dashed lines‑NF‑E3, solid lines‑SF‑E3 
and (circle)‑experimental data [72] .

Figure 4: Radial profiles of time‑averaged temperature for EtF1 from RANS‑FSSF approach of De et al.13 
LES‑FPV of De and Kim14 transported FDF approach of Heye et al. 16 and experimental data of Gounder19 
at x/D = 10 (left) and x/D = 30 (right).
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the CSSF model. Considering the experimental 
uncertainties being as high as 10%13, the choice 
of the modeling approach appears to be convinc-
ing. De and Kim14 applied the LES-FPV approach 
(see Sect. 4.2) to study these flames mentioned 
above, namely EtF1, EtF4 and EtF7. The predicted 
Favre mean temperature profiles are shown in 
Fig. 3 from two different simulations with dif-
ferent subgrid-scale mixing and evaporation 
models, namely SF-E3 (subgrid scalar fluctua-
tion for droplet and transport equation for ˜Z ′′2 
with Cφ = 8 ) and NF-E3 (no subgrid scalar fluc-
tuation and transport equation for ˜Z ′′2-Eqn. with 
Cφ = 8 ). Inclusion of the SGS scalar fluctuations 
does not improve the temperature predictions for 
EtF1 and EtF4 but lead to an underprediction of 
temperature for EtF7. Overall, the results appear 
to be in reasonable agreement except for the case 
with a low amount of pre-evaporated fuel at the 
jet exit (EtF7).

Heye et al.16 performed simulations of the 
EtF1 flame using the Lagrangian particle method 
(see Sect. 5.2), where the joint FDF of the mixture 
fraction (Z) and reaction progress variable (C) is 
solved. The radial profiles of time-averaged, fil-
tered temperature are shown in Fig. 4 at two axial 
locations, and numerical results are compared 
with the available experimental measurements. 
An average of 20 notional particles per compu-
tational cell was used during these simulations. 

A separate simulation of turbulent flow in a pipe 
is used to prescribe the inflow turbulence flow 
field for the gas phase. As may be seen in Fig. 4, 
the spreading of the jet is very slow when com-
pared to the experiments. The simulations do not 
predict the temperature distribution within the 
flame, which the authors attributed to the lack of 
precise inflow conditions. For a comparison, tem-
perature profiles from RANS-FSSF13, LES-FPV14 
and transported FDF model16 are shown in Fig. 4.

There is no prediction from the CMC model 
(see Sect. 4.3) for the EtF flames. The CMC has 
been used to simulate acetone spray flames 
of Gounder and Masri71, 72. Only a few stud-
ies of CMC applied to spray flames are avail-
able in the literature. Here, we present numerical 
results from the CMC model of Ukai et al.32 for 
the acetone spray flame AcF3. Apart from this, 
CMC with tabulated chemistry81 and the CMC 
method based on two conditional moments15 are 
also available in the literature. Ukai et al.32 used 
artificial inflow turbulence using the digital fil-
tering techniques of Klein et al.82 and simulated 
the acetone spray flames, which are similar to 
the ethanol spray flames mentioned above with 
difference being the equivalence ratio at the jet 
exit (φeqexit) . Two meshes, 96× 96× 240 and 
3× 3× 40 , were used, respectively, for solving 
LES and CMC equations, respectively32. Radial 
profiles of the time-averaged filtered temperature 

Figure 5: Radial profiles of average temperature for the AcF3 from LES‑FGM of Chrigui et al.27, CMC 
method of Ukai et al.32 with and without spray source terms in the CMC equations and experimental 
measurements of Gounder19 at x/D = 10 (left) and x/D = 30 (right).
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from the CMC model32 and LES-FGM of Chrigui 
et al.27 are plotted in Fig. 5 at two axial locations, 
x/D = 10 and 30. Further, a comparison of the 
predicted temperature profile with and without 
the spray evaporation source terms in the CMC 
equations are also shown in Fig. 5. The trend of 
predicted filtered mean temperature agrees well 
for both the methods. At x/D = 30, it is seen that 
the inclusion of the spray evaporation source 
terms yields a better agreement in the predic-
tion of flame temperature. Both models under-
predict the centerline temperature at x/D = 30, 
which may be attributed to measurement errors 
using thermocouples and poor choice of inflow 
conditions. Overall, a reasonable agreement is 
achieved by these two techniques, which was fur-
ther improved using the CMC method with tabu-
lated chemistry81 and by solving two conditional 
moments15.

Besides the Sydney pilot-stabilized spray 
burner, the Sydney auto-igniting spray burner 
has also been used toward validation of turbulent 
combustion models. Among numerical studies 
on this burner, we present results from trans-
ported FDF methods, namely Lagrangian par-
ticle method (see Sect. 5.2) of Heye et al.57 and 
ESF method (see Sect. 5.3) of Prasad et al.83. The 
autoigniting spray in hot co-flow burner has a 
central jet, surrounded by a co-flowing oxidizer 
stream consisting of hot combustion products 

from a lean premixed hydrogen/air flame sta-
bilized over a perforated annular burner. The 
spray is produced by an ultrasonic atomizer, 
and the liquid droplets are entrained by ambi-
ent air (or inert nitrogen) stream. Further details 
on this spray burner may be found in Refs.20, 73. 
Comparison of the Favre filtered mean tempera-
ture is shown in Fig. 6 for the Mt2A spray flame 
from the Lagrangian particle method57 and ESF 
method83. The Mt2A case has 1.8% of pre-evap-
orated methanol at the jet exit. In the Lagrangian 
particle method, detailed chemical kinetics is 
used based on in situ adaptive tabulation (ISAT)84 
technique, where an average of 20 notional par-
ticles per computational cell is used. As seen in 
Fig. 6, both approaches could reasonably predict 
the trend in temperature observed during the 
experiment. Prasad et al.83 carried out a sensitiv-
ity study using Nsf = 1 and Nsf = 8 for the Mt2A 
case. At x/D = 5, the predicted temperature pro-
file is somewhat insensitive to the number of sto-
chastic fields; however, further downstream, at 
x/D = 40, a noticeable variation in the tempera-
ture is observed with the number of stochastic 
fields employed. It can be seen that the calcula-
tions using Nsf = 8 are closer to the experimental 
predictions than those obtained using Nsf = 1.

One of the advantages of the Sydney spray 
burners18–20 is the availability of the detailed meas-
urements of liquid phase statistics, such as mean 

Figure 6: Mean temperature of gas phase for the Mt2A from Lagrangian MC model of Heye et al.57, TFDF 
solution with one and eight stochastic fields of Prasad et al.83 and experimental results of O’Loughlin20, 73 
at x/D = 5 (left) and x/D = 40 (right).
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and rms velocity, Sauter mean diameter (SMD) 
for different size classes of liquid droplets at several 
downstream locations, which is extremely helpful 
toward model development and validation. In the 
present article, we do not attempt to present liquid 
phase statistics. Needless to say, most of the mod-
els for turbulent combustion described above could 
reasonably predict the liquid phase statistics.

7  Conclusions
A brief overview of the numerical models for tur-
bulent spray combustion is presented with results 
from recent numerical studies performed using 
the experimental measurements of the University 
of Sydney18–20. In this review article, we present 
state-of-the-art turbulent combustion models 
for gaseous phase which have been extended to 
simulate dilute spray combustion. No attempt 
has been made to provide information on com-
plex physical processes involving atomization, 
secondary breakup, particle-particle interactions, 
particle-wall interactions and modeling of dense 
sprays. While presenting the recent numerical 
results, we consider two popular spray combus-
tion burners, namely Sydney piloted spray burner 
and Sydney spray in a hot vitiated co-flow burner. 
These dilute spray burners with well-defined inlet 
boundary conditions are suitable for the devel-
opment and validation of the numerical models 
for turbulent spray combustion. Most turbulent 
combustion models when extended to spray com-
bustion could capture the experimental trend; 
however, differences in numerical results are 
noticed in regions with high droplet mass load-
ing. Some significant conclusions on different 
turbulent spray combustion models and possible 
future research directions are provided below:

1. RANS-based infinitely fast chemistry 
approach used by De et al.17 reasonably pre-
dicts the EtF flame series43, but may seem 
inappropriate for applications requiring 
detailed species predictions.

2. LES-based flamelet models seem to predict 
the overall flame structure of spray flames 
reasonably. However, there is a mismatch 
in regions with high droplet mass loading. 
Further, the flamelet model cannot capture 
transient combustion phenomena, such as 
extinction and re-ignition, adequately.

3. The CMC method has been recently applied 
to model turbulent spray flames, which can 
capture the transient combustion phenom-
ena to some extent. However, the CMC 

method becomes computationally prohibi-
tive when the number of species increases.

4. LES-based transported FDF approaches are 
regime independent and can predict extinc-
tion and re-ignition phenomena with rea-
sonable accuracy. However, they become 
computationally expensive with an increase 
in the number of notional particles (Np) or 
the stochastic fields (Nsf).

5. A more recent numerical model, namely 
the multiple mapping conditioning 
(MMC) approach, has yielded promising 
numerical results for acetone flames of Syd-
ney piloted spray burner85. This generalized 
version of the MMC method based on sparse-
Lagrangian MC technique used a significantly 
small number of particles as opposed to con-
ventional composition FDF methods86, 87.

6. It is apparent that in most of the experi-
mental setup of spray combustion, a sig-
nificant amount of premixing takes place at 
the inlet or within a small region within the 
flow field. Therefore, the numerical models 
should be developed in a manner that they 
can be applied to non-premixed, premixed 
and partially premixed spray flames.

7. Further, numerical models are needed to pre-
dict the complex physical phenomena asso-
ciated with dense sprays. For dense sprays, 
formulation of these turbulent combustion 
models needs to be developed and vali-
dated against experimental measurements. 
Thoroughly validated, accurate and efficient 
techniques for the numerical solution of 
combustion of sprays will help bridge infor-
mation gaps in studies where the application 
of experimental methods is difficult.

List of symbols
B: Spalding transfer number; Cp: Specific heat at 
constant pressure; D: Diameter; Ea: Activation 
energy; g: Acceleration due to gravity; Lv: Latent 
heat of vaporization; Nu: Nusselt number; Ru: 
Universal gas constant; P: Probability density func-
tion; q: Subgrid flux; Q: Conditional expectation; 
Sij: Strain rate tensor; T : Temperature; v: Liquid 
phase velocity; W : Molecular weight; Y : Mass frac-
tion; C: Reaction progress variable; Csgs: Smagorin-
sky constant; D: Diffusivity; G: LES filter function; 
h: Enthalpy; m: Mass; Re: Reynolds number; p: 
Gas phase pressure; Pr: Prandtl number; Ṡ: Inter-
phase transfer term due to droplet evaporation; Sc
: Schmidt number; Sh: Sherwood number; u: Gas 
phase velocity; w: Weight of a notional particle; x: 
Spatial location; Z: Mixture fraction.
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Greeks
α: Total reactive scalars (including enthalpy); �
: LES filter width; δ: Dirac delta function; µ: Vis-
cosity; τ: Timescale; ω̇: Reaction rate; β: Reactive 
scalars (without enthalpy); �v: Filter volume; �
: Thermal conductivity; ρ: Density; τij: Stress 
tensor.

Subscripts and superscripts
d: Droplet; g: Gas phase; p: Notional particle; sgs: 
Subgrid scale; F: Fuel; l: Liquid phase; sf: Stochas-
tic fields.

Abbreviations
CMC: Conditional moment closure; ESF: Eule-
rian stochastic field; FPV: Flamelet progress vari-
able; FSSF: Fully stochastic separated flow; MMC: 
Multiple mapping conditioning; PDF: Probabil-
ity density function; SDE: Stochastic differential 
equation; DNS: Direct numerical simulation; 
FDF: Filtered density function; FGM: Flamelet-
generated manifolds; LES: Large eddy simulation; 
MC: Monte Carlo; SGS: Subgrid scale; SPM: Sto-
chastic particle method.
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