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Linear and Non-linear Analysis of Breakup
of Liquid Sheets: a Review

Debayan Dasgupta’, Sujit Nath! and Achintya Mukhopadhyay””

Abstract | Atomization primarily involves interaction between liquid and
surrounding gaseous medium resulting in the growth of unstable waves
on a distorted liquid surface. There is a huge volume of work surrounding
various models and theories involved in investigation of interface dynam-
ics during sheet breakup. The present work summarizes the linear and
nonlinear studies for different geometrical shapes of liquid sheet such as
planar, annular, and swirling. The techniques involved in deriving nonlin-
ear governing equations such as perturbation technique, multiple scales
approach, and long wave approximation have been outlined. Effects of
various factors on sheet instability such as viscosity, compressibility,
surface temperature difference, unequal velocity, lateral waves and gas
swirl have been listed. Research lacunae and scope of future work are

presented in the summary.

1 Introduction

Atomization can be encountered in a variety
of engineering and industrial processes span-
ning medical, automotive, power generation,
agriculture, food processing, etc. Desired spray
characteristics usually depend upon the area of
application. For instance, food processing indus-
try requires food sprays to be produced such that
it would not alter the complex material structure
and essential product characteristics such as taste,
nutrition and shelf life!. Fuel droplets having dif-
ferent sizes and velocities are required at differ-
ent times in liquid-fueled combustion engines to
achieve cold start-up, flame stability, etc. Bron-
chial sprays require very fine micro-scale droplets
that can easily pass through narrow respiratory
tracts. Hence, an accurate and detailed measure-
ment of droplet properties like droplet size dis-
tribution or mean size (Sauter mean diameter
or mass mean diameter), velocity, mass flow rate
(flux), final splat dimension, among others is very
essential to completely understand spray pro-
cesses and validate spray models®>. However, no
intrusive technique is desired during the meas-
urement of droplet properties that can disturb
the spray pattern. The measurement technique
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ideally should have the capability to measure a
large range of spatial and temporal distributions.

Literature reveals the existence of several com-
prehensive deterministic tools that can substitute
the use of experimental methods in determin-
ing droplet size and velocity distributions. Such
comprehensive methods usually combine two
submodels namely, sheet breakup model and
droplet distribution model. Sheet breakup is a
very complex mechanism and is yet to be fully
understood. In addition, hydrodynamic approxi-
mation becomes invalid at the time of rupture
of fluid into discrete droplets when molecular
dynamics comes into picture. However, to pre-
dict atomization features within low cost, efforts
have been made to develop semi-empirical cri-
teria of breakup that forms a link between the
liquid destabilization model and resulting dis-
crete droplet distribution®. Primary atomiza-
tion involves aerodynamic interaction of liquid
sheet with ambient gas in presence of four pri-
marily important forces namely, gravity force
(pL’g), inertia (p,L?V?), surface tension (oL)
and viscous force (yLV) where p; denotes liquid
density, L is the characteristic length, V is the
characteristic velocity, o denotes surface tension,
#; denotes kinematic viscosity of liquid and g
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denotes acceleration due to gravity*. In addition,
there exist gravity, viscous and inertia forces of
the ambient gases. Sheet breakup usually occurs
when combined effect of the external disruptive
forces exceeds the consolidating effect of surface
tension force. A complex interaction between
these forces generates waves on the gas-liquid
surface which grow in amplitude as the sheet
moves downstream. As the disturbance amplitude
reaches a critical value, the liquid sheet breaks
down into film bands under the influence of the
most unstable disturbance. The consolidating
effect of surface tension force contracts the bands
into cylindrical ligaments which further interact
with the surrounding medium and finally disinte-
grate into discrete droplets.

The sheet breakup model can be subdivided
into linear and non-linear theories which use
different flow parameters as input to predict
breakup length/time and ligament diameter as a
result of primary and secondary sheet breakup.
While linear theories can predict the onset of
instabilities and initial temporal/spatial growth
rates when the perturbations are infinitesimal,
they are not suitable to predict sheet behavior
when the disturbance amplitude becomes too
large®. However, inclusion of second- or third-
order terms in non-linear theories has proved to
be useful in predicting interface dynamics with
sufficient accuracy at later stages of sheet devel-
opment when the wave amplitude and sheet
thickness are of the same order® ’. The droplet
distribution model uses information from the
nonlinear model like breakup length/time and
mean drop diameter to finally predict droplet size
and velocity distribution. The two models can be
represented as shown in Fig. 1.

Except for few recent literatures, which
developed a comprehensive model combining
both the modules, such as Kim et al.}, Movahed-
nejad’, Nath et al.'’ and Dasgupta et al.'!, most
of the existing works have focused either on
the breakup module or the droplet distribution
module. Studies on droplet distribution mod-
ule usually use analytical approaches based
upon statistical description and probabilistic
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consideration such as maximum entropy prin-
ciple (MEP) and discrete probability function
(DPF) and are not included in the present paper
in the interest of space limitations. The current
study mainly tries to review existing works on
modelling of sheet breakup based upon linear
and non-linear instability analysis and numeri-
cal simulations. The objective is to focus on the
recent developments which can be included in
a comprehensive model to elaborate the phys-
ics of primary sheet breakup.

2 Instability Analysis of Liquid Sheet
Instability theories have been found to pro-
vide a sufficiently reasonable description of
sheet breakup and a framework of organizing
breakup regimes. Such theories usually con-
sider unstable growth of waves on a distort-
ing liquid surface. There are good reviews on
instability theories and numerical simulation in
Lasheras and Hopfinger'?, Ibrahim and Jog'?, Le
Moyne?, Sirignano and Mehring* and Tharakan
etal.™,

2.1 Linear Stability Theories

The linear theory of hydrodynamic stability
assumes that perturbations are infinitesimal.
Such theories consider an initially known small
disturbance 7, as perturbation parameter and
express perturbation as n = noexp (wt + ikx)
where @ is a complex variable representing
angular frequency, ¢ is non-dimensional time
and k represents wave number. Since time scale
of atomization is often much smaller than heat
transfer phenomenon, energy equations are
rarely employed. The governing equations usually
comprise of continuity equation and momentum
equation subjected to two boundary conditions
defined as kinematic and dynamic boundary
conditions. The kinematic boundary condition
considers the gas-liquid interface as a material
surface and assumes that the normal velocity
component is continuous along the interface, i.e.,
v=Dn/Dt where v is they component of velocity
and # is perturbation amplitude. The dynamic

length and

mean droplet
diameter

Figure 1: Model for sheet breakup and droplet distribution.
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boundary condition says that the normal stress
across the gas-liquid interface is continuous and
is balanced by pressure induced by surface ten-
sion. There may be other boundary conditions
such as no penetration condition or far bound-
ary condition depending upon the presence or
absence of confinement. Linear closed form solu-
tions of velocity fields provide the dispersion
equation which gives the relation between growth
rate of disturbance and unstable wave number.
Though linear theories are not suitable to accu-
rately depict sheet behavior at later stages of sheet
development, they have been extensively adopted
to predict the most dominant wave number. The
following section provides a review of literature
on linear instability analysis of planar and annu-
lar liquid sheets.

2.1.1 Planar Liquid Sheet

Though the shape of liquid sheets emanating
from nozzles is generally annular, the radius
of curvature is often much greater than liquid
sheet thickness at the breakup region. Hence,
in an attempt to simplify the analysis, several
literatures have made a planar or flat sheet
assumption without losing main features of
sheet breakup.

2.1.1.1 Inviscid Liquid Sheet Theoretical investigation
of planar liquid sheet was pioneered by Squire'®, who
proposed two modes of disturbances namely antisym-
metric or sinuous mode and symmetric or varicose
mode. The phase difference at gas liquid interface for
sinuous mode was observed to be zero, while it was @
for varicose mode. This observation was further vali-
dated by Hagerty and Shea'® and Taylor'’. Hagerty and
Shea'¢ reported that the antisymmetric mode domi-
nated the sheet breakup under typical conditions of
atomization. Taylor'” also observed that the symmetric
mode was dispersive and propagated much slower than
the antisymmetric mode. He further experimentally
identified a point disturbance where both the waves

1. and Dom-

were produced simultaneously. Fraser et a
browski and Hooper'® performed analytical and experi-
mental investigation of the effects of ambient density
on planar spray sheets generated by single hole fan
spray nozzles. While Fraser et al.'® observed that at sub-
atmospheric ambient pressure, the wavy sheet turned
into a perforated sheet followed by a sudden increase
in droplet size, Dombrowski and Hooper'? identified a
critical ambient density below and above which drop
size decrease and increase, respectively, with increase
in density. Luca and Costa® studied the asymptotic
behavior of local perturbation in their linear stability
analysis of inviscid liquid sheet under the effect of grav-
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ity in still gas. In case of sinuous disturbances, a critical
value of local Weber number equal to unity was iden-
tified below and above which the sheet was absolutely
and convectively unstable, respectively. Rao and Rama-
murthi®! reported linear stability analysis of an invis-
cid liquid sheet having continuous increase/decrease of
velocities across the thickness. Even when aerodynamic
shear was not present, such velocity profiles were found
to be inherently unstable due to differential convective
acceleration in gas-liquid interfaces. Convective accel-
eration from velocity gradient had stabilizing effect on
longer wavelengths, while the shorter wave growth rate
was dampened by overall effect of surface tension and
reduced difference in velocities between liquid and gas
phase at the interface. Matas et al.?* performed spatial
linear stability analysis of a slow moving liquid stream
exposed to parallel gas stream moving at high velocity
with a splitter plate at the gas—liquid interface. The ana-
lytic study was further compared with the experimental
results. The presence of splitter plate at the interface
caused velocity deficit which increased the frequency sig-
nificantly. While the predicted frequency showed good
agreement with experimental results, the experimental
growth rate was much higher than the predicted growth
rate. They concluded that inclusion of finite gas stream
thickness, liquid viscosity and considering a cylindrical
liquid shape in the analytical study might have a sig-
nificant effect on the predicted results. In recent years,
Yang et al.” performed a linear stability analysis of thin
power law liquid sheet moving between two gas streams
under symmetric disturbances. The study identified a
critical value of consistency coefficient K above which
an increase in the coefficient destabilized the sheet and
below which the effects were opposite. Among all the
parameters studied, the gas liquid relative velocity was
identified as the key factor for sheet instability.

2.1.1.2 Viscous Liquid Sheet Dombrowski and John**
extended the studies of Squire'® and Hagerty and Shea'®
to examine a more realistic case of sheet breakup by
considering the effects of diminishing sheet thickness
and liquid viscosity. The study showed that unlike the
inviscid sheet, the disturbance amplitude and wave
number of a viscous-attenuating sheet depended upon
sheet thickness. Both growth rate and dominant wave
number increased as the liquid sheet attenuated. Lin
et al.” also investigated linear stabilities in viscous
liquid sheet exposed to ambient gas. At low values of
liquid Weber number and zero gas-liquid density ratio,
the sinuous mode was found to be stable and otherwise,
convectively unstable. However, the varicose mode was
unstable for all Weber numbers at non-zero gas-liquid
density ratio. Li and Tankin®® reported temporal insta-
bility analysis of a planar viscous liquid moving in invis-
cid ambient gas. While surface tension always damp-
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ened growth rate of disturbances, relative gas—liquid
velocity enhanced the onset and growth of instabilities.
In addition to aerodynamically driven instability, a new
instability mode enhanced by viscosity was identified.
Viscosity had a dual effect on instabilities depending
upon the liquid Weber number. While it destabilized the
flow at a low Weber number, it had a stabilizing effect
at a larger Weber number. However, at an intermediate
range of Weber number, two local maxima of growth
rate curve were reported, one belonging to aerodynamic
instability and the other corresponding to viscosity-
enhanced instability. Li¥’ studied spatial instabilities
in a planar viscous liquid sheet exposed to inviscid sta-
tionary ambient gas. In case of sinuous mode, the study
found that the disturbances were convective in nature
at high liquid sheet velocity. However, when the liquid
sheet velocity became smaller than characteristic veloc-
ity (We)!"%, Green’s function was present at all spatial
locations at all times but was bounded in nature. Such
type of instability was referred to as pseudo-absolute
instability. Whereas, in case of varicose mode, instabili-
ties were found to be convective at all flow conditions.
Unless the liquid was highly viscous, the spatial growth
rate of sinuous waves was observed to be less than that
of varicose waves at Weber number slightly higher than
unity. Viscosity played a dual role based on Weber num-
ber in case of sinuous mode, whereas it always had a sta-
bilizing effect on the varicose mode, a phenomenon also
observed by Ibrahim®®. The study showed that surface
tension dampened instabilities at all flow conditions.
Antisymmetric mode influenced the instabilities at a
higher Weber number, while symmetric mode domi-
nated the flow at a low Weber number.

Cousin and Dumouchel® performed lin-
ear stability analysis of flat viscous incompress-
ible liquid sheet to find out the conditions under
which viscosity had no or a negligible effect on
sheet breakup. The study showed that effect of
viscosity on the growth of sinusoidal waves was
minor and it did not influence cut-off wave num-
ber at all. Moreover, a dimensionless parameter
defined as Weé Re; where We, represents gas
Weber number and Re, represents liquid Reynolds
number, was identified whose value separated
the viscous and the inviscid regimes. Ibrahim
and Akpan®®*! performed linear stability analy-
sis of both two-dimensional and three-dimen-
sional disturbances in a viscous and inviscid
liquid sheet, respectively, issued in an inviscid
gas medium. Both the studies showed that 2D
disturbances dominated symmetric and asym-
metric instabilities at low Weber number. With
increase of Weber number, the 3D disturbances
became more unstable for symmetric distur-
bances. However, in case of asymmetric mode, 2D
disturbances always dominated the instabilities
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irrespective of Weber number or gas-liquid den-
sity ratios. Growth rate of both symmetric and
asymmetric waves was observed to be equal for
short waves. In case of inviscid liquid sheet ema-
nating in inviscid gaseous surrounding, the study
identified a critical wave number beyond which
3D disturbances became unstable.

Barreras et al.*” studied linear instabilities in a
viscous liquid sheet disintegrated by moving vis-
cous gases, a situation commonly encountered in
air blast atomizers. Results showed that keeping
gas-liquid velocity ratio unchanged, an increase
in Reynolds number caused an increase in growth
rate of disturbances. A comparison with experi-
mental investigation showed a good agreement
of the qualitative behavior of liquid sheet. How-
ever, inclusion of viscosity in basic velocity pro-
file and assumptions regarding velocity of wave
propagation led to severe quantitative discrepan-
cies between predicted and experimental results.
Heislbetz et al.>”> conducted a theoretical stability
analysis of three types of plane Newtonian liquid
sheet namely, low viscous fluid, Eulerian fluid and
highly viscous fluid flowing in a gaseous medium.
Results predicted by the theoretical study was
compared with experimental data obtained for
high and low viscous fluids disintegrated by
impinging jet injectors. Among the three types
of fluids considered in the study, critical wave
length and breakup length for highly viscous fluid
agreed well with experimental results. Altimira
et al.** performed spatial stability analysis of two-
dimensional viscous liquid sheet surrounded by
two similar viscous gases using spectral methods.
Among the two velocity profiles studied, velocity
profile based on quadratic functions gave a higher
growth rate and larger critical wave number than
the one based on error functions. Also, viscosity
played a contrasting role for each velocity profile.
While it destabilized the liquid sheet when quad-
ratic functions were adopted, it dampened the
growth rate for velocity profile with error func-
tions. The spatial analysis results were compared
with results obtained from temporal analysis
using Gaster transformation and a good agree-
ment was obtained. The study showed that con-
sideration of gas boundary layer in the analysis
was very important to accurately predict distur-
bance amplification. This was also validated by
Matas® in his spatio-temporal linear instability
analysis of viscous gas and liquid mixing layer.
The study showed that the inclusion of finite gas
and liquid thickness resulted in better agreement
with experimental result as compared to previ-
ous studies with infinite gas and liquid thickness
assumption.
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2.1.1.3 Liquid Sheet in Confined Configuration In sev-
eral practical applications of atomization such as gas
turbine and liquid rocket jets, injectors are provided
with confinement to have better mixing and improved
spray characteristics.

Subramaniam and Parthasarathy’® performed
linear absolute instability analysis of an inviscid
incompressible gas jet subjected to two stationary
viscous liquid streams within a tube. The study
showed the effect of tube radius on growth rate
of varicose disturbances at different Weber num-
bers and liquid viscosities. At low liquid viscos-
ity, confinement showed no significant effect on
the highest growth rate and dominant unstable
wave number. However, at higher values of liquid
viscosity, an increase in tube radius significantly
enhanced growth rates and increased the range
of unstable wave numbers. The study suggested
that the stabilizing influence of liquid viscosity on
disturbance growth rate can be countered by the
presence of confinement. Juniper’” performed a
linear spatio-temporal study to predict the onset
of global modes for two-dimensional wakes
confined between two flat plates in transverse
direction for a range of density ratios. The study
implied that the presence of confinement created
regions of absolute instability within regions of
local convective instability which could enhance
mixing in industrial shear injectors. Maximum
instability was recorded when the wave number
of the fundamental mode in the wake and the
surrounding fluids were equal. Rees and Juni-
per’® extended the study of Juniper’’ to include
the effects of viscosity and shear thickness on
jets and wakes with continuous velocity profile.
The spatio-temporal analysis showed that while
viscosity had a stabilizing effect for Re<1000,
confinement destabilized both viscous and invis-
cid flows. Shear layers with small finite thick-
ness were found to be more unstable than thick
or infinitely thin shear layers. Recently, Mohanta
et al.” presented temporal linear stability analysis
of two coaxial jets flowing in a circular tube with
conductive heat transfer between the wall and
the interface and convective heat transfer from
the interface to the liquid. Results showed that
while heat and mass transfer stabilized the flow,
confinement enhanced initial disturbance ampli-
tude. Also, for inner and outer fluid velocity ratio
less than unity, breakup took place at higher wave
number, whereas equal fluid velocities reduced
the wave number at which break up occurred.

2.1.1.4 Liquid Sheet Subjected to Unequal Veloci-
ties Atomization at low injection pressure is often
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augmented by having forced aerodynamic instabili-
ties using moving air or gas streams, a beneficial effect
similar to presence of shroud air in fan spray and pres-
sure swirl atomization. Such type of atomization aided
by kinetic energy of co-flowing gases is commonly
found in industrial gas turbines and different types of
air craft engines®. In addition, certain applications like
the preparation of fuel in jet engines use different inner
and outer gas velocities to further enhance aerodynamic
interaction. Linear stability analysis of viscous planar
liquid sheets surrounded by gas streams with unequal

velocities performed by Li*

identified two independent
modes of instabilities, namely, para sinuous and para
varicose mode. While phase difference between gas and
liquid interface for para sinuous mode was close to zero,
it was close to @ for para varicose mode. The study sug-
gested that at practical conditions encountered in liquid
atomization, where Weber number is usually large, para
sinuous mode always dominated the instabilities over
the para varicose mode. Gas velocity asymmetry across
the interfaces induced by Kelvin—Helmholtz instabil-
ity, was identified as the main driving factor for insta-
bilities. While viscosity could stabilize or destabilize the
liquid sheet depending upon wavelength, surface ten-
sion always had a stabilizing effect on the liquid sheet.
Tharakan and Ramamurthi*' extended the study of Li*’
to include the effects of longitudinal and lateral waves.
The study showed that lateral waves did not have any
effect on growth rate at a Weber number higher than
10. However, the presence of lateral waves restricted the
droplet size within smaller range of diameters as com-
pared to wider distribution observed in the absence
of lateral waves. Yang et al.*? considered the case of a
non-Newtonian liquid sheet to study the effects of
non-zero unequal gas velocities on linear instabili-
ties. The study identified that instabilities are primar-
ily governed by the larger gas velocity for para sinuous
mode and smaller gas velocity for para varicose mode.
Though increase in gas velocity difference across the
interfaces always destabilized the liquid flow, the extent
of enhanced destabilizing effect depended upon other
flow parameters as well. But it was generally suggested
that a co-flowing air surrounding the liquid sheet could
significantly improve atomization.

Nath et al.* presented temporal instability
analysis of liquid sheet subjected to para sinuous
and para varicose disturbances, surrounded by
non-zero unequal gas velocities using a perturba-
tion technique. Similar to*, an increase in the gas
velocity difference enhanced the breakup process.
Droplet size distribution and velocity distribution
were predicted using maximum entropy formula-
tion. While an increase in gas velocity asymme-
try significantly reduced the droplet size, it had
a relatively slight effect on droplet velocity dis-
tribution. Dasgupta et al.** studied the combined
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simultaneous effect of confinement and unequal
gas velocities on planar inviscid liquid sheet
under the influence of both para sinuous and
para varicose instabilities. Figure 2 shows the
schematic of two planar sheets trapped between
gas streams of unequal velocities bounded by
solid walls, for (a) para sinuous mode (b) para
varicose mode.

Results showed that para sinuous mode
recorded a higher growth rate compared to
para varicose mode at all flow conditions. While
gas velocity asymmetry increased the growth
rate of disturbance for both the modes, an
increase in solid wall separation had a stabiliz-
ing effect on the liquid sheet instabilities.

Gas compressibility also plays an impor-
tant role in case of effervescent and high-speed
air-assisted atomizers where the gas velocities
become close to velocity of sound. Ibrahim and
Jackson® and Ibrahim*® performed spatial insta-
bility analysis of a compressible liquid sheet
exposed to compressible gas medium. Though
a rise in gas Mach number increased highest
growth rate, dominant wave number and unsta-
ble wave number range, liquid compressibility
had a negligible effect on instabilities. Antisym-
metric disturbances showed a higher growth rate
and a lower dominant wave number than that of
symmetric disturbances at a low Weber number.
However, both the modes recorded almost similar
highest growth rate and dominant wave number
at a high Weber number. Cao and Li*’ extended
Li’s* study on effect of unequal gas velocities on
instabilities in a planar liquid sheet by including
gas compressibility and liquid viscosity. Simi-
lar to*, para sinuous mode was predominant
at a large Weber number, a practical condition
found at atomizers. Inclusion of gas compressibil-
ity showed a destabilizing effect upon the liquid

+y

sheet and caused an increase in both growth rate
and unstable wave number range. Tharakan and
Ramamurthi*® also extended their study on spa-
tial instabilities in a liquid sheet in presence of
longitudinal and lateral waves*!, by introducing
liquid and gas compressibility. The study showed
that inclusion of gas compressibility enhanced
growth rate of para sinuous instabilities. As also
observed by Ibrahim®, liquid compressibility
had a minor influence on growth of para vari-
cose waves. Yang et al.*’ studied the influence of
Mach number on interfacial instability in a liquid
film surrounded by compressible gas, a situation
encountered during supersonic combustion in
hypersonic aircraft. The study showed that gas
compressibility slightly dampened instabilities in
case of asymmetric mode. Growth of distribution
was found to be independent of Mach number
for symmetric mode.

2.1.2 Annular Liquid Sheet

Annular jets are encountered in most practi-
cal atomizers. Study of annular jets provides an
insight into the effect of lateral curvature on wave
growth. Crapper and Dombrowski’’ were among
the first few to perform first-order analysis of
Kelvin—-Helmholtz instabilities on cylindrical
liquid sheet. The study showed that wave veloc-
ity increased with increase in radius of curvature
and decreased sheet thickness for asymmetric
mode. However, this effect became less signifi-
cant at higher frequencies. Symmetric waves were
invariant to changes in sheet curvature and thick-
ness. This phenomenon could also be seen in the
analytical instability investigation of Meyer and
Weihs®! for a viscous annular liquid jet exposed
to an inviscid gas medium. The study identified
a critical value of penetration thickness, above
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Figure 2: Schematic of a moving plane liquid sheet exposed to two gas streams of unequal velocity

bounded by two solid walls for a para sinuous mode b para varicose mode.
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which the annular jet behaved like that of a full
liquid jet and the only observed unstable instabil-
ities were axisymmetric and independent of sheet
thickness. Below the critical thickness, the annu-
lar jet behaved like a 2D liquid sheet, where the
antisymmetric perturbations were mostly unsta-
ble and their growth rate increased with increase
in jet thickness. Biswas et al.”? studied linear
instabilities in a cylindrical liquid sheet with finite
thickness exposed to quiescent gas medium. The
study showed that axisymmetric disturbances
become unstable when its wavelength became
more than the outer circumference of the sheet.
For a Weber number more than 2.5, the sheet
was observed to be unstable at large wave lengths
and the highest growth rate enhanced with rise in
Weber number, keeping sheet thickness constant.
Also, at constant Weber number, the wave length
corresponding to highest growth rate showed a
slow increase with increase in sheet thickness.
Shen and Li®> ** considered a case of unequal
inner and outer velocities of gas in their linear
stability analysis of annular viscous liquid jet.
Though both absolute velocities of gas and liquid
and relative velocity between them had a desta-
bilizing effect, the effect of relative velocity was
much more predominant. Among the two gas
streams, a high velocity of the inner gas enhanced
the instabilities more than an equivalent velocity
of the outer gas jet. Shijun et al.> performed lin-
ear spatial instability analysis to study the effect
of three-dimensional disturbances on annular
viscous liquid jet. A dimensionless parameter was
identified above and below which axisymmet-
ric and asymmetric mode of disturbance domi-
nated the breakup process, respectively. While the
axisymmetric instability was induced by surface
tension for low-speed liquid jet, the asymmetric
instabilities were induced by aerodynamic inter-
action of the liquid jet and surrounding gases
for high-speed liquid. Yang and Fu’® investigated
temporal and spatio-temporal instabilities in
recessed gas—liquid shear flow, a situation usually
found in liquid propellant rocket engine. Tempo-
ral analysis showed that growth rate for a strong
confinement was higher than that of a gas liquid
shear flow with weak confinement. An increase in
outer radius, liquid Weber number, velocity ratio
and gas-liquid density ratio produced a stabiliz-
ing effect on liquid flow. Spatiotemporal analysis
depicted that the flow was absolutely unstable
in case of strong confinement at all flow condi-
tions and convectively unstable in case of weak
confinement.

J. Indian Inst. Sci. IVOL 99:1159-75 March 2019ljournal.iisc.ernet.in

2.1.3 Swirling Liquid Sheet
Plain orifice atomizers usually generate a nar-
row cone angle which is considered as a limita-
tion. To have a wide cone angle, many practical
applications such as chemical processing, and
spray cooling use a conical swirl chamber hav-
ing a small orifice at the vertex. The liquid jet is
introduced into the swirl chamber via tangential
ports and allowed to swirl. The swirling liquid
then comes out of the outlet and spreads out of
the orifice under the influence of both axial and
radial forces. Moreover, in air blast atomizers, the
swirling liquid flow is further exposed to swirling
inner and outer air streams to further enhance
the instabilities. Figure 3 shows the schematic
diagram of an annular liquid sheet exposed to
two swirling gas streams of unequal velocities.
There are several works in the literature that
investigated the effect of swirl in atomization.
Ponstein®” was the pioneer in studying the insta-
bilities in a rotating cylindrical jet under the
influence of inertial effects of jet and surface ten-
sion. He considered three types of jets, namely,
solid jet, hollow jet and infinitely thick jet. The
inertial effects of ambient air were negligible
when gas-liquid density ratio was low and veloc-
ity field was continuous at interface. In absence
of liquid viscosity and inertial effects of ambient
gas, the instabilities increased with the increase in
dynamic surface tension ratio and liquid density.
The study also showed that the non-axisymmet-
ric and axisymmetric modes dominated insta-
bilities in presence and absence of liquid swirl,
respectively. Panchagnula et al.’® employed a
linear model for 3D disturbances in an annular,
inviscid liquid sheet with swirl, in the presence of
inner and outer gas streams moving at unequal
velocity. They observed that swirl reduced the
growth rate and most unstable wave number for
axial disturbances. However, an increase in swirl
Weber number above stabilizing region increased
growth rate for axial mode and range of unsta-
ble wave number for both axial and circumfer-
ential mode. In absence of swirl, increasing the
axial Weber number increased unstable axial
disturbances range and the most unstable wave
number. Liao et al.”’ developed a comprehensive
model to predict the performance of a simplex
atomizer using computational, experimental and
theoretical methods. It was observed that liquid
and gas phase relative velocity, density ratio and
surface curvature had a destabilizing effect on the
liquid sheet. Also, combined effect of axial and
swirl velocity was more predominating in desta-
bilization than only axial velocity.
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OuterGas U, >

Figure 3: Schematic diagram of an annular lig-

uid sheet subjected to two swirling gas streams of
unequal velocities.

Mehring and Sirignano® employed reduced
dimensional approach to study non-linear dis-
tortion caused by sinuous and dilational modu-
lations in axisymmetric inviscid liquid jet with
swirl within a void at no gravity. Non-linear
effects generated fluid rings with thin connect-
ing shells and sheet divergence increased breakup
time/length for both the modes of instabilities.
The study identified that presence of swirl veloc-
ity component enhanced instabilities and gener-
ated shorter breakup length and time. Liao et al.®!
developed a 3D model to predict instabilities in
an annular liquid sheet exposed to two coaxial
swirling air streams. The gas—liquid relative axial
velocity increased growth rate and dominant
unstable wave number. Combination of inner
and outer air velocities was more destabiliz-
ing than only inner or outer airstream. A similar
result could be observed in case of air swirl as
well. Among the two, inner air stream was more
effective than the outer one. Liao et al.*? extended
their previous analysis®’ on 3D instabilities of
annular swirling liquid sheet by introducing the
effect of liquid viscosity in their attempt to model
air blast atomizers. The study showed that an
increase in gas—liquid relative axial velocity had a
significant effect in improving fuel atomization.
Similar to their previous analysis61, combined
effect of inner and outer gas streams was found to
be more destabilizing than only inner or outer gas
stream. While air swirl made helical mode more
dominant than axisymmetric mode, the axisym-
metric mode was more dominant when the air
swirl was absent. Viscosity caused a reduction in
growth rate of unstable waves and shifted disper-
sion curve towards long waves. Ibrahim et al.*’
performed a temporal linear instability analysis
to investigate the effects of liquid swirl velocity
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profile on annular liquid sheet with co-flowing
inner and outer gas streams. Liquid swirl veloc-
ity was observed to stabilize and destabilize the
flow at low and high liquid swirl Weber number,
respectively. Liquid swirl also had a dual effect on
the two modes of instabilities. While it increased
growth rate for para sinuous instabilities, it had
a damping effect on growth rate for para vari-
cose instabilities. Ibrahim and ]og13 extended
their previous study® to include the effects of
swirling inner and outer gas streams on linear
temporal instabilities of a swirling annular lig-
uid sheet. The study showed that in the absence
of swirl component of liquid velocity, inner axial
air stream was more predominant than outer
air axial stream in destabilizing the liquid sheet.
The influence of air stream orientation on sheet
instability was studied by considering four differ-
ent combinations of swirling air streams in refer-
ence to direction of liquid swirl. Results showed
that while counter rotating inner and outer air
streams produced highest unstable wave numbers
at high liquid Weber number, coupled co-inner
and counter-outer swirl resulted in highest unsta-
ble wave numbers at low liquid Weber number.
Du and Li*, and Du et al.?® carried out linear
temporal instability analysis of annular viscous
liquid jet subjected to two gas jets swirling with
unequal velocities. The study showed that while
para sinuous mode was related to the inner gas
liquid interface, para varicose mode was associ-
ated with the outer gas liquid interface. Since para
sinuous mode was generally more dominant at
practical liquid atomizing conditions, it was sug-
gested that increasing inner gas stream rotation
could significantly enhance the instabilities. Tem-
poral linear instability analysis of annular viscous
polymer sheet subjected to swirling air streams
performed by Herrero et al.®® showed that a
decrease in polymer flow decreased breakup
length and produced finer droplets due to for-
mation of thinner films. However, in contrast, an
increase in air flow rate enhanced aerodynamic
interaction at the interfaces and the instabilities.
Chatterjee et al.”” carried out temporal linear
instability analysis of swirling annular liquid jet
subjected to co-flowing inner and outer gas flows
within solid walls using a perturbation tech-
nique. The presence of confinement enhanced
disturbance growth rate and corresponding
dominant unstable wave number. Similar to the
study conducted by Liao et al.%’, helical mode
was observed to be predominated over axisym-
metric mode when air swirl was present while
reverse was true for no air swirl. Mahdavi et al.®®
considered four different orientations of swirling
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air in their linear stability analysis of inviscid
annular liquid sheet subjected to two swirling air
streams and non-swirl round liquid jet. While
combined co-inner and counter-outer air stream
led to shortest breakup length and highest wave
number with maximum instability at low liquid
swirl Weber number, combined inner and outer
air stream rotating simultaneously with the lig-
uid sheet provided the maximum growth rate.
Yan et al.% studied linear spatial instabilities in
an annular swirling viscous liquid sheet flowing
in an inviscid gas medium under the influence
of both para sinuous and para varicose instabili-
ties. The study identified two separate regions—
an initial region where an increase in liquid swirl
strength decreased the highest growth rate and
a region where increase in swirl strength mono-
tonically increased the highest growth rate. At
higher liquid swirl strength, antisymmetric mode
was predominant, while axisymmetric mode
became more dominant at low annular liquid
curvature. Maximum growth rate and dominant
wave number reduced with increase in viscosity.
The effect of radius of curvature was limited to
high swirl strength where it stabilized liquid sheet
breakup. Surface tension had a complex dual (sta-
bling and destabilizing) effect depending upon
liquid swirl strength, gas-liquid density ratio
and liquid Weber number. Vadivukkarasani and
Panchagnula’® studied temporal linear instabili-
ties in an annular inviscid liquid sheet under the
influence of combined Rayleigh—Taylor and Kel-
vin—Helmholtz mechanisms. The study identified
four different modes of instabilities namely, Tay-
lor, sinuous, flute and helical mode and inferred
that the choice of instability depends upon Bond
number and inner and outer Weber numbers.
Rostami et al.”' performed linear temporal sta-
bility analysis of swirling annular viscous liquid
jet exposed to two gas streams with axial and
swirl velocity components under the influence
of axisymmetric disturbances. Solutions of the
dispersion equation showed that presence of gas
swirl enhanced instabilities and produced shorter
breakup length and finer droplets.

2.1.4 Dual Mode Linear Analysis

Though most of the linear studies considered an
individual case of antisymmetric and symmetric
instability, in reality, both modes grow simulta-
neously. Mitra et al.”> conducted linear stability
analysis of planar viscous liquid sheet within two
gas streams under the dual influence of sinuous
and varicose disturbances by applying initial con-
dition for both the modes simultaneously at the
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two gas—liquid interfaces. The study showed that
while breakup occurred at full wave length for
individual sinuous and varicose mode, it shifted
between half and full wave lengths when both the
initial conditions were applied simultaneously.
An increase in proportion of varicose mode in
the initial conditions also decreased the breakup
time. Fu et al.”’ performed a linear stability
analysis to study conical liquid sheet breakup
exposed to dual effect of sinuous and varicose
mode and validated the predicted results experi-
mentally. Pressure drop had a destabilizing effect
on the breakup of liquid sheet which was domi-
nated by the sinuous mode. However, the conical
sheet presented a varicose shape at the time of
breakup. An increase in geometrical characteris-
tics decreased breakup length and time, while the
phase angle had minor effect on breakup.

2.2 Nonlinear Analysis

All the above literature focused on linear theo-
ries to predict disturbance growth rate and
breakup of liquid sheet. However, Asare et al.’
and Mitra et al.”? showed significant variation
between sheet behavior predicted by linear
analysis and experimental results during sheet
breakup. Also, the linear theory decouples
antisymmetric waves from symmetric waves
and as a result, sinuous mode cannot produce
breakup due to constant distance between the
two interfaces during the growth of unstable
waves. Droplet distribution model also requires
information about mean droplet size which
can be obtained from volume of ligaments pre-
dicted by non-linear analysis at the breakup
point.

2.2.1 Planar Liquid Sheet

Existing literature shows that there have been
several works on investigation of non-linear
instabilities in planar liquid sheets, which pro-
vided a good approximation of actual sheet
breakup.

2.2.1.1 Inviscid Liquid Sheet ~ Clarke and Dombrowski®
pioneered non-linear instability analysis of inviscid lig-
uid sheet under the influence of fundamental antisym-
metric mode and its first harmonic. The long wave
approximation showed that the first harmonic caused
sheet thinning and subsequent breakup at 3/8 and 7/8 of
the fundamental wave. Rangel and Sirignano”* theoreti-
cally and computationally investigated linear and non-
linear Kelvin—Helmholtz instabilities for a two-dimen-
sional planar liquid sheet moving in ambient gaseous
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medium. A critical sheet thickness which was a function
of density ratio was identified, below which all sinuous
waves were observed to be stable. While sinuous waves
resulted in formation of ligaments at half wave length,
dilatational mode produced ligaments at full wave
length. Jazayeri and Li’ retained terms up to third order
in their temporal instability study of a planar inviscid
liquid sheet surrounded by stationary gas medium. The
first harmonic of fundamental sinuous instabilities was
observed to be varicose in nature, which caused sheet
thinning and breakup at half wave length. An increase
in initial amplitude, Weber number or gas density
ratio enhanced instabilities and resulted in shorter
breakup time. However, effect of Weber number and
gas density became less significant at their high values.
Breakup time was also found to be a weak function of
wave number except when it approached cut-off wave
number. Tharakan et al.”® studied nonlinear growth of
disturbances in a thin planar liquid sheet using control
volume method. Liquid Weber number was found to
have strong influence on the size and shape of ligaments
formed after breakup. While antisymmetric waves pro-
duced thin ligaments at high Weber number, these
disturbances transformed into asymmetric distur-
bances producing larger ligaments at low Weber num-
ber. Yoshinaga and Kan’® derived unsteady non-linear
equations for a falling inviscid liquid sheet in absence
of surrounding fluid using membrane approximation
and validated the results with numerical analysis. The
study showed that only the antisymmetric mode was
amplified as the wave propagated downstream, from
which symmetric mode was induced subsequently. A
comparison of weakly nonlinear studies with numeri-
cal results showed a good agreement for amplification
of antisymmetric mode. However, magnitude of ampli-
fication of symmetric mode obtained from non-linear
study was much less than that of symmetric mode. The

previous non-linear studies® " 7

on breakup of lig-
uid sheet considered gas medium to be quiescent. The
influence of gas velocities (both higher and lower than
liquid velocity) on disintegration of inviscid plane lig-
uid sheet was studied by Nath et al.'’. For gas-liquid
velocity ratio higher than unity, antisymmetric waves
showed a higher growth rate than symmetric waves.
However, for gas-liquid velocity ratio less than unity,
the study identified a critical Weber number at which
the dominant mode changed from antisymmetric to
symmetric mode.

2.2.1.2 Viscous Liquid Sheet  Linear studies®®?”> have
shown that viscosity may enhance or reduce disturbance
growth depending upon the liquid Weber number. The
effect of viscosity on non-linear instabilities was studied
by Cheuch”’, who considered spatially traveling sinuous
disturbances in a two-dimensional viscous liquid sheet.
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The study identified Weber number as the most domi-
nating factor causing discrepancies between temporal
and spatial instability results. An increase in Weber
number or gas-liquid density ratio enhanced instabili-
ties and shifted disturbance with highest growth rate
towards shorter waves. It was suggested that higher flow
rate and pressure would result in generation of finer
droplets. An increase in liquid viscosity and surface
tension stabilized the flow and produced larger drop-
lets. The study also identified a critical Weber number
and gas-liquid density ratio that separated the stable
regime from the unstable regime. Cao et al. ’® studied
sinuous and varicose instabilities for a planar viscous
liquid film surrounded by gas medium and experimen-
tally validated the model. The predicted wave shapes
and breakup length produced by varicose disturbances
showed good agreement with the experimental results.
An increase in liquid velocity and sheet thickness had a
stabilizing effect on the liquid sheet. As aspect ratio of
nozzle exit was changed from larger to smaller value, a
transition region from sinuous to varicose waves and
decreasing to increasing breakup length was observed
with increase in injected velocity. Yang et al.” per-
formed temporal and spatial analysis of antisymmet-
ric disturbances in a viscous planar liquid jet moving
in a quiescent gas medium. Both temporal and spatial
growth rates were observed to increase with rise in gas—
liquid density ratio and Weber number, thereby result-
ing in more pronounced sheet distortion and shorter
breakup time. The first harmonic of antisymmetric
waves was observed to be dilational in shape and caused
sheet breakup at half wavelength, a phenomenon also
observed in some non-linear studies on inviscid liquid
sheet” 7>, Viscosity stabilized first-order temporal and
spatial growth rate. However, the effect of viscosity on
second-order disturbance amplitude was minor and
complicated. At practical conditions of atomization
where Weber number is usually greater than 400 and
gas-liquid density ratio is less than 0.001, viscosity had
a weak stabilizing effect for Reynolds number less than
10 or higher than 150. However, at Reynolds number
ranging between 10 and 150, viscosity weakly destabi-

1.8 studied non-linear insta-

lized the flow. Wang et a
bilities produced by an initial sinuous wave in a two-
dimensional viscoelastic liquid sheet surrounded by
ambient gas medium. First harmonic of sinuous waves
were observed to be dilational and subsequently caused
sheet thinning and breakup. At dominant unstable wave
number, second-order disturbance amplitude increased
with increase in elasticity or decrease in deformation
retardation time.

2.2.1.3 Liquid Sheet in Confined Configuration Kan
and Yoshinaga®! adopted the discrete vortex method to
perform non-linear stability analysis of planar liquid
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sheet with surrounding fluids bounded by two solid
walls. Linear study showed that a decrease in separation
distance between solid walls resulted in higher growth
rate and increase in unstable wave number range for
both antisymmetric and dilational mode. This effect
was more pronounced at low gas to liquid density ratio
and liquid Weber number. Second-order results showed
that the presence of confinement led to enhanced non-
linearity, leading to more sheet deformation and distor-
tion. However, non-linearity reduced linear growth rate
except for long dilational wave. Monotonic or periodic
energy exchange between the two modes made the dila-
tional mode more strongly inducing than the antisym-

metric mode. Nath et al.%?

developed a comprehensive
model to investigate non-linear instabilities in an invis-
cid planar liquid sheet exposed to two moving gases
bounded by two solid walls and analyzed the effects of
confinement on droplet size and velocity distribution.
Linear analysis showed that, for gas to liquid velocity
ratio greater than unity, the growth rate for both sinu-
ous and varicose mode increased with decrease in con-
finement height, a phenomenon also observed by Kan
and Yoshinaga®'. However, the effect of confinement
was minor and became significant only at low Weber
number and gas phase velocity. Non-linear analysis
and droplet distribution model showed that, though
presence of confinement resulted in relatively shorter
breakup length, it increased the size of the droplets. The
effect was more prominent for varicose mode with pos-
sible formation of satellite droplets. Yang et al.** included
the effect of liquid viscosity in their spatial non-linear
instability analysis of sinuous disturbances in a 2D
planar liquid sheet exposed to co-flowing surrounded
gases within two solid walls. However, the emphasis of
the study was to investigate the effects of surrounding
gas velocity rather than confinement. The first har-
monic of sinuous mode was observed to be varicose
in shape which caused sheet thinning and breakup. An
enhanced growth rate with a higher second-order ini-
tial amplitude and a smaller breakup length was noticed
when gas to liquid velocity ratio deviated from unity.
However, increasing the gas and liquid velocity equally
dampened growth rate, increased breakup length and
had no significant effect on second-order initial ampli-
tude and disturbance wave length. The growth rate
predicted by non-linear analysis, based upon shortest
breakup length, was shorter than the one predicted
by linear analysis and agreed better with experimental
results. Dasgupta et al.'! extended the temporal insta-

1.8 to include the effects of

bility analysis of Nath et a
unequal gas velocity on breakup of liquid sheet flowing
within two solid walls. Para sinuous mode dominated
the disintegration process at all practical liquid atomi-
zation conditions at high liquid Weber number. Though
presence of confinement enhanced instabilities, a fur-

ther increase in separation distance between solid walls
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led to longer breakup length. Increase in gas velocity
asymmetry across two interfaces produced higher aer-
odynamic interaction at the interfaces and resulted in
finer droplet.

Long wave approximation as employed to
investigate instabilities in falling liquid sheet’®
was also applied to study instabilities in free vis-
cous liquid sheet triggered by difference in tem-
perature or van der Waal’s force. Yoshinaga and
Uchiyama® and Yoshinaga and Yoshida® found
that, for viscous liquid sheet with two differ-
ent surface temperatures, there existed a critical
temperature difference, beyond which the sheet
became linearly unstable. At a large temperature
difference, the varicose mode was induced upon
the antisymmetric mode which subsequently
caused sheet thinning and breakup. Viscosity
was observed to have a duel effect such that it
enhanced instabilities when sheet was unstable
and stabilized the disturbances when sheet was
stable. Prevost and Gallez®, Erneux and Davis®’
and Sharma et al.*® studied the effect of Van der
Waal’s force on rupture of free viscous liquid
film. The studies showed that while Van der Wall’s
force enhanced instabilities and caused rupture of
liquid sheet, non-linearity further accelerated the
rupture process. Hwang et al.*” and Lin et al.”
performed nonlinear investigation of dynamic
rupture of thin liquid sheet with insoluble and
soluble surfactant, respectively. The studies
showed that presence of surfactant dampened the
instabilities and an increase in surfactant solubil-
ity enhanced the instabilities of the film system.

2.2.2 Dual Mode Non-linear Analysis

Wang et al.”! extended linear stability analysis
of Mitra to explore the effect of non-linearity
on temporal instabilities of a planar invis-
cid liquid sheet in surrounding gas medium
exposed to combined effect of sinuous and
varicose instabilities. The results predicted by
non-linear analysis were further validated with
numerical analysis. The comparison showed
good agreement in terms of sheet behavior
and qualitatively explained instability mecha-
nism at the time of sheet breakup. First har-
monic of both antisymmetric and symmetric
modes was symmetric in shape. However, first
harmonic produced by coupling of antisym-
metric and symmetric mode was antisymmet-
ric. Linear analysis showed that except for initial
varicose disturbance, sinuous mode dominated
sheet shape at large disturbance amplitudes.
At regions of relatively large wavenumber, a
further increase in wave number reduced the
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wave amplitude. A decrease in initial distur-
bance amplitude caused the first harmonic of
initial sinuous mode to be predominant. How-
ever, except for the initial sinuous mode, all
other modes namely, initial varicose, first har-
monic varicose and sinuous mode were able to
cause sheet breakup.

2.2.3 Annular Sheet

Non-linear stability analysis of annular sheet,
which is the practical shape of sheet in most
common atomizers, provides a relatively realis-
tic approach to predict actual breakup. Mehring
and Sirignano®” performed a non-linear tempo-
ral instability analysis of a thin inviscid annular
liquid sheet inside a surrounding void with non-
zero pressure gas core in the absence of gravity.
While only dilatational mode was dispersive in
case of planar sheet, both sinuous and dilational
modes were found to be dispersive for the case of
annular liquid sheet. Dilatational oscillation was
noticed at large annular radius while otherwise,
coupled sinuous and dilatational modulations
was found even in linear representation. Non-
linear effects caused an increase in breakup time
for dilatational mode, while it produced shorter
breakup time for sinuous mode. Yoshinaga®® and
Yoshinaga and Yamamoto’ performed analyti-
cal investigation of non-linear instabilities in a
viscous compound liquid jet consisting of a core
and a surrounding annular phase. They adopted a
long wave approximation and derived set of non-
linear equations for large deformations. Breakup
phenomenon for the semi-infinite jet was numer-
ically investigated in the presence of antisym-
metric disturbances. At low Reynolds number,
choking of core phase at bottleneck could be
observed in the presence of jet pinching, fol-
lowed by ballooning of annular phase along the
upstream direction. The study identified a critical
wave number below and above which liquid jet
transitioned from being convectively unstable to
being absolutely unstable. Yang et al.” extended
their linear study of power law planar liquid’® to
include the effects of non-linearity in an annular
power law liquid subjected to inner and outer gas
streams. The temporal analysis showed that lig-
uid instability could be increased with increase of
either inner or outer gas stream but instabilities
were more enhanced in the presence of both gas
streams. However, outer interface gas stream was
more influencing in enhancing instabilities than
inner gas stream. Surface tension and thickness
of liquid sheet stabilized liquid sheet and damp-
ened the highest growth rate, most unstable wave
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number and range of unstable wave numbers.
Yan et al.”® performed non-linear spatial insta-
bility analysis of an annular viscous liquid sheet
surrounded by inner and outer gas streams with
motion in axial direction using a perturbation
technique and validated the model with avail-
able experimental data. An increase in curvature
of annular sheet or difference in velocity of gas
and liquid flow increased the highest growth rates
of both first and second order. Increasing rela-
tive velocity between gas and liquid streams also
caused large deformation in the sheet resulting
shorter breakup length. The study identified the
shear effect generated due to velocity difference in
outer and inner gas streams as the main source of
instability.

2.2.4 Swirling Liquid Sheet

Ibrahim and Jog” performed non-linear tem-
poral analysis of annular liquid sheet with co-
flowing inner and outer gas streams using a
perturbation expansion method. The study
showed that while linear theory could only pre-
dict sheet behavior at onset of instabilities, a
non-linear study was required to accurately pre-
dict wave propagation during sheet breakup. The
presence of gas swirl enhanced instabilities in the
liquid jet and made the helical mode more domi-
nant as compared to axisymmetric mode. Effect
of axially moving inner gas stream was more
than that of outer gas stream in disintegrating
the liquid sheet. Combined destabilizing effect
of axially moving outer and inner gas streams
was more than that of any one gas stream. An
increase in swirl strength of outer gas increased
highest growth rate and corresponding unstable
circumferential wave number leading to shorter
breakup length and thinner ligaments. Ibra-
him and Jog™ performed both computational
analysis using volume of fluid method for mod-
eling the hydrodynamics inside the atomizer and
non-linear stability analysis to study instabilities
in a liquid sheet coming out of a pressure swirl
atomizer. An increase in ambient pressure led to
reduced air core diameter due to higher air liquid
momentum transport and subsequently resulted
in shorter breakup length. The coupled com-
putational and sheet instability analysis showed
good agreement with experimental results and
provided a comprehensive way to model atomi-
zation in pressure swirl atomizers. Yan et al.”
employed the perturbation technique to perform
non-linear analysis of instabilities in an annu-
lar viscous liquid sheet with co-flowing inner
and outer gas jets. The study showed that liquid
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swirl had a stabilizing effect on liquid sheet at low
values of swirl strength as it enhanced instabili-
ties at its high values. Axisymmetric mode domi-
nated the instabilities in absence of liquid swirl
whereas the helical mode became more domi-
nant with increase in swirl strength, a phenom-
enon also observed in®. In the presence of purely
axial motion of liquid sheet, inner gas stream was
more destabilizing than the outer gas streams,
whereas the outer gas stream was predominantly
responsible for causing disruption when liquid
swirl was present. An increase in gas—liquid den-
sity ratio or radius of curvature produced shorter
breakup length, while increase in liquid viscosity
dampened disturbance growth and led to longer
breakup length. Zakaria et al.'” investigated non-
linear temporal instabilities in a liquid jet flowing
with alternating streamwise circulation in sta-
tionary gaseous medium using perturbation tech-
nique and multiple scales method. They derived
non-secular conditions corresponding to second
and third order and obtained non-linear evolu-
tion equations at different cases of resonance. The
study showed that Weber number and uniform
streamwise circulation stabilized the liquid jet.
In different resonance cases, amplitude of peri-
odic part of streamwise circulation destabilized
the flow and led to sheet breakup. In case of non-
resonance, the non-trivial solutions were damped
with an increase in phenomenological number
and vibrated as periodic amplitude number of
streamwise circulation increased.

3 Summary

There is plethora of studies that has employed
linear stability analyses to investigate dynam-
ics of liquid sheet development, largely due to
the simplicity of the linear model. Majority of
the studies have considered planar or annular
configuration in the presence and absence of
gas swirl, while the actual conical shape of liq-
uid sheet in injectors have mostly been ignored
with one exception’”. These studies have pri-
marily focused on the onset of sheet instabil-
ity and the conditions under which the sheet
is convectively or absolutely unstable®® 1> 527,
However, the actual breakup process is highly
non-linear and several studies have shown
significant deviation in surface deformation
predicted by linear studies and experimental
investigation™ 7,

While perturbation technique remains one
of the most popular methods for studying non-
linear instabilities in planar and annular sheet,
other techniques such as multiple scale expansion
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method'” and long wave asymptotic assumption
have also been employed’® 3483,

The amplitude of oscillations developed on
the liquid surface usually grows spatially and
remain invariant with time. But, majority of the
literature considered time-dependent insta-
bilities and employed Gaster transformation
to convert breakup time into breakup length.
Non-linear analysis by Yang et al.”’ have shown
that, as both temporal and spatial growth rate
is relatively smaller than oscillation frequency,
the interface deformation for both the instabili-
ties are observed to be similar. However, some
discrepancies in disturbance growth rate for
low Weber number have been reported by lin-
ear investigation of Altimira et al.’*. Similar non-
linear studies presenting comparison between
spatial and temporal instabilities for slow mov-
ing flows has not been reported yet.

Recent developments in non-linear studies
have investigated complex flow characteris-
tics such as viscosity, presence of lateral waves,
progressive change in velocity across thickness,
liquid and gas swirl. However, investigation of
boundary layer formation, turbulence, eddy
interaction and cavitation need more attention.
Though effect of pressure on gas liquid density
ratios has been studied, cases of severe decom-
pression caused by very high pressure have
been ignored. Instabilities induced by tem-
perature difference with emphasis on variation
of surface tension gradient with temperature
have been investigated®® ®°. But temperature
gradient large enough to cause a phase change
as experienced in combustion chamber would
need a revision of the definition of surface
tension. Finally, inclusion of energy conserva-
tion equations which are mostly excluded on
the basis of isothermal assumption may throw
some light on many unknown facts of atomiza-
tion process.
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