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1 Introduction
Let F be an algebraic number field, i.e. a finite 
extension of Q, the field of rational numbers. For 
a field L, we shall denote a fixed algebraic closure 
of the field L by L̄ and the Galois group Gal (L̄/L) 
by GL. A fundamental problem in algebraic num-
ber theory is to understand the Galois group 
of F which we denote by GF . Local and Global 
Class field theory provide important insights 
and there are several conjectures that add more 
via the theory of Motives and the Motivic Galois 
 group1. Let v be a place of F such that v lies above 
a rational prime l. Then, the completion Fv is a 
finite algebraic extension of Ql , the l-adic local 
field. The Galois groups GFv are subgroups of GF 
and Local Class field theory provides informa-
tion on these subgroups. For every rational prime 
l, let µl∞ denote the group of l-primary roots of 
unity considered as a Galois module. The exten-
sion F(µl∞)/F  is a Galois extension whose Galois 
group Gal (F(µl∞)/F) is isomorphic to Z∗

l  , the 
group of units in the ring Zl of l-adic integers. 
This also gives the corresponding l-adic cycloto-
mic character

such that the fixed field of the image of χl is 
the Galois extension F(µl∞) of F  (see2.) Since 
Z∗
l ≃ Zl × Z/(l − 1), considering the quotient 

of F(µl∞) corresponding to the subfield fixed by 
Z/(l − 1), one obtains the cyclotomic Zl exten-
sion Fl, cyc of F with Gal (Fl, cyc /F) ≃ Zl and 
F ⊂ Fl, cyc ⊂ F(µl∞) ⊂ F̄ . In particular, for every 
prime l,  there are natural abelian quotients of 
GF isomorphic to Zl . Further, the classical Kro-
necker–Weber theorem asserts that every abelian 
Galois extension of F is contained in a cyclotomic 
extension. This note outlines some intertwinings 
between Galois groups of number fields, repre-
sentation theory and Iwasawa theory. The inter-
ested reader is invited to consult the references for 
more details.

χl : GF → Z∗
l

It is natural to ask how many linearly dis-
joint Galois extensions L of F exist such that 
Gal (L/H) ≃ Zl for a fixed prime number l. This 
is related to Leopoldt’s conjecture whose valid-
ity would imply that there are r2 + 1 such exten-
sions, where r2 is the number of pairs of complex 
embeddings of F. In particular, for totally real 
number fields, the cyclotomic Zl extension is the 
unique Galois extension of F with Galois group 
Zl . It is known, thanks to a result of Brumer, that 
Leopoldt’s conjecture is true for number fields 
F that are abelian over Q. In particular, if F is a 
totally imaginary quadratic extension of Q, then F 
admits of two linearly independent Zl-extensions. 
These are the cyclotomic Zl-extension Fl, cyc and 
the anticyclotomic extension Fl, ac . The exten-
sion Fl, ac is the unique Zl-extension of F which 
is Galois over Q but not abelian over Q. Leopol-
dt’s conjecture has an equivalent formulation in 
terms of ‘p-adic regulators’, defined originally by 
Leopoldt for number fields and prime numbers p. 
Note that for every prime number p, Leopoldt’s 
conjecture, in particular, asserts the existence of 
abelian Galois extensions L of a number field F 
with Gal (L/F) isomorphic to Zr2+1

p .

2  Galois Representations
Local Class field theory provides information on 
important subgroups of GF , namely the decom-
position groups Gv for every place v of F. Another 
important class of quotient groups of GF arises from 
the study of Galois representations. Suppose G is a 
topological group and V is a vector space over a field 
k equipped with a topology. A finite-dimensional k- 
representation of G is a continuous homomorphism

Here, V is a k-vector space of dimension n and 
Aut (V ) is the group of k-linear automorphisms 
of V, identified naturally with the group GL n(k) 
of invertible (n× n) matrices over k. This latter 
group comes equipped with a topology that is 
induced by the topology on k. When G = GF , the 

ρ : G → Aut (V ) ≃ GL n(k).
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corresponding representations are called Galois 
representations. Such representations arise natu-
rally and plentifully in Arithmetic and in Geom-
etry, over a variety of fields k. The image of any 
such representation would then yield a quotient 
of GF . Typically, such Galois representations 
arise as a package, in the sense that there are 
finite-dimensional vector spaces Vl over the local 
fields Ql , for every prime l,  with some additional 
compatibility properties. Such classes of repre-
sentations are called l-adic  representations1. It is 
fruitful to study the entire class of such represen-
tations collectively rather than for a single fixed 
prime l.

The simplest case of a Galois representation is 
the one-dimensional Ql-vector space Ql with the 
trivial action of the Galois group. For every inte-
ger n, consider the one-dimensional vector space 
Ql(n) whose underlying vector space is Ql , but 
the action of the Galois group is via the l-adic 
cyclotomic character. Thus, for g ∈ GF and 
v ∈ Ql(n), the element g .v ∈ Ql(n) is defined by 
χ(g).v, where χ is the cyclotomic character. Here 
are some other examples of l-adic representations 
of the Galois group. Suppose E is an elliptic curve 
over F. Let E(F̄) be the points of the elliptic curve 
over F̄ . Then, E(F̄) is an abelian group and comes 
equipped with the natural action of the Galois 
group GF . For a prime number l,  and integer 
n ≥ 1, let Eln = Eln(F̄) denote the kernel of the 
“multiplication by ln-map” on E(F̄). It is clear 
that Eln inherits the structure of a GF-module. 
The l-adic Tate module of E,  denoted Tl(E) is the 
inverse limit lim

←−
Eln where the inverse limit is 

taken with respect to multiplication by l. The Tate 
module TlE is a free Zl-module of rank 2 with a 
GF-action. There is the associated Ql-vector space 
VlE := TlE ⊗Zl

Ql , of dimension two which 
affords a two dimensional Galois representation 
over Ql for every prime l.

More generally, let X be a smooth projective 
variety over F and set X̄ = X ×F F̄  to denote 
the variety base changed to the algebraic clo-
sure. For every prime number l, and i ≥ 0, the 
étale cohomology groups Vl := Hi

ét(X̄ ,Ql) are 
finite-dimensional Ql-vector spaces equipped 
with the natural action of GF arising from base 
change. This yields an important class of l-adic 
representations arising from algebraic geometry 
with deep connections to the theory of  Motives1. 
The ‘Tate twists’ are the Galois representations 
Vl(n) := Vl ⊗Ql

Ql(n), with the Galois group 
action given by the diagonal action. Another 
important class of l-adic Galois representations 

arises from modular  forms3, and this follows 
from deep results of Eichler, Shimura, Deligne 
and Serre. The class of l-adic representations 
arising from elliptic curves lies in the intersec-
tion of those arising from étale cohomology 
and arithmetic, since Vl(E) ≃ H1

ét(Ē,Ql(1)). For 
F = Q, it follows from the deep results on mod-
ularity that the Galois representation associated 
to an elliptic curve is modular, in the sense that 
it is equivalent to a Galois representation aris-
ing from a normalised, cuspidal eigenform of 
weight 2.

3  Iwasawa Theory
Galois representations naturally provide mod-
ules over certain algebras that encode interesting 
arithmetic associated intrinsically to the repre-
sentations. Iwasawa theory provides a powerful 
framework to study these modules and in extract-
ing important arithmetic information. An exem-
plar of this is the study of class groups of number 
fields. It was pioneered by Iwasawa in the 1960s 
to study the growth of the l-part of the class 
groups of the number fields Fn (n ≥ 0), which 
are the finite layers of the cyclotomic Zl-exten-
sion Fl, cyc of F such that Gal (Fn/F) ≃ Z/ln. Let 
Cl (Fn) denote the class group of Fn and en be the 
cardinality of the l-primary part of Cl (Fn). A 
fundamental result of Iwasawa demonstrates the 
systematic growth of en, more generally for a Zl

-extension of F  (see4, 5).

Theorem 3.1 (Iwasawa) Let F be a num-
ber field and let F∞/F  be a Galois extension 
with Gal (F∞/F) ≃ Zl . Then, there exist inte-
gers � = �(F∞/F) ≥ 0, µ = µ(F∞/F) ≥ 0 and 
ν = ν(F∞/F), a such that

 for all sufficiently large n.
Iwasawa’s study leads naturally to the study 

of certain subquotients of the Galois group GF 
for a number field F. Let F∞/F  be a Zl-exten-
sion. For n ≥ 0, let M′

n be the maximal unrami-
fied l-extension of Fn which is completely 
decomposed at all primes of F that lie above l. 
Set Mn to be the maximal unramified l-exten-
sion of Fn . For a group M,  we denote the abe-
lianisation of M by M ab ; it is the quotient of 
M by the commutator subgroup of M. If L/F is 
an extension with Galois group G, the subfield 
of L which is fixed by G ab is denoted L ab . Then, 
Gal (L ab /F) ≃ G ab . Set

(3.1)en = �n+ µln + ν,
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The field extension M ab
n  is the l-Hilbert class field 

of Fn. Let L (resp. L′ ) denote the maximal abe-
lian, pro-p extension of F∞ that is everywhere 
unramified (resp. where the primes above p split 
completely). Taking direct limits over n, define

There is an inclusion of fields

The fields L and L′ are extensions over F∞ and 
the corresponding Galois groups over F (respec-
tively, over F∞) are quotients (respectively, sub-
quotients) of GF . Consider the Galois groups

where H and H′ are as in (3.2).
The Galois groups X nr and X cs are Zl-mod-

ules with a continuous action of the Galois group 
Gal (F∞/F) ≃ Zl . The Galois group Xnr is the 
pro-l Hilbert class field of F∞ and is an extension 
of the Hilbert class feld of number fields, to infi-
nite Galois extensions of number fields.

Let G be a profinite group. The Iwasawa 
algebra Zl[[G]] of G over Zl is defined to be the 
inverse limit

where G′ varies over open normal subgroups of 
G,  and the inverse limit is taken with respect 
to the natural surjective maps on the quotient 
groups. When G ≃ Zl , the Iwasawa algebra of G 
is a compact Zl-algebra and is isomorphic to the 
power series ring in one variable over Zl ,

The isomorphism is given by (γ − 1) �→ T , for 
a topological generator γ of Zl . In particular, 
Zl[[G]] is a regular local ring and hence a unique 
factorial domain. The structure theorem for 
finitely generated modules over such rings pro-
vides algebraic invariants.

Theorem 3.2 Let M be a finitely generated com-
pact module over Zl[[G]] = Zl[[T ]]. Then, there is 
a homomorphism of Zl[[G]]-modules

(3.2)
Hn = M ab

n , H ′
n = M′

n
ab

H = lim
←−

Mn H′ = lim
←−

H ′
n.

(3.3)L = lim
−→

Mn, L′ = lim
−→

M′
n.

F ⊂ Fn ⊂ F∞ ⊂ L, F ⊂ Fn ⊂ M ab
n ⊂ Mn.

(3.4)

X nr = Gal (L/F∞) = Gal (H/F∞) ab

X cs = Gal (L′/F∞) = Gal (H′/F∞) ab ,

Zl[[G]] = lim
←−

Zl[G/G′],

Zl[[G]] = Zl[[T ]].

 with finite kernel and cokernel, and such that the 
integers r, n, m, ki, rj are positive integers. Here, 
fj(T ) are distinguished polynomials in Zl[[T ]]. 
Moreover, the decomposition is unique up to 
reordering.

The integer r is called the rank of M. Let tj 
be the degree of the polynomial fj(T ). The two 
other invariants obtained from the structure 
theorem are the �-invariant and µ-invariant, 
defined by

This leads to the natural question of what these 
invariants are for the Zl[[G]]-modules X nr and 
X cs over a Zl-extension F∞/F . For the cycloto-
mic Zl-extension F∞ = F cyc , these modules are 
finitely generated. A fundamental result of Iwa-
sawa proves that these modules are even torsion. 
In particular, the rank is zero and the invariants 
of interest are the � and µ-invariants. In this 
regard, there is the following conjecture.

Conjecture 1 (Iwasawa’s µ = 0 conjecture:) Let 
F be a number field and let F cyc be the cyclotomic 
Zl-extension of F. Let Xnr, cyc be the maximal abe-
lian, unramified l-extension of F cyc . Then, the µ
-invariant of Xnr,cyc is zero.

This conjecture postulates that the pro-l Hil-
bert class field of the cyclotomic Zl-extension of 
a number field is a finitely generated Zl-module. 
The µ-invariant captures the l-primary torsion 
part while the �-invariant is the Zl-rank of the 
module. A celebrated result of Ferrero–Washing-
ton proves this conjecture when F is an abelian 
extension. For F = Q, the �-invariant and the µ
-invariant are both trivial.

A prime number p is regular if p does not 
divide the class number of Q(µp). The prime 
p = 37 is the smallest irregular prime. Let 
Q(µp)

+ denote the totally real subfield of Q(µp). 
A deep conjecture, called the Kummer–Vandiver 
conjecture, states that p does not divide the class 
number of Q(µp)

+. There is substantial numeri-
cal evidence for this conjecture. Using Iwasawa 
theory, one may prove that if Kummer–Vandiv-
er’s conjecture holds, then for F = Q(µp), the 
p-Hilbert class field of F, i.e. the maximal abelian, 

M → (Zl[[G]])r

(

n
⊕

i=1

Zl[[G]]/lki

)

m
⊕

j=1

(

Zl[[G]]

(fj(T )rj )

)

(3.5)

�(M) =
∑m

j=1
tj · rj

µ(M) =
∑n

i=1
ki.
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unramified, p-extension of F is contained in the 
composite of all Zp-extensions of F.

4  Greenberg’s Pseudonullity Conjecture
The discussion above gives an indication that 
Iwasawa theory provides insights into under-
standing certain subquotients of the absolute 
Galois groups of number fields. Indeed, there are 
analogous statements for global fields as  well6. 
Greenberg postulated a far-reaching generalisa-
tion of Vandiver’s conjecture, and particular cases 
of this conjecture are known to be  true7. While 
Iwasawa’s µ = 0 conjecture is a statement about 
the l-torsion part of the pro-l Hilbert class field of 
the cyclotomic Zl-extension of a number field F, 
Greenberg’s Pseudonullity  Conjecture8 is a state-
ment about the Zl-rank for totally real number 
fields. Let F be a totally real number field and let 
Fl, cyc be the cyclotomic Zl-extension of F. Con-
sider the pro-l-Hilbert class field X nr , cyc of Fl, cyc , 
which is a torsion module over Zl[[G]] with 
G = Gal (Fl, cyc /F). Greenberg’s conjecture is the 
statement that the Iwasawa invariants � and µ are 
zero for X nr , cyc . In particular, the Galois group 
X nr , cyc is finite and has Krull dimension zero as a 
module over Zl[[T ]].

More generally, suppose that R is a commuta-
tive Noetherian ring with Krull dimension t and 
let M be a finitely generated R-module. Then, 
M is said to be pseudonull if the Krull dimen-
sion of M is at most t − 2 . In other words, M is 
pseudonull if it is of codimension at least 2 as an 
R-module. Let F be a number field and let F̃  be 
the composite of all Zl-extensions of F. Then, the 
Galois group G = Gal (F̃/F) ≃ Zd

l  and let R be 
the Iwasawa algebra Zl[[G]]. Further, R is isomor-
phic to the power series ring Zl[[T1, . . . ,Td]] in d 
variables, and has Krull dimension d + 1. There 
is another conjecture of Greenberg that general-
ises the above conjecture to the field F̃  . Let L̃ be 
the pro-l Hilbert class field of F̃ , which again is a 
finitely generated torsion module over R. Set

For a finite Galois extension L such that 
F ⊂ L ⊂ F̃ , let Cl l(L) denote the l-Sylow sub-
group of the class group of L. The Galois group 
Gal (L/F) acts on Cl l(L). Consider the inverse 
limit

X̃ = Gal (L̃/L).

A := lim
←−

Cl l(L)

where the inverse limit is taken with respect to the 
norm maps. The Zl-module A naturally acquires 
a structure of an R-module and it is finitely gen-
erated as an R-module, with R as above. Further, 
by Class field theory, A can be identified with X̃ , 
the Galois group of the pro-l-Hilbert class field L̃, 
of F̃ . Greenberg’s Pseudonullity Conjecture is the 
statement that X̃ is pseudonull as an R-module. 
We remark that analogous conjectures can be 
formulated for Iwasawa modules arising from 
the Iwasawa theory of elliptic curves. These state-
ments postulate the sizes of subquotients of the 
absolute Galois group GF and also have interest-
ing consequences in studying the arithmetic of 
Galois representations over infinite extensions of 
algebraic number fields.

Coates9 observed that the techniques in Iwa-
sawa’s study of class numbers could be fruitfully 
applied to the study of the growth of Mor-
dell–Weil ranks of elliptic curves over number 
fields along the finite layers of cyclotomic exten-
sions. In particular, this led to proving the fol-
lowing particular case of the celebrated Birch 
and Swinnerton-Dyer conjecture. Suppose E 
is an elliptic curve defined over an imaginary 
quadratic field K with complex multiplication 
by K. If the complex L-function of E satisfies 
L(E, 1) = 0, then E(K) is finite. The Iwasawa 
modules that one studies in the Iwasawa the-
ory of Galois representations associated to 
elliptic curves are the Selmer groups of elliptic 
curves. It is germane to mention that there are 
conjectural analogues of Iwasawa’s µ = 0 con-
jecture, as well as Greenberg’s Pseudonullity 
 Conjecture10 for modules arising from the study 
of Iwasawa theory for Galois representations 
associated to elliptic curves.
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