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Abstract

‘We discuss the mathematical mechanism leading to “stick-ship behaviour’ seen 1n very different suuations ‘Stick-slp”
15 seen 1 systems which are subjected to a fixed response and force developed in the sample 15 measured by dynam-
cally coupling the system to 2 measurmg device We discuss n some detatl 2 model for a type of plastic mstability and
a model for earthquakes In both these cases, we that the operating 15 the Hopf
brfurcation Sunular conclusions have been armived at more recently in theoretical and expenmental analysis on fric-
tonal sliding The possibuity of modelling several apparently different phenomena 15 outhned

1. Introductiom

A number of mstabilities of dynamic ongin bear formal resemblance to each other They ex-
hibit what may be genencally referred to as ‘stick-ship behaviour’ This 1s observed 1n situa-
tions where systems are subjected to a fixed response and force developed m the sample 18
measured by dynanucally coupling the system to a measunng device. Stick-ship 15 mtrinsically
dynamical 1 nature and is characterized by the system spending most part of the time 1 the
stick mode and a very short time mn the slip mode Jerky flow or the Portevin-Le Chatelier
effect or serrated yielding™ 15 one such phenomenon which we have stidied in great detal, 1
There are a2 number of other examples that have been studied n some detarl in hterature Stick-
ship-like behaviour seen . shdmng of a block of matenal on another due to the frictional force
acting between them 1s an example known for a long tune 1416 The mstabulity here 15 expected
to arise from the velocity-weakening fuction law "™® Seismic events resulting from the
movement of tectonic plates 15 considered to be another le Here agan, models use a
velocity-weakenmng friction law to be operating between the tectonic plates. Both these prob-
lems have been recently studied from a dynamucal point of view '**! Another example which
bears a great resemblance to the central theme of the paper 15 the peelimg of an adhesive tape
When the tape 15 pulled at a constant velocity, the experimental strain energy released shows an
“unstable region’ as a function of the drive velocity  Domain wall movement under the action
of external field 1s yet another example. %" Nonlinear conduction in some of the CDW mate-
nals 1s yet another example ** Ope common feature of these cases 15 that these systems exhibit
what can be generically called ‘negative flow rate characteristic  (see Kubin and Poinor in
Ref. 3) In two of the cases mentioned above® %, we have shown that thus 1s a consequence of
Hopf bifurcation, Recently, in the case of friction studies, sumilar result has been proved both
experimentally and theoretically.”*' We conj that Hopf bifurcation 15 at the root of
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every case of stick-shp * Qur mterest 1n these scemungly ditferent phenomenon is to evolve a
meau field dynanncal approach along the lines of the model for the PLC effect In the follow-
g, we will deal with yerky flow 10 some detad and show the formal smulanty with other phe-
nomena mentioned above

2. Portevia-Le Chatelier Effect

Pirst, we secall the primetpal features of the jerky flow Metals subjected to a constant rate of
tensile deformation normally exiubit a single yield drop However, under some metallurgical
conditions, successtve or repeated yield drops are seen This 15 referred to as the PLC effect or
the jerky flow The phenomenon has been observed w several metals™ such as won with -
punties (e g. C), commerctal alupnnium, stamless steel, brass, alloys of alwmimium and mag-
nestun, etc A typical plot of stress vs strain (time) 15 shown m Fig 1, for single crystal of
AlCy As mentioned m the wirodnction, these kind of plots are typical to suck-ship phase. (for
nstance, compare ¥ig 5, p 6 of Ref 16). Repeated yield drops occur onfy within a certain
window of strain rates and teraperature The occurrence of repeated yreld drops 1 also sensive
to the concentration of solute atoms Each of these yield drops 55 accompanied by the formation
and propagation of dislocation bands

The basic mechanism of repeated yield drop s as follows ® Dislocations move under the
action of stress There are solute atoms which are present m these metalhe alloys If disloca-
uons are static of moving very slow, solute atoms have a iendency to aggregate at the core of
the dislocations thereby making them more difficult to move, 1e more stress wifl be reqmred
to make them move than without the solute atoms at the core Thus 15 called as agemg Now,
consider the case when the dislocations are moving faster They wall suf} gather solute atoms
which would eventually arrcst them But if dislocations are moving very fast, solute atoms may
not find sufficient tume to aggregate at the dislocation cores to slow them down Thus, there 1s a
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competition between the rate at which dislocations move and the rate at which solute atoms
arrive at dislocation cores The first time scale 1s dependent on the rate of deformation of the
spectmen and the second on the diffusion constant of the solute atoms which 15 temperature
dependent The negative flow rate charactenstic of the yield stress as a function of appled
stram rate 1s a direct consequence of these two competing effects S Another important feature
of plastic deformation 1s that tts exinbits hysteresis

21 A dynamical model for the PLC effect

From the above discussion, it 15 clear that the PLC effect results from the mteraction of dislo-
cations with mobile pomnt defects This mduces a negative stramn rate sensiyrvity triggenng the
onset of the PLC effect The first effort to model this phenomena at a dynamical level was un-
dertaken by us 9 The approach 1s dynamical The method seeks to establish a connection be-
tween mteraction of the defects participating at the mucroscopic level to the macroscopically
measured quanuties We proposed a theory mvolving three types of dislocations and some
transformations between them BEven though the spatial mhomogeneous structure was 1gnored
and only the temporal oscillatory state was sought to be described, the model proved to be very
successful 1 that 1t could explam most of the experumentally observed features ' The basic
1dea could be summarized by stating that limit-cycle solutions arise due to nonhmear mteraction
among the three different types of dislocations, suggesting a new mathematical mechansm for
the PLC Recently, an extension of the model to account for the formation and propagation of
dislocation bands has also been attcm):»ted13

‘We wcorporate several mechanisms such as multiphication, immobilization and anmibilation
of dislocations 1ato the rate of change of densities of dislocations of different types Some
terms are used 1n sumphified form to facilitate the use of mathematieal framework of dynamacal
systems Thus, our attempt 15 to mclude typical mechamisms which describe generic features of
the PLC effect rather than to reproduce properues of any particular materal. Our model con-
sists of three types of dislocations——mobile dislocations wrth density N,,, immobile dislocations
with density N,,, and dislocations having clouds of solute atoms with density N, The rate
equations for the densities of dislocations are

Ny, = OV, N, = N7 = BN, N,,, + YN, ~ G, m
Ny, = kBNG = BN,y — YN,y + &N, @
N,=oN, —-aN, 3)

where the over dot refers to the time-derivative The first term m eqn (1) 1s the rate of produc-
tron of dislocations due to cross-ghide with a rate constant § In the first term, V, denotes the
velocity of mobile dislocations, whach depends on some power of the applied stress o,. The
second term refers to two mobile dislocatons either annihilatng or immobilizing with rate
constants (1 — k) and kB, respectively (see the term kfN;, m equ (2)) The thid term repre-
sents the annhulation of a mobile dislocation with an tmmobile one. The fourth term represents
the remobilization of immobile dislocations due to stress or thermal activation with rate con-
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stant ¥ (see the term YN, 1n eqn (2)) The last term represents the process of sclute atoms gath-
ermg around the mobile dislocations, thereby slowing down such dislocations We consider
such dislocations as new entities with density N,. This process results 1n an outgomng term 1
eqn (1) and an mcoming term in eqn (3). As more and more solute atoms gather, the disloca-
tons eventually stop We represent this by a loss term 1n eqn (3) and a gain term m eqn (2)
‘Thus, o refers to the concentration of the solute atoms whuch participate 1 slowing down the
dislocations, and (o)™ refers to the time constant for slowing down to occur The above equa-
tsons should be coupled to the machme equation describing the rate of change of the stress de-
veloped 1n the sample Thus has the form

o, =K(~bN,V,) @

where k15 the effective stiffness, b, the magnitede of the Burgers’ vector, and &, the applied
stram rate Using a power-law dependence for Vi, = Vo(G:/0p)™, eqns (1—4) can be cast 1o a
dimensionless form by mtroducing scaled variables
"=Nm£ ysz__p;_)zleﬂ’ =Ze and =V 5)
e M e G

The rescaled form of the dynamical equations are

£= Qb ~xy+y-ax, ©)
¥ = by(kbex” —xy -y +a2), @)
z=c(x—2), (3)
o =d(e—¢"x), ©)

where the over dot now refers to a derivauve with respect to the scaled time 7 The new pa-
rameters are defined as follows

’

y o o
b=t a= 2 =2
A AT
Kby £
d=—=— ande=—~—, 10
ooy T B, uo

There 15 a range of parameters a, by, ¢, d, e, k and m for which the dislocation densities are
oscillatory 1 time Tt 15 obvious that whenever the quantity ¢ exceeds e, there will be an
yield drop The theoretically calculated muluple yield drop curve is shown 1 Fig 2 Swipms-
ingly, many qualitative results such as the negative stram rate behaviour of the flow stress, the
exstence of two cntical stram rates within which the phenomenon is observed, the dependence
of the amplitude of serrations on the strain rate and strain, and bounds on the concentration of
solute atoms are correctly predicted The most important prediction is that the negative strain
rate sensitwity of the flow stress anses raturally as the consequence of a Hopf bifurcation The
negative stram rate sensitivity of the flow stress 1s shown 1 the inset of Fig 2 The dependence
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of the critical strain on the strain rate has a ‘V’ shape. Qurs 1s the only model which predicts
this expermmentally observed feature Finally, our model also predicts chaotic stress drops in
an intermediate regime of apphed stran rates 1277 The above equations can be reduced to an
order parameter equation 1n the form of Stewart-Landau equation % The nature of bifurcation
m the entire parameter space (g, b) has been analysed to show the existence of both supercriti-
cal and subcnitical bifurcation

Due to the fact that the model 1s dynamucal in nature, the model predicts chaofic stress
which has been recently verfied ™ % To check the prediction that the PLC stress drops are
of dynamical ongn, analyss of the experimental data has to be carrted out by available meth-
ods for time senes developed m the area of dynamical systems The first attempt 1 thas direc-
tion was undertaken by Ananthakrishna and coworkers.” (see also Ananthakrishna' where the
value of the correlation dimension has been mentioned without giving details of the calcula-
tions ) We have carried out an exarmmation of the stress signals obtamed from single crystals of
Cu-10%A1 and Cu-14%Al loaded under constant strain-rate conditions The results, though
preliminary, suggested that the tume series could be chaotic The methodology used was the
simplest algorithm for implementation, namely, that due to Grassberger and Procaceia * Re-
cently, there have been three more attempts® 2, one of which 15 from a different group 2 m
these studies, sophisticated methods such as singular value decomposition (SVD) method cou-
pled to GP algonthm™ and calculanon of the positive Lyapunov exponent were used > Even
s0, the length of the time was short For this reason, several experiments were performed on
polycrystals of Al Mg Recently, a detailed analysis of these long stress signals using correla-
tion dimension, SVD with GP algonthm, and the Lyapunov spectrum have shown unambigu-
ously that stress signals ate chaotic **" The estimated number of degrees of freedom required
for a dynarmcal description of the phenomenon that emerge from this analysis fums out to be
the same as 1n the model Since the system 1s spanally extended, these modes represent collec-
tive degrees of freedom of dislocations as was used in the model



170 DYNAMICS OF STICK-SLIP

3. Simitarities of the PLC effect with frictional sliding

‘The case of stick-shp m [nction studies has considerable sumulanities with the PLC effect We
shall start recapttulating some known facts The first known study on friction goes by the name
of Amontons—Coulomb law (as early as 1699 and 1781, respectively) This states that the fric-
tional resistance is independent of the surface area S and that static friction coefficient i 1s the
ratio of the pulling (tangential) force (f;) to the normal force (f,) In a dynamical situation, one
can define the dynamic friction coefficient 1ty under a constant pulling velocity v If one looks
at the area of contact under magnification, one finds that the contact 1s actally at a few miero
contact pomnts. Thus, the effective area of contact S,y 1s ruch smaller than the actual area of
contact Due to this, the normal force acts only on the mucrocontacts Thus also implies that
there wall be creep of the material resultng i increase of Sz This 1s reflected in the expen-
mentally measured fact that the static friction coefficient increases as a function of time In
other words, there 15 agemmg of contacts, Equivalently, u, = 1(%), where 1 15 the stick time
Thus, 1f the pulling speed 15 low, the agemng 18 ugher Clearly, when these two time scales,
namely, the ageing tine scale and the loading time scale are of the same order, there wiil be
mteresting effects which result 1n suck-shp behaviour. Recently, there has been considerable
experimental and theoretical investigations 1 this area -2

In addition, expenments performed on rock samples show a stnking sumulanty between the
stress-stram curves m jerky flow and force vs displacement curves i expenments on rock
samples Here agamn, the repeated drops in force as a function of displacement occur only
within a window of displacement rates and temperature (see, for example, Ref 18).

As 1n the case of the PLC effect, where most theoretical descriptions use the ‘negative flow
rate charactensuc’, the Burndge-Knopoff modet” for earthquake mstability uses a sumple ve-
locity-weakening friction law 17 This law has a negative slope from the start as m the case of
dynamie friction coeffictent 2! This law is assumed to operate along the region of contact of
tectonic plates which are i relative motion. It 15 due to ths that earthquake-hike events mumick-
ing the Gutenberg-Richter'” law are scen Recent mvestigation using an ‘N’-shaped friction
law in Burridge-Knopoff model (which 15 valid for the PLC effect) shows rich spatio-temporal
dynamucs.”® However, the dynamical ongm of this velocity-weakering law has not been inves-
nigated Thus, it would be mteresting to construct a model for stick-shp on faults and to dem-
omstrate that the velocity weakemng frichon law used wn earthquake models 1s not merely a
convenient assumption, but one that can be derived on the basis of nonlinear interaction
Simlar considerations appear to hold 1 the case of suck-ship dynamucs in friction studies on
‘solid-on-sohd’ experiments also

3.1 A dynamical model for the stick-ship behaviour on faults™

In this part, we outline a model along the lines simalar to the dynamucal model of the PLC ef-
fect 'We expect that this hine of attack will help us derive an ‘N’-shaped curve for the fnctional
law. Barthquakes are often described as slip events on the mterface of two tectomc plates that
are 1n relattve motion caused by mantle-wide convection. We confine our attention to the inter-
faces of the plates They fave complicated mhomogeneities Some recent studies idicate that
the fault topology 1s self-affine In an 1dealized, one-cimensional representation of the fault
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potential lock

lock
J_ gouge particles

Fie 3 A schematic representanon of z fault

(Fig 3), we picture the two plaies as rough surfaces with protrusions As the plates move past
each other, some of the protrusions of one plate may get entangled with those on the other, to
form ‘locks’ that are immobile Protrusions that are not locked, but are free to move without
hmdrance are termed ‘potentsal locks’ As some regions are locked, the imposed drive velocity,
vy, produces stram This accumulates along the region of contact, being large at some places
and small at others Each part of the fault has a velocity depending on the local shear stress
o) The locked regions will get ‘unlocked” and shp when the local stress exceeds a critical
value The ‘unlocking’ may occur either by elastic or plastic deformation of the protrusions, or
by fracture The last of these leads to the formation of gouge particles which accumulaie at the
nterface Thus, regions that are moving at one pont of time may be locked and stationary at a
later time, and vice versa In the most simphfied mean-field approach where the spatial aspects
are 1gnored, we consider a system with the following three entities—potential locks that are n
motton (k), locks that are immobile (L) as Iong as the stress is below a critical value, and the
gouge particles (g) that are produced due to wear and tear The much smoother surface (s) pro-
duced due to wear and tear 1s not explictly considered Let py, oy and g, be the denstties of the
three entities, respectively The following are the sumplest transformations that can be envis-
aged

h+h—>L an
LAg+kh+s (12)
h+h+g—L (13)
g>s 14

The first transformation refers to two potental locks meeting and forming 2 lock The second
tepresents the fact that a lock may fracture giving rise to gouge particles with a rate constant A,
with the remammg fraction formung a potential lock (representing a much less donunant asper-
ity). The third transformation denotes the fact that gouge particles can be sandwiched between
the two colliding potential locks leading to the formation of locks The last equation refers to
the loss of the gouge matenial, which can happen in several ways For mstance, 1t may be lost
as 1t falls 1nto a deep crevice or 1t may get stuck to the smooth surface (Thus surface that plays
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the role of pool chemicals mn chetmical reactions 15 not expheitly considered i the model ) The
rate equations corresponding to these are

p1, =PI} + ki (0)p, — AVEIpip,, (15)
1 = +PUCIP, — Y (O)p, +280(0)P}p,. (16)
Py = W), ~ AUOIPEP, — 4Py amn

The coefficients of each term represent the rate constants There are two stress-dependent fac-
tors w(o) and w(o) The first refers to the local velocity, while the sccond represents the break-
1mg stress at winch the locks break. Both of these could have a power law dependence on stress.
We need to include the influence of notmal stress on the ‘agemg” process In addition, these
equations should be coupled to the rate of change of the shear stress developed at the mierface
due to the constant macroscopic drift veloeity v, Under some reasonable assumptions this can
be wrtten as:

6 =Gy, -buo)p,} (18)

where G 1s the shear modulus of the fault As 1n the previous case, one can cast these equations
1 scaled form which will be easier to handle Making use of power law representation for the
stress-dependent functions, 1t 1s possible to show that these set of equations exhibit it cycle
solutions Following the analysis of the PLC model, we have calculated the dependence of the
flow stress on driving veloaity. In the regron of the mstability, we find the negative flow rate
characteristic

These equations can be improved, in particular, 1t is mmportant to consider the normal com-
ponent of the stress Further studies are being carned out

4. Peeling of adhesive tape, domain wall movement and charge density waves

41 Peehing of adhesive tape

It 15 a common expertence to find that peeling of of an adhestve 1s jerky 1f the rate of peetng 15
m an appropriate range In fact, the strain energy released 1s audible Clearly, this phenomenon
falls in the category of ‘suck-shp” Some detailed expermments and theoretical analysis has been
carmed out by Maugis and Barq\.m'ls.22 These expenments are stmple but the physics 1s rich As
the velocity of peelmg 1s mereased, the anthors find that stick-slip appears abruptly wath the
ampltude jumpmg between the two branches corresponding to the crack mutiaton and crack
arrest This amphinde decreases as the velocity of the pecl 15 mereased and eventually, stick-
ship disappears. As in the case of the PLC effect, the two distinct ime scales are clear One
corresponds to the velocity of the dove and the other to the viscoelastic time scale Again, the
agemng effect that we stressed m earlier section is manifest due to the viscoelastic medium, re.
once the crack 15 opened up to a point, 1f now one mmagnes that the tape 1s held static, the vis-
coelasticity of the flwd tends to heal the crack to a certain extent depending on the amount of
force acting between the two faces of the crack the and the elasticity of the tape The same 15
true as Jong as the tume scale associated with the velocity of drive 1s small These authors have
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also atternpted to explam this phenomenon by assuming an ‘N’-shaped force versus velocity
relanonship, which 1s actually measured by them There is also a recent analysis of this prob-
lem showng chaotic behaviour *

42 Motion of 180° Bloch wail

The motion of a Bloch wall 11 a magnetically soft material under the action of a magnetic field
has considerable resemblance with the motion of dislocation m the presence of solute atoms
Usually, the mobility of domain walls 1s controlled by lattice defects such as dislocations,
inclusions, etc However, m magnetically soft materials, diffusion of impurity atoms can
become important 1 a certain range of temperatures For instance, carbon atoms 10 ¢-1ron
are such defects Martin ef !, have studied the motion of a smgle 180° Bioch wall m a single
crystal of St-Fe Consider two adjacent antiparallel magnetic domams In equilibnium, the
proportion of mterstitials vary m the region of the domam wall which 15 a few thousand ang-
stroms width The domamn wall 1s pmned by these interstitials However, the rate at which
equilibrium 1s reached depends on the tme scale assocrated with the diffusion of the carbon
atoms Now, assume that the domam wall 1s made to move at a constant velocity v by an ap-
pled field Clearly, there are two competing time scales The analogy with a dislocation motion
1n a medwm of solute atoms 1s clear In the regime when the two tume scales are of the same
order mteresting effects of ‘stick-shp’ anse In fact, experumentally, the authors find pertodic
motion, two frequency regime and even chaotic regume as a function of the velocity of the do-
main wall

43 Charge density waves

Finally, let us consider the last example of fluctuations n voltage seen mn charge density wave
(CDW) compounds Charge density waves have been studied extensively. Even so, certam
aspects of CDW such as the transition from ohmic to non-ohmic regime 15 not well understood.
Under the action of an electric field, one finds transition from the ohmic regime (£ < E)) to the
non-ohmic one (E> E;) Above the threshold, the current-voltage characteristic 1s non-ohmne
and nonlinear In addition, one also finds extremely low-frequency voltage pulses (~ 1Hz) in
certamn compounds such as blue bronzes K;3MoQO;. At low value of the electric fields, 1t 1s
clear that the CDW as a whole cannot move, yet one does find current i the sample In order
to explam this, Lee and Rice have suggested that phase dislocations (PDL) of the CDW could
carty current at electric fields too low to depin the CDW as a whole This situation 1s quite
analogous to plasuc deformation where plastic flow occurs by generatng dislocations which
further move under the effect of an applied stress This analogy 15 useful and allows for mter-
pretation of many qualitatrve features of the nonlinear and hysteresis phenomena observed m
CDW transport The threshold E, can be viewed as the onset of plastic flow of the charged PDL
m the COW lattice Below the threshold, the PDLs are unable to move, bemg pinned by ma-
punties of crystal defects. Above the threshold, the moton of the PDLs 1s cooperative and
nonlinear The very low-frequency voltage pulses (~ 1Hz) observed m many systems are quite
similar to the serrations observed m the Portevin-Le Chatelier effect. Thus, they can be aterib-
uted to successive and cooperative unlocking and relocking of PDLs m the CDW lattice This
analogy has been brought out by Dumas and Fienberg.
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The analogy between a tensile test at a constant stress rate and voltage mcasurement at
constant current sets up a correspondence between stress ¢, and voltage V and stram £ and the
current / As 1n plastic stram rate, €, s proportonal to the number, N, of mobile dislocations
and therr velocity, V. the nonlinear current, Jepy, is proportional to the number. Ny, and ve-
Tocsty V; of moving PDLs Again, as in the case of plasticity where N, and V,,,, being functions

of applied stress ¢, Ny and V, depend nonlinearly on the apphed field

The features mentioned earlier show that it 1s possible to model the phenomenon of transi-
tion from ohmic to non-ohmic regume 1t a manner stmular to the PLC effect Just ke disloca-
tons that are produced and move under the action of stress, newly charged PDLs can be gen-
erated through the crystal under the effect of an electric field possibly by a Frank-Read-hke
mechamsm as suggested by Lee and Rice The repeated generation of new loops (shpped phase
planes) by Frank-Read sources will produce a current Further, the steraction of such PDLs
with impurities may lead, depending on the field, to the slow motion (draggmg rmpunies) or
fast (free from impurtties) motion. Thus is agan sunilar to the interacton of solute atoms with
moving dislocations m the PLC cffect. The PDLs can also form dipoles providing a cause of
locking. Some of the steking stmilariies between CDW and jerky flow have been shown by
the studies of Dumas and Fnenberg *, and Fienberg and Friedel ® We refer the mtcrested
reader to the ongmal papers

5. Conclusions

In this paper, we have shown that the basic cause of ‘stick-shp’ 1s very general The stick- shp
feature arises duc to the ‘negative flow rate characterisuc’. This feature has been measured 1 4
good number of siuations In two mstances, we have shown that this feature can be shown to
result from Hopf bifurcation based on dynanucal models for the physical phenomenon Simular
atiempts have been reported more recently We conjecture that Hopf bifurcation is at the root
of the stick-slip nature of all these phenomena.
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