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Deterministic chaos: Complex chance out of simple necessity by N Kumar, Umversities
Press (India) Lumited, 3-5-820 Hyderguda, Hyderabad 500 029, 1996, pp 106, Rs 70.

This book 1s about chaos, a subject which gives wsight mto a variety of seemungly random phenomena
Science pervades of disciplimes from physies to biology The most difficult aspect of a book on chaos is
how best to mtroduce concepts deeply rooted m mathematics particularly when the book 15 addressed to
students at school and undergraduate Jevel Professor Kumar has accomplished this task admurably Many
concepts are made easily understandable by giving day-to-day examples (for cxample, phase locking).
The choce of words (for mstance, ‘mere thinking of 1t’) and flow of the Ianguage are just nght to make
the book very readable

In the introductory chapter, Professor Kumar uses every-day exampies startmg from leaking fancet to
Iaboratory examples of turbulence, Rayleigh-Bénard convection and the oscillatory chemcal reaction of
Belesov—Zhabotmsk This chapter 1s the most nteresting since 1t draws on his wide knowledge of differ-
ent areas to drive home the 1deas Rught m the first chapter, using Bernoull shift, he mtroduces concepts
such as stretching and folding, sensitive dependence on mrtial condrtions and algorthme complexity
which are characteristic features of chaos All these are done without resortung to any hard mathematics
The subutles w the chaprers are themselves catchy.

In the sccond chapter, the author mtroduces the concept of phase space, various types of attractors
and thewr stability Powcaré section 1s introduced, and dissipative and conservatve flows are explamned
The next chapter is devoted to maps Both Jogistc and circle maps are considered m some detail. Using
logistic map, the author discusses period doublng bifurcanon in some detal Professor Kumar has put
some effort to commuuucate the excitement of the umversality exhibited by the class of maps with quad-
ranic maximum The 1mportance of the two constants which characterize this unrversahity, namely, the
Fergenbaum’s number and the number associated with metric universality are discassed Tangent bifur-
cation and 1ntermittency are also discussed. This 15 followed by a discussion of the circle map Here, con-
cepts of quastpertodicity and phase locking are well communicated followed by a discussion on devil’s
statrcase and Amold’s tongue A bnef mention of different routes to chaos along with known laboratory
cxamples arc ncluded at the end of the chapter The fourth chapter deals with continuous tume dissipative
systems. Lorenz model 1s taken as a typical example The emergence of a strange attractor as a comse-
quence of stretching und folding of ortats 15 well )llustrated The next chapter deals wath Hammitoman
chaos Begwning with Hamaltoman equations, the author mtroduces integrable and nomntegrable sys-
tems After discussing the distinction between ratonal and irrational invanant tosi, the KAM theorem 1s
explamed Starting from a two-dumensional mtegrable system, destruction of the resonant rational tor 15
dealt with by considering the additon of a nommtegrable perturbation The 1mportance of elhpuc and
hyperbohc fixed points for the emergence of stoch motion 18 d Standard map and driven
pendulum are discussed as examples. Geometric example of Smat brllard ball 1s also mentioned

One of the quantifiers of chaotic dynamycs 15 the fractal dumension of the chaotic attractor A fairly
detarled discussion of fractals and multifractals is found in the sixth chapter This chapter starts with typr-
cal examples of determimstic fractals such as Koch snow flake and Cantor dust As a measure of such
objects, the capacity dimenston or the fractal dunension is then mtroduced Mulufractal measures ate
itroduced as a necessary contpication meant to quantify objects which could have spectrum of fractal
dimensions A sunple means of generating a multsfractal using an iterative scheme 15 1llustrated There 15
also a brief acconnt of reconstruciion of a strange aftractor from a chaolic ume series using delay time
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embedding with a view of stressing how vartous dimenstonal mvartants can be recovered from the cha-
otic tyme series Fimally, 1n the last chapter msights provided by science of chaos m understaading huth-
erto unresolved problems are mennoned This chapter also mentions synchromzatron, control of chaos
and encoding of signals

Even though the book appears small i size, almost all concepts and to a large extent the essential
mathematical details are dealt with In particular, the appendices contan a brief account of Lyapunov
exponents, Bernoullt shift, Bakers transformation, Smale horseshoe, etc Global bifurcations such as
homo-~ and heteroclmrc bifurcations are also explained m the appendix This wall appeal to a reader who
15 mehmed towards quantitative detas

Chaos 1s largely a numerncal science and therefore considerable effort normally goes i conveysng
concepts through figures Professor Kumar has done this without actually using a computer for generating
the plots Most of the figures are hand drawn wcluding the butterfly on the cover page The style, content
and presentation of the matenal serves the audience to which 1t 15 intended, namely, the undergraduate
students Generally, when one attemipts to convey concepts deeply rooted in mathematical detazls, there 13
always a possibility of commutting errors that stem from oversimphifymg That has not happened with this
book The book also brings out the fact that science of chaos has had profound mfluence on many discr-
plnes Many would have liked to know what the subject 15 all about but would have found 1t hard to read
a standard technical book This book will serve this purpose very well since it has the nght muxture of
concepts, the minmmum techtical detzls and a good pedagogical approach

Matenals Research Centre G ANANTHAKRISHNA
Indian Institute of Science
Bangajore 560 012

A practical guide to heavy tails; Statistical techniques and applications by R. J. Adler et
al , Birkhauser Verlag AG, Klosterberg 23, CH-4010 Basel, Switzerland, 1998, pp 534, sFr.
108.

Everyone m the business of science (well, almost everyone) knows about the Gaussian distribution Many
reasons have been mvoked to jusiify its use, such as phenomenological justifications that use the central
Lzt theorem, maximurm entropy or worst case analysis, or merely the convenence of being able to use
1ts enormous mathemanical spin-offs that have evolved over the years Go from random variables to ran-
dom processes and one finds that a sumilar spectal status 1s accorded to Gaussian processes and processes
that are ‘driven’ 1 some sense by Gaussian nome (¢ g diffusions) This Gaussian culture, along with the
“Poisson culture’ that 1s 1ts discrete counterpart, have been a part of the consciousness of generations of
probabilists and statisticians fo such an extent that anythmg else appears an aberration No better evidence
of this mental make-up than the use of the word “outhrers’ to indicate data pomts sigmficantly away from
the typical, the connotation betag that they are somehow bad or undesirable Of course, one knew that
there are mfintely divisible distributions other than the Gaussian or Possson, and mdependent icrement
processes other than the Brownian motion or Poisson process, but the study of these has largely remamned
an esoterc topic pursued by a few specialists

But this ts no longer so The nead to mduct such distbutions and processes mto mamstream research
has been thrust forth forcefully by emerging applications, the most notable beng mternet waffic and fi-
nance. In ether of these two domains, mitial devel used the G sson crutches as one
mught expect, but the umtations of these soon became apparent It was no longer possible to treat outhers
as freak episodes, but was essential to develop models that aduut them 1 & natural way Thus the need for
*heavy tailed distnbutions’, dubbed thus because thewr probability denstties have ‘fat” or ‘heavy” tails as
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one moves towards infinity 1n any direction Contrast this with the rapidly decreasing tasds of the bell-
shaped Gaussian curve

For the ever-adventurons of probablists and seeking fresh hunung grounds
(oot to mention funding possibilibes), this has been a comucopia of research problems. There bas been a
flurry of activity to build a body of wark that will hang together as some sort of a general approach to
these, along the lines of the existing constructs for the Gaussian case. A group of probabilists and statis-
ticians have got together and put together this collection of articles, with an eye on 1ts pedagogical value
Given the current paucity of ‘user-friendly’ resources for this area, their explicit aim has been to create a
‘guide’ or ‘handboak’ of sorts

The articles have been categonized into several subgroups The first grouping ef five articles on
‘applicanions” starts on the nght footing by describing the 1ssnes thrown up by internet and finance appli-
cations The s1x articles 1n the second group on ‘tme senes’ consider the extensions of tradittonal tech-
niques m time and frequency domam fo these processes Typically, the lumtations of sfrict adherence to
conventional wisdom (eg the use of the only second-order statistcs) is pomted out and alterna-
uves/extensions are proposed Topics such as robust estumation, of long depend and
effects of nonlineartres are discussed, with appropriate caveats for actual practice. The three sections that
follow, ‘heavy tail estrmation’, ‘regression’ and ‘signal proccssimg’, have two articles each and deal with
various statistical 1ssues such as bootstrap and parameter estunation The section on ‘model structures’,
with three articles, addresses varous theoretical 1ssues about these distributions and processes The final
quartet on ‘numencal procedures’ lghlights computational and approxumate 1ssues as well as software
1mplementations

The list of authors (too long to be reproduced here) features many of the active workers in the field
Together they have put together a valuable collection of articles on an important field m the process of
maturing, with immense potential for both theory and applhications A very timely contnbution

Department of Computer Science and Automation VIVEK S. BORKAR

Indian Instrtute of Science
Bangalore 560 012.

High dimensional probability by Erst Eberlem et af , Bukhauser Verlag AG, Klosterberg
23, CH-4010 Basel, Switzerland, 1998, pp 344, sFr 128.
‘Fhgh-dumenstanal probability’ 15 the new avatar of ‘probability on Banach spaces’ The book contains 20
articles. Brief descriptions of some of the articles based on the mterests of this reviewer are given in this
revICW.

in ‘Convergence m Jaw of random elements and random sets”, Hoffmamn-Jorgensen gives the basic
theory of weak convergence of random elements and sefs 1o great generality

M Ledoux (A short proof of the Gaussian 1sopermmetric mequality) deals with some versions of the
following mequality

If A 1s a Borel set i R, A, 15 the set of pomts whose dstance from A 15 less than r, and g 15 the stan-
dard Gaussian measure on R" then p(A,) 2 ®(a+r) where a 15 a number satisfying p(A) > ®(a) and

x
(D(x):T%,— je""zl Zdy,xeR This mportant mequalily 15 a consequence of an mequality due to S
2
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Bobkov and a sumple self-contamed proof of this last mequality usmg only the methods of calculus 1
gven in the artsele The proof 1s hased on an article of the author with D Bakry

In “The best doob-type bounds for the maxunum of Brownian paths’ G Peskw proves the mequality

(max |B(r)[ I|B(t){q ar Jni

for afl stop times %, for 0 < p < g+ 1 with ¢ > O They obtam the best constant ¢, and their result extends
to all non-negative submartingales.

In‘Ac for random polynomials of a result of De La Pena and Montgomery~Smith’ B
Gme uses Ip of tal bl of U-siatistics to denve qual, for general

Is 1n any set of mndependent (not necessanly symmatric) random vanables

“Small deviauon probabilies of sums of mdependent random vanables’ by T Dunker, M. A Lifshuts
and W Linde Tn 1986, V M Zolotarev announced a precise descraption of the behaviour of

P 21;1(]}55 <r
=0

asr—> 0 where {¢()} 1, ¢)> 07 and {£} 15 11d. N0, 1) The present authors find an maccuracy n
the result of Zolotarev and give a corrected version They also deal with the case m which {£)} 1 replaced
by an11d sequence of non-negatve random vanables with finste second moment A result m this direc-
fon was obtamed by R Davis and S Resmck m 1991 and M A Lafstuts in 1997, but the present paper
focuses on the verifiability of the result n the most ymportant specific examples

W.V Liand G. Pntchard consider the followmg problem (Central lwmt theorem For the sock-sortmg
problem) « different pawrs of socks are scrambled in a laundry bag Socks are drawn randomly one at a
e from the bag and laid on the table When the mate of a sock appears the two are removed from the
table How much table space 15 vequired? The authors prove a functional central It theorem for the
table space usage as a function of the number of socks drawn

‘Laws of large numbers and contmwity of processes’ by B Hemkel For a sequence {X,} of mde-
pendent random vartebles which are cither centered and 15d or symmetric 1t 15 shown that the Strong
Law of Large Numbers 1s equivalent to a s contwnuity of the paths of the process

- t)ZZr" ZX,X,,_I

23 O<e<n

and the fact that

L
szfaOas
L)

In “On random measore processes with application to smooth empurical processes’ P Gaenssler ef al
prove a uniform iaw of large numbers for function-indexed ‘random measure processes’. In particular,
thus gives a uniform law of large numbers for smoothed empurical processes They also prove a functonal
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centeal fimut theorem for smoothed emprrcal processes under condions different from the ones found
hteratuse

In ‘A sufficient conditton for the contmwmty of high order Gaussian chaos processes’, M B Marcus
obtamns sufficient conditions for contmuity and boundedness of mth order Gaussian chaos processes
(m22) The results are stated 10 Probability m Banack spaces by M Ledoux and M Talagrand, Springer
Verlag, 1991 However, the proof given here 1s mcorrect

The paper ‘Optimat tarl comparison based on comparison of moments” by I Pinelis 1s concerned wrth
the problem of maxuniung Ey(&) over all random elements £ satisfymg the mequality ) < Eé(n) for
all ¢ € 7 where 1715 a given random vanable on some measurable space, Y15 a given measurable function
and 715 a given set of measurable fanctions on that measurable space.

On the whole, a useful collecton of articles m this area by some of the acttve researchers with a fair
ndrcation of the curent themes m the field Of interest more to specialists rather than the broader com-
mumty of probahfists

Indean Statsstical Instriuie K. Rama MurtHy
Bangalore 560 039

Integration—A functional approach by Kiaus Bichteler, Birkhauser Verlag AG, Klosterberg
23, CH-4010 Basel, Switzeriand, 1998, pp. 208, sFr 68

This 1s a moders book dealing with a very ancient topic sntegration of functions The hst of names of star
mathematicians associated with the cructal development of the subject at various stages is indeed mund
bogghng Riemann, Cauchy, Borel, Lebesgue, Radon, Nikodym, Riesz, Carathéodory, Danel, Steltjes,
ete Apart from other questions, the motivation came from Fourer analysis definition of Founer coeffi-
cients mvolved integration of penodic functions over the pertod I the function 15 contunuous, the theory
of Riemann mtegration 1s adequate for defimng 1ts mtcgral. Let us bnefly recall the mam 1dea Riemann
squeezed the given function from above and below by step functions, functions which are piece-wise
constants on sub-intervals Integrals of thus latter class of funcuons are easy to define

L ep(step s1ze) X (hexght of the step)

It was soon realized that the class of functions mtegrable m the Riemann sense 15 too narrow It 18 not

stable under several homit operations, Exteasions of the Riemann’s 1dea to higher dimenstons posed grave

difficulties At the same ume, mput from physics suggested that many physical quantities may have ‘bad”

densities but their averaged values make sense perfectly Thus, there was a need to enlarge the concept of
the ntegral Lebesgue entered the scene and resolved many of these problems Fs 1dea was the same ag
that of Riemann except that he approximated by sunple functions (instead of step functions) which are
plece-wise constants on subsets A which are not necessarily sub-mtervals Unhke Riemann who parti-
tioned the domam (physical space) Lebesgue worked wath co-domain (state space} and this 1s the key
pornt for hs success Next step 1n carrying out Lebesgue’s 1dea required measuring the size of subsets 4

Thus was bomn Lebesgue measure. In 1t construction, he admitted countable sterval covering of subsets.
We recall that fimite covermg techmque was commonly used during that era It 15 true that the class of
functions tegrable 1n Lebesgue sense 1s smetly larger than Riemann class However, the largest class of
functions for which one can define integral which has deswred properties 1s unknown

The works of Carathéodory mark a watershed m the pomt of view adopted in the theory of mtegra-
tion As we know, there are two objects mvolved m the mtegration integrand and the measure In the
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classtcal book, Carathéodory generalized the concept of length of interval to the concept of measure on
targe class of sets His method xs very powerful and this gave nise to abstract and axiomatic measwre the-
ory The tools he mntroduced (outer measure, cut condition, etc ) are quite ingentous Because of ifluen-
tral books by Halmos and others, the sbove approach now forms part of the curnculum w various -
versities around the world This method 15 also successful n dealing with lower dimenstonal measures
(e ¢ Hausdorff measures) However, its success i stochastic 1ntegration 1s hmuted

The present book presents a different path known as Dantell’s approach to integration It concentrates
on the integrand and not on the measure That 15 why this is referred to as functional approach In this
method, one extends the lmear functional, narely, the Riemann mtegral, which 1§ originally defined for
compactly supported continuous functions to a farge collection By taking charactenstic functions asso-
crated with sets, one can recover the measure Readers famuliar with measure theory can easily compare
this situation with Riesz Representation Theorem There are some eachier books where this approach 1s
followed, for example, L H Loomus, Ar introduction to abstracl harmomc analysis, Van Nostrand,
1953 Tradmonally, one defines Daxsell’s Jower and upper means and the integrable class 1s precisely the
one for whch therr two means comncide The novelty i the present book 1s that the use of Damell’s lower
mean s altogether avoided Having identified the integrable class, the author proceeds to introduce
Lebesgue spaces and study their properties Product measures, convolutons, Radon-Nikodym Theorem
are some of the other topics covered via functional approach

Guven the distribution theory and modern development of partral differential equations, the 1dea of
viewmg measures as linear functionals (rather than as a set function) has ganed momentum Ore of the
striking results is that any penodic distribution has a well-defined Fourter senies which converges to 1t
This has solved to a great extent our 1mbal queshon on Fourier senes with which we started our discus-
sion Another application. which comes to my mind 15 optimal design problems Thew jmiual formulation
mvolves munmization over a class of sets Generically, such problems do not admut a solution Thus, a
refaxation procedure 15 followed 1n which we replace sets by their charactenstic functions Dameil’s ap-
proach 1s perhaps the first llustratzon of such deas

For reasons ciied above, I feel that a balanced view of both approaches (Carathéedory and Damell)
should be taught m any analysis course at M Sc level The present volume, bemng a modem wntroduction
to Damsell approach, 1s recommended as 2 textbook for 1ts Iucid style, Iiberal number of exercises and
general presentation.

TIFR Centre M VANNINATHAN
Indian Instrtute of Scrence Campus
Bangalore 560 012

The compautational beauty of nature by Gary William Flake, The MIT Press, 55 Hayward
Street, Cambridge, Mass 02142, USA, 1998, pp 483, $45.

Zomputers have come to occupy a centre stage 1n modern scientfic exploration For example, computer
*xperiments have played (and contmue to pley) & crucial role m understanding ronlinear systems where
10 analytic solatons are possible Further, an indepth appreciation of the beauty of fractals would not
1ave been possible without computers The book under review explores various fields using computanon
s the basic tool.

The book deals with the followng topics—computation, fractals, chaos, complex systems and adap-
ition Since each of these topics has already been indwvidually covered by other books, the author tnes to
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be different by exploring all of them m one single book. He ues them all together by using the computer
as a laboratory to stedy them He also stresses the unufying (but well-known) theme that simple recurstve
rules can Jead to complicated behaviour and pattemns 10 many of these fields This prevents the book from
turning out to be an unconnected collechon of topics

In the first part, the author starts wath a sumple mtroduction to numbers ncluding concepts of count-
ability He then introduces the method of Godelization where many natural numbers are mapped mio one
single number Then the Church-Turing thesis 1s explamed brrefly The famous haltmg problem 1s also
discussed Thus part ends with a brief description of Godel's theorem

The next part deals with fractals Fractals have become very fashionable n recent tmes This part
starts by recollectng some basic properties of fractals mcluding self-symlanity and frachonal dimension
Lindemayer systems that model plant growth using simple recursive rules are dealt with next Mauy fig-
ures are given as examples One mice feature of the book 1s that 1t provides the address of an FTP site that
contawns the source code of programs used n the book for computer experunents. Thus a reader, using
these prograrus, can start by reproducing most of the figures given m the book and continue with further
exploration on one’s own

Tterated function systems usmg affine linear transformauons are descnbed next The part on fractals
ends with an mevitable deseription of Juha sets and the Mandelbrot set (the so-called master Julia set) A
mce touch 13 the melusion of a relabvely unknown and 1ll-understood property of the Mandelbrot set
where the value of 7 emerges as a higher-order pattern on 1ts own

The thud part of the book deals with the now ubiguitous phenomenon of chaos This part starts, pre-
dictably enough, with the example of the logistics map One wishes that the author had used a different
example The mclusion of shadowing lemma which has important mmplicatons for computabsility of
chaotic systems 15 more satisfying Another sattsfying feature 1s the 1nclusion of a “Further exploration”
section at the end of each chapter which guides the reader to new unexplored avenues Strange atiractors,
attractors of chaotic systems which typically have fractional dimensions, are described next Agam, farml-
1ar examples are given which could have been avoided A nice self-contamed explanation of control of
chaos is a welcome addition This part ends with a chapter Linking together chaos, randomness and in-
computability

The fourth part 1s an exploration of the world of complex systems (autocatalytic sets, ecosystems,
cconomues, ctc ) The first chapter 15 an introduction to celluiar automata mcluding Wolfram's classifica-
tion and Conway's famous Game of Lafe The next chapter deals with self-organization where autono-
meus agents mieract 1 such a way as to create global order Three examples—Resnick's termates, Lang-
ton's virtual ants and Reynolds bowds (virtual burds}—are explored usmng cellular automata Next, con-
cepts of cooperation and competition 1n a famuly of interacting agents are explamed usmg game theory In
particular, non-zero sum games like the well-known Prisoners Dilemma (the prototypical model of social
conflict) are studied 1 some detarl. Applications to ecosystems are also considered The final chapter
deals wath artificial neural networks (especially the Hopfield neural network)

The final part introduces adaptive systems which adapt to external changes 1 the environment using
feedback mechamsms It starts with a mce description of genetre algorthms and classifier systems (in
particular, the zeroth-level classifier systems) The next chapter introduces the concept of Rosenblatt's
perceptron, a fype of pattern classtfication device based on a model of visual perception

To summanze, the book mcely nes together different areas hike chaos, fractals, computation and

complex/adaptive systems using p sisted cupl on. The labshity of source code for var-
ous programs and sections on “Further exploration” and “Unifying themes” at the end of each chapter are
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some of the ghlights of the book The use of chiched examples to lustrate varous concepts 15 upwar-
ranted given that this baok 15 preceded hy many others covering the same arcas

Department of Mathematics and GOVINDAN RANGARATAN
Centre for Theoretrcal Studies

Indran fnsumte of Science
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Bifurcation of planar vector fields and Hilbert’s sixteenth problem by Robert Roussarie,
Birkhauser Verlag AG, Klosterberg 23, CH-4010 Basel, Switzerland, 1998, pp 224, sPr 98

The subject matter of the book 15 dynanucal systems One of the goals of the subject s to describe the
behaviour of systems for large times What s given 15 2 law goverming their evolutien e an sofinutesimal
amount of time. Above situatron 15 usually modelled by a set of ordmary differential equation:

20 xx) 0

The amm 15 to study the asymptohe behaviour of the solution as the independent vanable, namely, time,
goes on mfimty One of the examples 1s the study of the solar system where X 15 a vector field represent-
g Newton’s gravitational fosce of atrraction The unknown x 15 also a vector with components (r; %)
depending on the position and the veloerty of the Sun and the planets One of the charactenstic features of
the exanple 15 that X 1s singular

In general, even 1f X 13 a smooth force ficld and N2 3, the system represented by x can exhibit
‘chaotic’ behaviour for large times. There 1s an abundant Iiterature about chaos m the field of mathemat-
1cs, physics and other relevant sciences Given thus situation, the framework of the present volume at first
sight seems Lo be very modest Indeed, it 1s devoted to the case N=2 and where X 1 smooth and even
analytic at many tmes I the stody of chaos, such a situaton 18 usnally brushed aside by stating that the
case 15 unmteresting and the behaviour 15 desenbed by Pomcaré-Bendixson Theorem One may thus
wonder at the relevance of the present book Tt 15 true that the case of many bodies (N < 3) 15 complicated
I we view 1t as a case of two bodtes (¥ =2), 1t 1s clear that the complication 1s due to the fact that the
force exerted on the two bodses by the rest is complex 1f this force 1¢ assumed to be small then we can
easily sce the relevance of the case N =2 and the sysiem behaviour under perturbations This 1s precisely
the object of this book Startng with Pomcaré-Bendixson Theorem for an indrvidual X, 1t presents var-
ous scenarios for the behaviour under perturbations by considering a farmly (X;) There are many mtrica-
cies in. mathematical analysis and the proofs are surprisingly debicate. Hilbert’s sixteenth problem 15 one
aspect of it

In the case of a simgle vector field X, the possible asymptotic behaviour, roughly speaking, 15 de-
scrbed by singular pomts, Limut cycles and saddle connections In the case of a fanuly (X,), these objects
change as the paramerer A varies and at cnitical values A, qualitative changes (called bifurcations) take
place in the behaviour Bifurcalion analysis of smgular pomts (e.g. Flopf bifurcation) 1s classical and can
be found 1n many mathematical texts. The mamn amn of the present hook 1s to study bifurcacion of Lt
cycles. It 1s untwitively clear that such bifurcations can occur only 1f there 1s an accumnulagion of limut cy-
cles at the critical value A", This 1dea has been formalized m (s monograph by the mtroduction of the
notion of iz periodic sets I associated with the family (X,) The notion of cycheuty, Cyel(X;, T), which
denotes the number of hinmt cycles bifurcatmg from T, 15 also mtroduced.
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The prototype example of bifurcatron analysis done 1n this book 1s Bogdanov-Takens family (X /{V)

which wvolves two scalar parameters It 15 shown how a small limut cycle 1 created from a smgular point
and how t grows and finally how 1t dies at saddle connection

‘The study of bifurcauon of lunit cycles ts different from that of singular points and 1t requures differ-
ent mathematical tools and methods One classical tool used m this context 15 Pomcaré transversal and
the associated retura map £ Depending on the nature of the return map, different methods are employed
to obtain the results The amm of this text 15 to present them i a systematic way If £ 1s smooth (e g.
elliptic smgular pomt, peciodic orbit) then methods of analytic geometry, theory of Abelian integrals,
preparation theorem, etc are used (Ch 4). In the case of homochnic saddle connectron, £ 15 not smooth
Asymptotic Dulac senies (involving loganthms) 1s used to analyse tius case (Ch 5) Finally, in Chapter 6
(see also Ch 3), the author presents desmgularization process (blow-up of smgulanties) to show how
more comphcated hmt perrodic sets can be reduced to the elementary cases treated 1n the previous two
chapters

Hilbert’s sixteenth problem presented at Pans Congress 1n 1901 concerns, m particular, 1 showing
that there are finutely many limt ¢ycles for polynomual planar vector fields A more general conjecture
regardig the fimteness of Cyel{X;. T) 15 offered m Chaprer 2 along with a programme for solving Hil-
bert’s problem Results proved 1n Chapters 3-5 establish the truth of the general comjecture m a number
of cases Thus, the sccond half of the utle of the book 15 alsa justified

Thus text brings together several results from previous articles and presents them in 4 coherent man-
ner The reader 1s a htfle bat waconvemenced by a few (inconsequential) ousprints here and there e
should also be very carstul with the numbering of theorems which is not very standard Othcrwisc, T feel
that fhis 18 a (reasure house of mathematical ideas and methods 1n qualitative theory of dynamical systems
imtated by Potmcaré

TIFR Cenire M. VANNINATHAN
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Algebraic aspects of integrable systems by A S Fokas and I M Gelfand, Burkhauscr Verlag
AG, Klosterberg 23, CH-4010 Base!, Swatzerland, 1998, pp 360, sFr 138

Thus volume 1s a collection of articles on mtegrable systems, dedicated to late Irene Dorfman whose
works on the algebraic siructures 1n mtegrable systems are well known Particularly, her discovery that
mtegrability of nonlinear evolution equation has a close connection with the existence of bi-Hamltonian
structures (discovered by Magn at the same tune but mdependently) has mspired a large number of
mathematicians and physicists working 1n this area The papers reflect on the advancements made m
the algebraic aspects of wtegrable systems, both formula asd specific, besides some confribufions to
analytc aspects, and essentially give a favour of the state of the art Of the 15 contributions, those of
Alber et al and McKean consider analytic aspects of mtegrable systems, while the rest deal with alge-

braic aspects
The articles on algebraic structures deal broadly with the following aspects

(1) Bi-Hamdioman structures

{11y Bi-Harmitoman vperators and their related Porsson brackets

N
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(1) Extension of the above properties ta discrete systems
(1v) Master symmetnes and mfinitely many symmetries
{v) Transtormations

ThAe' detauls are as follows.

The 1970s works of Dorfman and Magn clearly show that itegrable soliton equations such as
Kortegweg-de Vrtes and nonlinear Schradinger cquations and their generalizations can be constructed
usimg a bi-Hamitoman method Fokas er al describe a basic approach to construct a wide vanety of 1nte-
grable bi-Hamul q s that include ) dispersion, supporting novel type of solitome
solunows Fordy and Harns present 4 systematic construction of Hamiltonian structures written 1n statzon-

--ery mantfold coordipates by resmicting to isospectral [lows Fuchsstemer describes how compatible
Hamitoman pixrs pl.{yKa cructal role m tie theory of mtegrable systems

' "Many papers are devoted o the construction of br-Hapultoman' operators, their related Porsson
brackets and thewr connection to Lax operators in the study of algebraic structures In particular, the paper
of Oevel discusses the bi-Hauyllonsan operators 10 connection with r-matuces and the modified Yang-
Baxter equation, while Dickey constructs the 7-functions of Zakharov—Shabat and other matnix huerar-
chies of mtegrable equattons Coben ef al 1denufy some nice connections between pseudo-differential
operators and modular forms

An mteresting area of activity 1n recent times has been the extension of mtcgrability aspects of con-
tinuous evolution eq to corresponding drscrete eq Discretized verstons and therr algebraic
properties of varous equations mcluding the equation u, + wi, = § (Kuperschudt), certain Schwarzian
equatton. (Nyhoff) and Newman equation (Ragmsco and Suns) are discussed The paper of Semenov-
Tian-Shansky and Sevostyanov discusses nonuliralocal Porsson brackets for one-dumensional lattice
systems

Grunbaum and Heine, in line with the mterest of Dorfman on the concept of master symumetries, bring
out certun relations between the Toda lathice, Bocher’s theorem and orthogonal polynomuals Integrable
soliton systemns are assoctaied with mfimtely many syrometnes Kodama and Mikbarlov discuss nonime-
grable effects appeaning m fugher order corrections of an asymptotic perturbation expansion for a given
nonlinear wave equation as extenston of theory of normal form approach of Kodama and approxirate
symmetry approach of Mikhailov, and 1dentify obstacles to asymptotic mtegrabdity Santi: describes the
cructal role played by symmetnes 1 the deviation of multiscale expansion for a class of nonhncar
Schrodmger equanon herarchy and m the study of of quasi- h 1C, 1
and weakly nonlimear waves

Fuether, Ferapontov and Mokhov demonstrate that for an arbitrary number n of prmary fields, the
equattons of assocatvity can be rewritten m the form of (#-2) paurwise commuting systems of hydrody-
namuc-type tntegrable systems, having certamn natural Hamdtonian representation Schuef and Rogers
show that the (2 + 1) dimensional Lowener—Konopelchenko-Rogers mtegrable system is mvanant under
Laplace-Darboux-type transformations which 1s then exploited to derve novel Emst-type integrable
equations

Two papers deal with analytic aspects of iicgrable systems McKean deals with Dirac and
Schrodinger peniodic operators to study the canonical 1-form of symplectic geometry m the context of
defocusmg nonlmear Schrodinger equation and Korteweg-de Vries equation usmg trace formulas. Con-
sidermg complex billiard Hamultoman systems and nonhnear wave systems, Alber et of. construet mnter-
esting classes of solutions in the context of Riemanntan manifolds.
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To summarize, the book 15 a collection of articles written by experts mn the field prmanly on the vari-
ous algebrae structures assocated with mtegrable sysiems They provide a feel of the present status of
the field, while providing an opportumty to appreciate the contnbuttons and wterests of Jrene Dorfman
Researchers working 1n the area of integrable systems will find 1t a useful addition to Iiterature

Centre for Nonlmear Dynanucs M LARSHMANAN
Bharathudasan Umversity
Tuuchgrapall: 620 024

Generalized characteristics of first order PDEs by A Melikyan, Birkhauser Verlag AG,
Klosterberg 23, CH-4010 Basel, Switzerland, 1998, pp. 310, sFr 148

‘Thss hook reports on recenl progress made on a very classical topic, namely, that of definng umgue solo-
tion to a system of ordmary differential equations specified by a vector field X I X 1s Lipschutz, the clas-
sical Cauchy—Lapschitz Theorem achieves thns task by associabing a umque solution to each given imteal
condition Given imtial posttion and velocity, the above theorem solved the problem of findmg the trajec-
tory of a classical parucle moving i a smooth potential field The major challengmg task ahead 15 to
consider the case when X 1s not Lipschitz,

Let us start with a quick look at a way m which first-order PDEs and thewr characienstics arise Study
of propagation ot light waves provides an 1llustrative example Their behaviour 1s modefled by PDEs
such as the wave equatton However, m the short-wave hont, the concept of the wave functon ¢ is
not very useful and 18 teplaced by the notion of farmlies of trajectonies. The suble connection hetween

-

these two theortes 1s provided by the ansatz of the geometrical optics ¢ = ae'® ¥, where a1 the amph-
tude, « the phase fanction and £ the wavelength It can be deduced that « satisfies the Hamilton-Jacoby
equation

Fx, Vau(x) =0 )
where £=F(x, p) 15 the so-called Hanultonian associated with PDE Smce (1) 15 a first-order PDE, the
melhod of charactenstics apphies and reduces 1t 1o 2 system of ODEs m the smooth region
(2)

The solutton (when 1t exists umquely), called characteristics, defines a curve m the phase space {(x, pj and
113 projection (a the physical space x delines what 1s called ray These are the approprate tools 1o describe
{mear wave phenomena i the short-wave hmit This deseniption 1s cansistent with Fermar’s principle and
Snell’s law of refraction Tymeally, even i 7 15 regular, rays tend to focus on caustic surfaces Swce the
value of u 1s transported along rays, « hecornes muluvalued on caustics, At first sight, this seems to sug-
gest the fatlure of the above construction of u

On the other hand, results proving the existence and umqueness of the wave function ¢ m vanous
sitnations mdicate that the above difficulty can be overcome This 1s confarmed by means of the mgenious
pracedure of Maslov and one can globally define characteristics (and hence rays) Morphology (1 form)
of structurally stable caustic singularsties exhibited by wavefronts 15 a study of independent interest

1t 15 useful to recall the 1mportance of charactenstics m the above example They are carmers of -
formation from mitral data They predict the posiiion of singalarities of the solution and the speed with
which they propagate A quesuon for the future 13 how to generalize this to nonhnear equations
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Study of transport of passive scalar by ncompressthle flud flows requires knowledge of streamlmes
n turbulent regimes, the velocity field 1s notorwousty uregular, oscillating, chaotic, random, etc Defim-
100 of amgue characterisics (1 ¢ streamlines) under these ces reimains a big chall How-
wvex, thanks to the concept of renormalized solunons, some understanding of the basic 1ssues myolved
1as been achieved

It we consider compressible fluid flows without disstpation (modelled by nonlmear hyperbobic con-
ervation laws), there 15 a new singulartty called shocks across which state variable may admr a jump
low to define umque characteristics 1n hus case? The second law of thermodynamics 1s imposed 1 the
atm of what 15 called entropy conditron to ehminate certain non-physical shocks and thereby define the
haractenstics umiquely These 1deas bave been successfully implemented 1 the case of single and double
onservation laws to demonstrate uniqueness, asymptotic stabihty and other qualitauve propertics of the
Slution

Another set of ideas to deal wath 1 and nof 18 set-valued Jod lized

racsents and differential inclusions. This 1s especially fruxtful 1l the vector tield enjoys some monotonte-
y properties

Tn this book, the examples motivating the theory of charactersstics come from optimal control and du-
tential games In these cases, the correspanding first-order equation 1s of the form

Fr, ulx), Vi(x)y =0 3)

fie function F = Fix, u, p) which has now u-dependence need not be smooth The corresponding classi-
| charactenstics are modifications of (2) and are given by

x=F, wstpl,> p=-F,-pl, @

e concept of vscosuy solution € C° which gencralizes the entropy condiion is the most appropnate
1¢ for (3), In this set-up, 1t 1s not ctear how to define solution for (4) and vahdate method of characterss-
33 which usually demands F e C?and we C* However, umiqueness and stability of viscosty solutions
dicate that the characterssuie system (4) may be smtably modified to cover even the non-smooth cases
us 15 wdeed confirmed m a number cases of smgularities, mamly codimension one, considered m this
ok These singularities are conssstent with viscosity condition, they are called equivocal, focal, disper-
1, wuversal singularities (the terminology comng mamly from differenual games) The above classifi-
ton 15 essentially hased on the behaviour of classical charactenistics defined by (4) 1 the vicumuty of
igolarties (This 15 analogous to, for stance, Lax entropy condition m the hyperbolhic conservation
s ) Many of them aceur in cases where F'1s nesther convex nor concave The location of these smgu-
1ties 18 not kniown a priort. Its determmation as well as the construction of u are part of the problem To
s end, the author proposes what is called method of smgular charactenstics (MSC) The basic wea of
> construction comes from differential geometry and is presented 1n Chapter 1 along wath an application
some free boundary problems In Chapter 2, MSC is apphed 1n the thoery of viscostty solutions
wapter 3 suggests a survey of various features of Hamdtomans arismg mn caleulus of vanauons, opumal
otro} and differential games Chapters 4 and 3 are devoted to the stody of smgularihes occurring m
ferential games. In Chapter 6, the author mvestigates a somewhat non-classical sitnation where the
ution u 15 smooth but not the Hamltoman F. An mdependent analy“s of MSC along with 1ts dwect

*sentation 18 attempted m Chapter 7 for two-d ) Tras di 1n Chapter 8 that
3C can be useful for second-order PDE as well Vlscosny solutrons are not considered here but 1t 15
umed that the equation is nothmg but the d: of a defined not only on

ctions but atso on sets which may possibly contam their singulanties
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In the above discussion, we have presented a ghmpse of the contents of the book as well as their 1m-
portance/significance We have also wied to place the contribution of the book 1n the overall development
of the entire subject One of the goals 15 to keep track of smgularities of solutions, appearance of new
ones, their locations, speed and strength Such an information 1§ vital not only for the advancement of the
theory but also for the design of efficient mumerical schemes Charactentstics are carmers of such an m-
formation  Undoubtedly, MSC presented 1 this volume 15 a step n this direction Actrve researchers m
PDE will find 1t extremely useful

TIFR Centre M VANNINATHAN
Indran Institute of Science Campus
Bangalore 560 612

Differential and integral operators by I Gohberg e ¢l , Bukhauser Verlag AG, Klosterberg
23, CH-4010 Basel, Switzerland, 1998, pp. 344, sFr. 148

Operator theory 1s one branch of mathematics which 15 used and recognized as mmportant by both pure
and applied mathematicians without any chspute. On the vne hand, it 18 2 field of mathematics where
mathematicians can work on problems which are only of mathematical wterest without botherng about
applications Here one can study mteresting problems m very abstract set up On the other hand, the ap-
plicabons of operator theory are tremendous In simple terms, at unifies 2 whole lot of mteresting practical
problems from various branches of science In fact, one can put various systems 1n a sigle framework
For example, the appheations concerned problems from mathematcal physics, quanum mechames, hy-
drodynamucs, astrophysics, network and systems, etc to name a few The basic 1dea 15 to view equations
describing the physical phenomena as operator equations and then use the beautiful abstract theorems
avarlable in operator theory In this respect, drfferential operators, pseudo-differential operators, 1ntegral
operators, etc ll come under the framework of general operator theory

The book under review 15 the first m the two volumes of proceedings of the intemational workshop
on ‘Operator Theory and Apphicattons” held at the Umiversity of Regensberg, Germany, during July 31—
August 4, 1995 This workshop was the 8thn a series of workshops on *Operator Theory” held at various
places with a regular two-year mterval starting from the 1981 workshop at Santa Monica, Cahifornia,
USA This nself shows the importance of operator theory 1n the present-day mathematics

The book under review contains 22 articles coverng a wide range of latest developments m operator
theary and 1ts applications, namely, spectral theory of ordinary and partial differential operators, pseudo-
differential and integral operators As 1t covers a range of specralized topics, a complete analysis of the
book means analysing each article separately which 1s not possible and 15 beyond the scope of (s re-
view

As everyone knows most of the physical systems are modelled by differential equations, 1L 1s not sur-
prising that majonity of the articles are concerned wath differential operators, more specifically partial
differential operators Of course, there are other mteresting articles from mtegral operators and pseudo-
differential operators For exaraple, m the article by M. M Malamud, the author studies the mvanant and
hyper-mvariant subspaces of direct sum of Volterra operators In the pseudo-cifferential category, there
are two articles, one by V' S Rabmovich and the other by E. Schrohe and B. W Schulze. In both of them,
Mellin psendo-differential operator techmques are used Rabinovich studres singular integral operators on
some Carleson curves while i the other article boundary-value problems on mamfolds with edges arc
mvestigated S Albevenio and K A Makarov stucies a model of 4 quantum mechanical system related to
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the three-body problem which 13 defined i terms of a psendo-differentral operator with unbounded sym-
bol

Most of the other articles, broadly can be put m the differential operator category A Lafschitz m
hus article studses a problem related to a three-chmenstonal quasi-helicat plasma equidibria with flow,
where he uses the Fourser transform method to teduce the origimal problem with partial dufferential
operator to a farmly of spectral problems for ordmary differential operator He also presents some nu-
mencal procedure for finding the spectrum Thus ss the only article presenting some numencal results
Spectral problems related to generalized string equat:on and matrix Sturm-Lrouville equations are mnves-
ngated m the article of L. A Saknovich Many articles are devoted to the study of Sturm—Liouville opera-
tors, viz ‘On estumates of the first eigenvalue m some elliptic problems’ by Yu V Egorovand V A
Kondratiev, ‘Non singulanity of critical pomts of some differential and difference operators’ by A Fleige
and B Nayman, and ‘Interpolation of some function spaces and indefinite Sturm-Liouville problem’ by S
G Pyatkov

Thus book alsa contains many other articles of mterest studying vanous aspects of partial differential
operators, more specifically elliptic operators We do not go into therr details

Though all the articles presented 1 the book come under the purview of operator theory, each one 1s a
specialized topic needing different treatment In other words 1t 15 not concentrated on a special area Of
course, one can refer to 4 particular article of hus or her chosce Thus can neither be used as a textbook nor
as a reference valume 10 begin or carry out research It 1s just a collection good articles combined together
m the broad area of operator theory and looks more like an 1ssue of a journal
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