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SHEHLA ZERTAJ AND AHMAD KHAN 

In this paper, we have introduced the concept of probabilistic maximal triangle in a subset 
of 2-menger space and have established its properties in the form of some theorems. 

In a recent paper Khan and ~ e r t a j '  has introduced following concepts. 

Definition A. A probabilistic 2-metric space (P-2-M space) is an ordered pair ( X , F )  
consisting of non-empty set X and a mapping F froin X x X x X to L, the collection of all 
distribution functions. The value of F at ( I ( ,  v, w) E X x X x X is represented by F,,,.,.. The 
functions Fl,,.,,. are assumed to satisfy the following conditions: 

I. F!;:,! = 1 for all .I- > o if at least two of u, 11, MJ are equal. 

III. F ,,,,,,, is invariant under all permutations of N, 1 7 ,  wl. 

In every 2-metric space (X, cl) the 2-metric d induces a mapping F: X x X x X + L 
such that F(u, 1 - ,  w) (s) = c:;;:, = H(s-d(z4, 11, w)) where H is a distribution function defined 

by 

0, s 5 0 
H (s) = 

1, .Y > 0. 
t 

With the interpretation of ij;:;:,! as the probability that the area of the triangle with ver- 
tices u, 11, MI is less than x, one sees that conditions I, I1 and 111 are straight forward gen- 
eralization of the corresponding conditions of 2-metric spaces. Condition IV is a minimal 
generalization of triangular area inequality which may be interpreted as follow "it is cer- 
tain that the area of the triangle with vertices 14, v, s is less than s, the are of the triangle 
with vertices u, s, M' is certainly less than y and the area af the triangle with vertices s, I ) ,  M? 

is certainly less than z then the area of the triangle with vertices u, v, M) must certainly be 
less than s + y + ,-. 

The condition IV is always satisfied in 2-metric spaces wl.lere it reduces to triangular 
area inequality (T.A-inequality). However in those P-2-M spaces in which the equality 
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4:;; = 1 does not hold for (u ;r #MI) any finite .v, IV will be satisfied only vacously. 
Therefore a stronger version of generalized T. A-inequality on the pattern af Menger 
space was introduced. 

Definition B. A function T: [O, 13 x [O, 11 x [O, 11 to [ Q ,  11 is called T-2-norm if it sat- 
isfies the following 

(T1)T (a, 1, l ) = a ,  T (0, 0, 0) =0.  
(Tz) T (a, b, c) is invariant under all permutations of a, b, c. 

(T3) T (e, f, g) 2 T (a, by c) if e 2 a, f 2 b, g 2 c. 

(T4) T ( T h  b, c,) ,  d, e) 27' (a, T (b, c, d), e) = T  (a, b, T (c, d, el). 

T = min is the strongest possible universal T for 

T (a, b, c )  ST (a, 1, I) = a (i) 

T(a, b, c) = T(b, c, a) S T(b, I ,  1) = b (ii) 

T(a, b, c) = T(c, a, b) 5 T(c, 1 ,  1) = c (iii) 

(i), (ii) and (iii) implies T(a, b, c) I Min(a, b, c) .  

Definition C. A 2-Menger space (X, F, T) is a P-2-M space (X, F) in which T-2-norm 
satisfies the following condition, . 

for all x, y,  z 2 0 and for all u, v, w, s (distinct or not) E X. 

Motivated by R. J. ~ ~ b e r t ~  we have introduced some new concepts and have proved 
some theorems in this note (for a related concept in Menger space see 13, 41 iilso), 
Throughout the discussion we will consider (X, F, T) as 2-Mengcr space with T-2-norm- 
continuous in all arguments. 

Definition 1: Let A be a non-empty subset of X. The function DA defined by 

D:') = sup[ inf F$!,] 
r<.v l ~ , l ' , ~ ' ~ d  

will be called the probabilistic inaxilnal triangle in A. 

We now establish the properties of the probabilistic area. We omit the proofs requiring 
only routine calculations. 

Theorem 1. The function DA is a distribution function. 

Definition 2. A non-empty subset A of X is bounded if s u p ~ y '  = 1, semibounded if 
\ 

0 c s u p ~ t '  c 1 and unbounded if DA = 0. 

Theorem 2. If A is a non-empty subset of X then DA = N iff A consists of not more than 
two points. 
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Theorem 3. IF A and 8 are non-empty subsets of X and A c B then DA > DB. 

Theorem 4. If A ,  B and C are three non-empty subsets of X such that A n B C = @ 
then 

proof. Let .x, y and 2 be given. To establish ( I .  I )  we first show that 

inf , inf , inf 4!:,). (1 -2)  
II,I',I~'E.~U B II,I-,wEAUC N,I~,wEBUC . 

Let 

Taking the infirnun1 of both sides af this inequality as I I  ranges over A ,  v ranges over B, MI 
ranges over C, s ranges over A n A n C and using (1.3) we have, 

However, since T is continuous in all arguments rind non-decreasing we obtain 

inf ; 2 7 inf , inf , i~lf F:,! 
~~.I~,wEA~JILJC' I ,  rr,s,a'eAuC s,\t,rtmE~u~ 

If (1.3) does not hold, then infimum F;!,::"*" takenover M ,  I!, M) in A U B U C is either at- 
tained with all the variables rl, I*,  w in one of the three sets A,  B, C or with any two of cr, v ,  
M' in one at the sets A,  B ,  C and remaining one variable in any one of the remaining two 
sets, 

We have 
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> T( inf , inf , inf F$!,). 
I~,I*,IvEAUB u,v,w~AUc N,I',w~AJC 

~ h e ' s a m e  argument works if infimum F;~;~~?" ' )  taken over r ! ,  v, n1 in A U B U C is attained 
with all the variables M, I) ,  w in B or in C. 

Now if infimum ~ , ( ~ " " ) ,  u, I., M? ranges over A U B U C is neither attained with e in A,  
1) in B and win C nor with all the variables rc ,  v, n) in one of the three sets A, B ,  C then it 
must be attained with any two of u, I?, M' in one of the sets A, B, C and  remaining one vari- 
able in any one of the remaining two sets. 

(.r+gt:) Let, inf ~!;;,Ty+:) = inf 5 ,,.,,. . 
i r , l . ,~~AuBuC tr,lSeA 

L T( i n i  , ini  , inf F,!;!,). 
~I,I,,HGAU B II,I~,MFAUC II,I',wEBUC 

Then inf q$,Ty+') 2 T 
II,~,wEAUBUC 

The same argument works for other combinations. Finally using the fact that the cuboid 

((p, q, I - ) :  o 5 p 2 x, o 5 q 5 y ,  o 5 re 5 z) is contained in the tetrahedron (p ,  y, r )  : p, q, 
I ' Z o , p + q + l . < x + y + z ) .  

The inequality (1.2) and continuity of T gives . 

inf F$,!, H ( ~ ) ,  ~ ( z )  
II,IEA 

D(.v+"+;) - 
AuBur  - SUP ( inf I$,!;?+~)) 

p+q+r<.r+y+,- K~~~MFAURUC 

= T(DydB,  D(Y) n U c  J$&). 
Definition 2-Let A,  B ,  C be non-empty subsets of X. 

The probabilistic area of A ,  B, C is the function FA,, defined by 

~jik = sup ( T ( inf inf sup $2. ) , ( (  inf inf sup F,!$ )) , ,.Ec(lJqGB inf inf sup 61;. )) . 
We omit the proofs of the following properties. 



nc is invariant under all 

D are non-empty subsets of  X t en for any x, )I and z 

" 

et u,  V, wp be given. Then for any quartcets of points p, q, r an 

Since T is continuous and monotonic 

Consequently 

Similarly 

and 

( [ ( l f " " ' )  j 2 T[inf[inf(sup qg)) inf inf sup b,,,,, 
tp:& 1 d '  qeA scl) ,,GA 

Therefore, since T is associative, we have 

( [ ( @+lv+N']), inf [ini(wp ), T inf inf supF,,,. 
[ IEA  t/k& P E A  @3 
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NOW arguing as in the last step of the proof of theorem 4 we have 

inf [ inf ( sup F ~ ~ " ~ " ' )  flin{inf[supF!~~'))], 
I E A  IT& (,€B ( 1 ~ ~  rEC 

T sup T inf inf sup F,$ , inf inf sup F$! , 
. ( I] A (  )) 




