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ABSTRACT

Tn this paper we have discussed the problem of suction and injection and of
feat transfer in a plane Cousite flow without imposing the condion of smallness on
the suction parameter or such simiiar conditions on the Reynolds number to aliow
series solution. We have utllized some important properties of differential
equations and some transformations which enable us to solve the two-point
boundary value and eigenvalus problems without using the trial and error method,
In fact, each integration provides us with a solution for a suction paramster and a
Reynolds number.  We beleive that the method outlined here can be easily
adopied to a wide class of similar problems.

1. INTROBUCTION

In this paper we bhave discussed the problem of suction and
injection und of heat traassfer in a plane Couette flow without imposing the
condition of smallness on the suction parameter or such similar conditions
on the Reynoids number to allow serics solution. We bave utilized some
important properties of differential cquations and some transformations
which enable us to solve the two-point boundary value and sigenvalue
problems without using the trial and error methed. In fact, each integration
provides us with 2 solution for a suction parameier and a Reynolds number.

1



2 P. L. BliatNAGAR

We believe that the method outlined here cun be easily adupled
class of sitmlar problems. Besides, we have applied the suctive or
only on the fized plate so that the usual boundary conditicn on ti
fiow, namely the isjection at one plate ig equal to the suction ot e viler,
has not been employed.

i wide

2. B4SIC LEOUATIONS OF TiE PROBLEM

Let the infinite plane y =0 be stationary while the plune » o be moving
with upiform velocity U in the direction of the x-sxis.  We maintain these
planes at coustant temperatures 1j and 7y respectively.  Moreover, uniform
injection or suction with velocity o= =+ vy (v > 0} is applied on the plans 3 - 0,
while the upper plane is non-porous., Here the plus sign refers to injection
and the minus sign to suction,

Since we have taken the suction or injection to be uniform, we assume
that the cross-velocity v is a function of y alone, We shall use the dimension-
less variables w, v, X, ¥, p, 9 for

w o x 3y _p  I-W

Uo" o' aR’ a’ pU’ Ti-Te
and denotz the suction parameter vy a/», Reynolds number Uyafv, Pramdi
number ucy/k, Bekert number Up/fe, (T3~ T5)] by &, B, Pand £, i1
Thus the equations of the problem and the boundary conditions reduce
to the following:

3’;‘“%“" [2.1]
R _§§+§;; [22]
ug—} {2.3]
P[uZ—gMuggj —%%&+§§+EP[4£§(-§)Z+<%§>E} [2.4]
with P=05 gm0, vee 41, §=0

y=lt =1, 1=0, f=l. [2.5}
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Frow PROBLEM

{3.1]

(¥} is an arbitrary function to be determined later. Equation [3.1]
s w{x, y} in térms of uy and » {¥).

Since ywe 0 at y=0 and w e at y =1 for all values of %, we have the
following boundary conditions to be satisfied by we and o :

(0} =0, o (0)=0,

g {1 w1, o (1} =0. [3.21
Similarly, the integration of the equation {2. _,j gives ug
2
=Lt Lolane, 3.3]
i 4 p

where pg{x) is so far an arbitrary function to be determined later om.
Equation [3.3] determines p{x,») in terms of v{y) and po {(x).

Using [3.1} and [3.3] in [2.2] and concentrating on the powers of x that
occur in the resulting equation, w2 fnd that we should take the following
expression for dp, {x)[dx:

w dpo (XY dox = Ao 4+ 4y %, {3.4]

where Ag and A; are constants and then this eguation breaks into the following
two equations which are independent of x:

o (9w (0 — A () o () = Ao+ u5 (), 3.51
LGP -0 (n) o 3} 4 00" ()= 4y {3.6]

Equation {3.6] determines o for prescribed values of A and 4, while [3,5]
then determines the value uy for preseiibed valie of 4, Boundary conditions
for [3.6] are

¥ Qv ol o =

paol: peeD, =G, 3.7

while for [3.5] they are the following :

{0} =0, m(1)=1. 15.8]



8] which is of third o

-t

nirsie on the equa
has to sstisfy four uc!’smady conditions {37} Therefore, we s
ae problem ar an eigenvalue problem and
help of the fourth boundary con
— 3 so that we cap star? with iwo
Further the transformation

i this 1wo
u»k“—rmmé‘ the eligan
11 iz convenient to

reduces the egquati d bs fary o irfons to the following form:
£3.10]
£l 7 0, g, {3.13]
Bawe AV Ve 204 ¥ =0l [3.1%]

'W navz put ann A}v + sign on the right hand side of {3.1¢] in order
We start the integration at £ =0 with

ie z:
«dd i} and continne the integration till the
&0 = g with /1;0? Yo (sﬂ," Knowin .f(,

P

3.3

‘; cq:sation 13,10} and the
arameter A,  Different

ions and eigenvalues
s ig fon with arbitrary
value of suction pajameter ard
o 2 is not necessarily egual to zero, but a
definite | et ch val suction parameter, we copclude that
s gradient whick is dependent on

DS SJ

We shall now dmcuss the equation [3.5].  In order to avoid the specific
tne numerical value of the constant 4, occwing in it, we

ng substilution :
e U+ 270 {3} {3.14]
an v the variable ¥, instead of v, defined above. We thus have
A4 iwo point bouadary value equation:

{15 U7 4 VU ¥ 3.15}
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with g{o)=1, v{1)=0, [3.16}

provided we use

Ap= ~ A} [3.17

Knrowing the value of Ay, A and £ from the integration of V-equation [3.10],
we know Ay and the coeflicient of U’ in equation [3.15]. We start the
solution at ¥ =1 with &' (1} =» (say) and stop the integration at ¥ =0 giving
us (0} = K(say). Since the equation [3.15] is bomogenecus linear equation
in U, the solution {U/K)} will satisfy the boundary condition U (0} = 1 for the
value of X and 4, determined above,

4. SoLUTION OF THE HEAT TRANSFER PROBLEM

In this section we shall discuss the solution of the equation [2.4]
with the boudary conditions given in [25}. If we substitute the value of
u(x,y) from equation [3.1] in [2.4] and concentrate on the powers of x that
occur in the resulting equation, we find that we must take

9=00(3) +6, () x + 02 (») 5~ [4.1]

If now, we equate the coefficients of various powers of x on the two sides of
this resulting equation, we get the following three equations to be soived:

Plug 61 + 20 0] = (2] B 02 + 6 + EPT(@XY RN )2+ ()] [4.2]

Pllug8,— A" 8, + 20 91] = 6 + EPL — 2 A" u) {431
Pl -2X0" 6, + Ao 03] =6} + EPAR{S")? {441
with £(0}=6,{0) = 0,(0) =0
and 8(1) =1, 6, (1) =8, (1) =0. [43s]

We first consider the equation [4.4] in 9,{(y). We note that here we
have fo prescribe apriori the values of P and E, but the Reynolds number
does not occur explicitly. Moreover A and the corresponding values o (»)
and its derivatives are known to us. We write the equation in the form

87 + P (3) 85+ @, () 9: = R, (), {4.6]

where P{p)= ~ APy
2, (7} = 22’
Ri{p) = = EPN (0"} [
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1o be zolved unsder fwo point boundary conditions

G2 (05w ), (1}~ 0.

et G, =, and 8;=0, be two solutions
conditioas
6,{0)y =0, 8,(0) -~ a{suy).

8,{0) = 0, 6, {0} =& {say}

Fia, 1
Plot of v veysus »
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Then we can easily check that

. 8, (1), s o, {1 5 .
SR 4T PRI S SN % DR e <
6(») 8”(1)_:,)&(%)( W) Bail) =41} {» {4114]

is the soluticn of the equation [4.4] ™" ke - bousudiry conde
tions.
We note that this procedure wllows us to solve the © 0 boundary

value problem without say trial and esror. ]
We shall now consider the equation [4.37 in o {3} which siso doss not
contain 7., 7 - pumber R, We write thiy egustion ia the fonu

6 + 2 (N8 + Q- 1 (3) {4.12]

with boundary conditions

01 {0=0, & (1}, {413
036
03z~
S
028~ N
Ogar m%\\—o 12 8E88 Hom 14080
w b B29052 R o 10220082
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? o1
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o0~
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;/ FARO.084248 L A0 Q52462
/ e T e = e e
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o TE o3 3] oE e ST ST el
-
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where Py{y) = — A Py,
Q2 (3} =2 P,
Rolp} w24 EPY" 0 + 2 Py B {4041

We note that the coeflicients £, O» and R, are known to us from previous
integrations for the chosen values of A, P and &,

o ~A=0.084249 h=0 082462
T N b T T
1 I\\ ! q 1 1 ! \\»
o3 Q-4_ VS 08 7 o8 SEReC
/»" ’// }’

-0 S. ¢ ! £
L % R /
! A= 0. OBR462 e As 0.0B4249 j/

/
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>y

Proceeding as in the case o
this equation satisfying the . o]

Gl the soduilon of

tboundary conditions is tre £ lowine

Gi{py= AV el

where &, =8, and ) =&, are the solutivns of this
boundary conditions

04 (020, 07 {0} ~ 4 {suv) 416

@u{0) =0, 95{0) - Blsav) [+ 17

b

s ;

}ue.waaaai/ / o

// he0.084249
Oy /«»— A=0.082402

02

Frg, §
Plot of go versus v
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We wrile the equation [4 2] in the following form :

By + Py 3} 06 = Ry (3} [4.15]
with boundary conditions
Co {0} =0 Go{l) w1, J4.19]
where
Pyly) = — APy
R () = =2/ R% 0, + Puy 6, — EP[ 40 R?} (v + (uiFL. [4.20}

We unote that Py(y) and R, {p) arec koown to ns provided we aprior

prescribe the the value of the Reynolds number R.
Let g = 0, and Gy = 0 be the soluticns of this equation satisfying the
boundary conditions ]
04 (0) =0, 6, {0) = & {cay}, [4.21]

650} ~0, 9 (0) = B {say). f4.22]

Then we can easily check that the solution of [4.7] satisfying the prescribed
boundary conditions is
\ Gpiiy—1 1—6,{1} ¢
Go{y) = . 8, (¥} + 212 gy 4,23
6;3 {U“"&z“—) } 6/3“,3"64 U/“ ﬁ&y) {

Ton summary, we like to mention that the procedure prescribed above has
the following advantages:

{1) The integration of the various equations does 1ot involve any trial and
error method in spite of the fact that all our equations have to satisfy
two point bouadary conditions.

5 N . . P .
(2} The eigenvalue 4, occuring in the cross flow velocity §s determived
automatically duiing the process of integration of V-zquation.

5 . -

{3} No doubt, we do not solve the cross How velocity eguniion for an
apriori presceribed wvalue of the suction parameter A, but for the
prescribed value of K7 (0} which leads to the determination of the
corresponding value of A, Thus two or thres integrations with
properly chosen values of ¥’/ {0) will enable us to guess what value

y . . i . .
of ¥''(0) be chosen to give approximately the soluticn for the
presceribed valus of Al

(4) We have to make the specific choice of the Prandt] number and Bckert
aumber in order to solve 0 and &, equations, but we have not o
prescribe the value of R ull we come to the svlution of fe-cquation.
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Figures [ and 2 give the plots of v and w, whils the figures 3,
the plots of 0y, 8, and 8y respectively for R =100, £+ §, P, (8
main purpose of the present paper is to establish o convenivnt meilod fur
selving the flow and hest transfer problems, we huve umlerleben oaly o
limited number of numerical cases. This method is casily .t ' 1 1o wther

geometries.
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