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Abstract

The problem of a lossy sphere excited in symmetric TM and TE modes by appropriate delta function
sources is considered. The resonant frequencies and the amplitude comstants involved in the field
components have been computed as functions of both permeability and permittivity of the sphere.

The results have been utilised to verify the frequencies of maximum absorption of biological spheres
obtained experimentally!.
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1. Introduction

Some work has been done during previous years on dielectric resonators of different
shapes, including spheres®. Resonators made of materials of high dielectric constant
and low loss factor lend themselvesto a number of applications such as mijcro-
wave filters, power limiters, and Gunn and {ransistor oscillators using YIG spheres?s,
as well as in dielectric-tuned and temperature-compensated Gunn oscillators, etc. How-
ever, their use requires a good kunowledge of their resonant frequencies and amplitude
constants of field components.

The electromagnetic boundary value problem of the dielectric sphere excited by delta
function electric and magnetic sources applied normally across an arbitrary plane has
been solved and the possibility of the existence of symmetric as well as unsymmetric
TE, TM and hybrid modes has been investigated by Chatterjeel?, leading to the follow-
ing conclusions:

(i) It is not possible to excite unsymmetric TE ard TM modes on the dielectric
sphere since the application of boundary value method yields three independent
equations with only two unknown amplitude constants.

(i) It is possible to excite symmetric TE and TM modes, as well as symmetric and
unsymmetric hybrid modes on the dielectric sphere.
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The theoretical investigation in this paper differs from the studies reported sc far
by other authors'~? in the following respects. We have considered lossy spheres having
permittivity (ey) and permeability (i), ranging from small to very large values. We
have also evaluated the resonant frequencies of the sphere as a function of afy, for
several TE,, and TM,, modes excited by appropriate delta funclion sources, where
v = (i e)® denotes the intrinsic phase velocity inside the sphere. We have also
stadied the amplitude constants of the field components, both inside and outside the
sphere as functions of af, with ¢ and x4, as parameters, where , denotes the fice space
wavelength outside the sphere. It has also been shown that the resonant frequencies
of lossy dielectric spheres can be related to the frequencies of maximum absorption of
electromagnetic radiation by biological spheres as reported by Gandhilt. The study
of the amplitude constants is important as the temperature rise of biological spheres
illuminated by electromagnetic radiation depends not only on the resonant frequencies
of maximum absorption, but also on the incident radiation energy, which is propor-
tional to the square of the amplitude constants.

2. Electromagnetic boundary-value problem of dielectric sphere excited in TM and TE
modes

Fig. 1 shows the geomeiry of the structure. Spherical polar coordinates r, 0, ¢ are
used. A dielectric sphere of radius ‘ @ and constants e, uy, 6; is embedded in another
dielectric medium (free space) of constants e, yt,, ,. The sphere is excited in the T™M
symmetric mode by an excitation electric field E—* applied in the z direction over
an annular ring of width As -+ 0 in the plane z=z; = gcos 0;. E, has components

€, Mo .00

a0,5in6y

Fie. 1. Geometry of the structure.
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E, = E,cos 0, and Eg = — E, sin 0 in the r and 0 directions respectively. Exparding
the field components £, and Eg, in series of spherical harmonics and assuming harmonic
time dependence, we obtain

)

E, = ‘711 2 1 (1 + 1) D,y () P, (cos 0) et 0
neu(
o
Ey, = -7{_‘ C,, (r) P2 (cos 0) c~9ut )]
t n=0
wlere
}\ 2 1 27 w
Co () = ;;l;_é;’?ff) Eg, PX(cos 0) sin 0 d0 d 3)
$=0 f=0
and
k@l o o
D, ()= gty f f E,, P, (cos 0) sin 0 d df. @
@=0 fmo
If £, is a J-function given by
-
E, = AT, for 0y <0< (0 + AO) (5
and
E,=0 for 0< ¢ and 0> (G, + A0, (6)
Then
—V k,Qn+1) . 7
C, (@) = o REET sin 0y P3(cos ) ©)
and

Qn+ 1

) 008 O P (cos B0 ©

D@ =k

The field components inside the sphere are

[
Ei=— 2 # (n --1) 4, P, (cos 0) Jllg’%«’) et 4 E, ®
1

=0



24 R. CHATTERJEE AND GLORY JOHN

0
. 1 ) \ ‘
Ey= - 2 P} (605 0) Ay ar Gl € E, (10)
n=0
k o0
H:p jl),lll Z Ay P2 (c0s D) f, (hyry et (11
=0

and the field components Ef, E§ and Hg outside the spherc are obtained by replacing
the spherical Bessel function j, (klr) by the spherical Hankel function MY (k,r) and 4,,
by B,, in the expressions for Ef, £j and Ht respectively, where

ky = 23979 (& "'./‘70/('))]1” and ky = w[ﬂl(el 'l”ja'l/w)]“z~
Applying the boundary condition that at r=a, Ef = E} ard Hg = Hj, we
obtain
Con (@) jopt, 1

B = TR ) Z, (1
_ kB (k)
A= k1 i) P (13)
where

7 Ao Tkaj, kall
* k“ I (kra)
/w;l | Thoa h(k a)]
¥ a B Thay (14)

Z, is the difference between the radial wave 1mpedances E§/Hy inside and Ej/Hp
outsxde the sphere. Free oscillation of the sphere resuits when these impedances are
matched, that is, when Z, = 0, an equation whose roots determine the resonant ftequen-
cies of the natural modes of oscillation.

The field is thus determined uniquely both inside and outside the dielectric sphere
for each value of 7. As explained earlier, this shows that TM,, modes exist for n = ],
2,3, ... for the dielectric sphere. There are also an infinite number of resonant
frequencies for each TM,, mode, and the fields become very large at these resonant
frequencies.

For symmetric TE modes, the excitation is H,e % applied in the z direction over
an annuler ring of width /s — 0 in the plane z = z; = gcos6,. The field compo-
nents of symmetric TE modes are H,, Hy and E,. Proceeding in a similar manner for
the TM modes, it can be shown that the resonant frequencies for TE modes are given
by the equation

Taaulbual] _ o [koo B (koa))-
Falkra) e KO (Fea) (15)
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3. Calculation of the resonant frequencies and amplitudes of the field components

Equations (14) and (15) have been solved by using iteration method with the aid of an
IBM 360 digital computer, and the roots have been determined for several TE and
TM modes for dielectric spheres embedded in free space (5, = 0). These roots are
complex of the form , = w,, -+ jw, where o, = 2xrf,, gives the free oscillation radian
frequency, and 1/w, = 1/2zf, gives the relaxation time.

Figs. 2 (a) and 2 (b) show the resonant frequencies f, and f,, for different T™M
modes as functions of (a/v,), where

1 [4
By = e =
= Jme T i
is the intrinsic pbase velocity in the low-loss dielectric sphere (loss tangent == 0-C05),
where p, = p/u, and e, = efe¢,. Figs. 2(c) and 2(d) show the resonant frequercies
[, and f,, for different TE modes as functions of (a/v,). Figs. 3 (@) and 3 (b) show the
resonant frequencies /', and f, respectively for the different TE and TM modes as func-
tions of {4/1)), 4, being the wavelength in the dielectric at resonance. e, has been taken
as 2-56 in this case. For natural oscillation of a resonator the Q-factor can be defined
in terms of the real part o,, and imaginary part o,, of the complex angular frequency o,
of resonance (see Appendix) as .
=P _ ;f'_l
g= T T I (16)
where f,, and f,, denote the real and imaginary parts of the resonant frequency f, (o, =
2nf,) respectively. Since Q is determined by the ratio (eqn. 16) and £, and f,, are inde-
pendent of a/A, [see Figs. 3 (a) and 3 ()], for any TE, and TM,, mode it may,
therefore, be concluded that the Q-factor is independent of g/, for the above modes.
Table I gives the Q-factors for several TE and TM modes for the first and second

roots of eqns. (14) and (15).

Plots of ¢ | Aen | and a | B,,| as functions of lo/a with relative permittivity ¢ and
permeability y, as parameters for TM,, modes (r = 1 to 6) with source of excitation
applied across different planes indicated by &, show that (Figs. 4-8)

(1) the peak values differ in magnitude for TMs; and TM,, modes and for different
values of ¢ and g,

(ii) the peak values of a[ 4,, | are greater than the peak values of a | B,, |.
(ili) the position of the peaks along the a/i, axis shift depending on the parameters;

(iv) the planc of excitation has very little effect on the position of peaks though it
influences the magnitude of the peak. A knowledge of the position of minima
for the amplitude constant [ Ao | can be utilised to select proper exciting wave-
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length 1, so that the absorption of power by biological spheres can be kept to

2 minimum and thus reduce the temperature rise and consequently minimise
the risk of biological damage.

Table I

Q-factor for TE and TM modes; ¢, = 2+56

Qg
Mode
I Root IT Root

TEo 4-4078 6-6597
TEss 5-6315 7-8558
TEo; 6-9802 9-1110
TEoy 8-4959 10-4409
TEos 10-2285 ..
TMo; .. 5-1194
TMo, .. 56167
TM,, 2-6415 5-9263
TM,, 2-5969 6-(710
TMgg 2-7734 6-0579

The plot of the real and imaginary parts of a | B,, [ (Fig. 9) show that both Re (2 B,,)
and 1, (¢ B,,) became zero and hence the amplitude constant for the field outsig‘e
the sphere becomes zero at a particular value of afl, irrespective of the value of 0.
This may lead to the concept of confined mode for a particular value of afle. o

4. Resonant frequencies of biological spheres

Biological tissues like muscle, brain matter, etc., may be approximately considered as
homogeneous lossy dielectrics'-13, Using the expressionsi®

R 1 IOy
and

o= 6 [1 +62 (%)2}/[1 + ({7“)2] mmhos/cm ()
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for brain matter, where f, = 20 » 10° Hz. the resonant frequencies of biological spheres
of brain matter of varying radius ‘ ¢’ have been calculated. The real and imaginary
parts of f,, and £, are shown in Fig. 10 (@). Fig. 10 (b) shows the real resonant frequency
S for the TMy;; mode as a function of the radius “ ¢°, and is compared with experi-
mental results obtained by previous workers™.

The theoretical analysis of frequency of maximum abscerption shows a monotonic
decrease with radius of the sphere having any value of e, whereas the experimental
curve reported by Gandhi** shows an oscillatory nature. However, the analysis for the
sphere with values of ¢, and o, calculated from egns. (17) and (18) show fair agreement
between the theoretical and experimental valies.

5.  Conclusions

The following conclusions can be drawn from the above study of the resonant proper-
ties of dielectric spheres :

(i) The dielectric sphere can resonate both in TM,, and TE,, modes, and the reso-
nant frequencies are complex of the form o, = w, + jo, ©, being the real
resonant frequency and lim, being the relaxation time.

(ii) At a particular frequency (or wavelength) for a sphere of given radius, several
TE or TM modes may exist as shown in Figs. 2 and 3.

(ili) As shown by Figs. 4. 6, 7 and 8 the field inside the sphere at resonance is very
much stronger than the field outside the sphere.
(The above conclusions, though arrived at by previous workers also, have
been written for the sake of completeness.)

(iv) The fields inside and outside the sphere for high values of ¢ behave quite diffe-
rently from the fields for high values of 4, as shown in Figs. 4 to 8.

The calculated resonant frequencies for the TMyy, mode (first root of TM,,
mode) of biological spheres, having the propertics of brain matter, agree fairly
well with the frequencies of maximum absorption of electromagnetic radiation
as reported by experimental workers, as shown in Fig. 10 (b).

(v

(vi) Other workers's have reported that there is a region of maximum heating in {he
frequency versus radias diagram for a lossy sphere having the same electrical
characteristics as brain tissue. This can also be seen from Fig. 2, where the
resonant frequencies of various TM and TE modes occur within a certain region
for a sphere of given radius and given electrical properties.

(vii) As the Re (aB,,) and I, (¢B,,) become zero at a particular value of a/l,, it may
be said that the modal oscillation may be completely confired inside the sphere
at this value of g/, indicating possibly the absence of radiation.

1.1.8c.—4
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Appendix
Devivation of the Q-fuctor of the sphere
The transfer impedance Z (w) of a cavity resonator is defined by
e = iZ{m) (A1)

»

where ¢ ¢’ is the em.f. induced in the output loop and i’ is the current of constant
amplitude, but of variable frequency . maintained in the input loop by a suitable scurce.

For a “ high-Q ” cavity, Z {e) in the vicinity of 1 resonant angolar frequency o, is
approximately given as

A0 P E—

S,
L v
R

-

A2

where

S0, = ) — ).

The quantity K depends upon the size and orientation of the coupling loops, while
Q and o, are independent of these factors provided that the coupling is weak.

Eqn. {A.1) expresses the relation between input and output amplitudes under
the conditions of forced oscillations, with the factor * representing undamped
sinusoidal variation in time.

If the input is removed now, the natural oscillations still persist, but with an expo-
nential decay with time. The frequency ol oscillations is the same as the resonant
frequency of the cavity within the degree of approximation imposed by (A.2). A
suitable time function is of the form

()(»N,.;{—]M’x' : or o (w,;; dep 3t
in which o, is a real positive constant, known as the decay factor. When natural oscil-

lations are under consideration, @, must be replaced by o, + jo,, in (A.2) so that
e, becomes jo,,.

When the input current 7 == 0, the output, ¢, can have a finite valne only il Z () == co,

.

1
Z (w,, + Ja,)
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