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Abstract

The problem of a semi-infinite strip under normal loading on the long edges is solved in this paper
and numerical results are given. Stress distributions in the strip under various lengths of loading on
the long edges are presented. The results are compared with the limited ones available in the literature.
Utility of the results in a practical problem in prestressed concrete is indicated.
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1. Tntroduction

Stress distribution in a Jong body under externally applied loads near the ends is a
common problem, in civil engineering, e.g., the end block in a prestressed concrete bearm.
One such problem is treated i this paper. The problem is that of a long strip with
loadings over a small length on the Jong edges while the narrow ends are traction free.
In this case each half can be considered as a semi-infinite strip. A general solution by
taking the stress function in terms of Fourier series and integrals, for the stress analysis
of semi-infinite strips, has been given by Iyengar's* wherein a number of references can
be found on this problem. Later the same problem has been solved by Gupta?® and
Bogy*.

The analytical solution presented here is based on the solution given by Iyengar! who
has developed the stress function for a semi-infinite strip subjected to arbitrary loadings
on all the three edges. Using this solution, numerical results have been obtained for
various lengths of uniformly distributed load on the long edges and are given in this
paper. The results have beea compared with the available ones.

* Presently with STUP (India) Limited, Bombay.
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2. Analysis

Consider a semi-infinite strip bounded in the right half-plane by the lines x = 0 and y =
= b as shown in Fig. [. The strip is assumed to be in a state of generalized plane
stress. The longitudinal edges of the strip are subjected to normal tractions symmetrica}
sbeut the x-axis, while the transverse edge is kept free of tractions. The boundary cordi.
tions can then be written as

O, ir‘" =0 iy Ixsn =0 . ‘ (1)

Oy iy=:’=b =—fx); 1, Iy=ﬁb =0 (2-)
where

f(.\-)— for 0 x< 2 7 ’ ’ G

=0 for x> 2¢ . - - PR,

P being the total load distributed over a length 2¢ on the long cdge.
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Fig. 1. Semi-infinite strip subjactéd to normal distributed loads at its end.

Considering the symmetry about x and y axes the following stress function is taker
for this case from the stress function developed n ref. (1).
.xw‘ PR A RLEN
cb$ (mmy/b ) iy . v
®(xy) = Z A"%'_(;nTz{)"-’/“) {1+ G e-oore }

M=, 2,3

cos
+ f C(a) = cgsha pr [aJ smh u.y - (1 + ab coth ab) cosh wy] da.
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The above function satisfies biharmonic equation and hence the stress ccmponents. arc

given by

*ae o
= S T
and
D .
e T ©

The coefficients 4,, and function C(u) are to be determined from the boundary condi-
tions.

It can be seen that the shear slress boundary conditions are satisfied automatically
Satisfying the other boundary condition along transverse edge, namely

Ty Izau =0,

we get
0 w0
\ C(a) .
— A, cos (mry/b) + vy [oy sinhay
m=l, 2,3 o

+ (1 — ab cothab) coshay] da = 0. ©)

By taking finite Fourier Transform and simplifying, eqn. (6) can be reduced to
w ‘ .
(ab) (mm)* . tanh ab € (@) da. @

A== | G T

3

On satisfying the remaining boundary condition, nanely,
a, Ju;.i,, = — f(x), we get

0
2 A, cos mn {(mnx/b) — 1} g-tmmoity
m=1.2,3

~f )=

- f cf::ls WX [ab smh ab — (1 + ab coth ub) cosh ab] da.
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Rewriting the above equation

3 AL (— Dl — bl et — £ ()

m=1,2, 3

=
2ab 7
=f C(a)[1+sin;2ab_‘cosaxdm ®)
0

Using the Fourier Integral Travsformation, we get

ab
c(a)[l ‘Sm?;l ,,ab] 2 f Ay (= 1) {1 — (mrxfb)}

m=1,2,3
2 =]
e~ mTa ) cog ax dx — - f fx)cos axdx. )
- o
Eqn. (9) simplifies to
L
L2 ] _4b (— 17 (mn) (b
¢l [1 T Snh %) TR Z An by gy — T @ o)

m=1, 2,3

where
2 -
Flo) =~ f F(x) cos ax dx (tH
o
P .
= sia 2ac, 12)

C(a) can be determined from eqn. (10) in terms of A, and substitution of C(a)in
eqn. (7) gives the following infinite systen to determine A,,s :

A= 167 m? 2 (=" r A, K(r,m) — 4 (— 1y n* m? B, 13)

=1m3

where

K(,m = f (ab)? . tatth ab bda (14)
[ +smh pr b [(“b)z + () [(h)? -+ ()P
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and

b= j-° F(a) ob tanh ab
D {1 e b + o

When substituted for C(a) the expressions for sirerses are

da.

gy = — Z,‘ Ay, [cos Gnzy[b} {1 + (urx(B)} e~ ®@m® — gy (— D)™ F,] — aq

m=1, 2,

0y = S An [c08 (mmy[B) {(mx[B) — 1} @™ — i (— D H,} + o

w=1,2,

ty == 3 Ay lsin (mnyfb) (naafb) e w0 — o (— 1 U] — e

m=1,2,8

where

o«
Cars {epsinh ay + (1 — abcoth ab) cosh 03]
Fo = 46 f [eosh ab -+ (abjsinh aB)] [@B)" - (e & 008 0% 4o

[ay sinh ay — (1 4 ab coth ab) cosh ay}
=4 f {Cosh b - (eBsinl aB)] [(aB)® 1 Gr)ije~ * 0% % de.

o0
 ans [ay cosh oy — abcoth b sinh oy] o
Up = 4b° f [Cosh ab =+ (abJsinh ab)] [ LGmmye @ S ox de

o= f Flo) [ay sinh ay + (1 — ab coth ab) cosh ay]

[cosh ab + (ad/sinh ab)] CO8 ax do

@0
o= f Fla) {aysinh oy — (1 + abcoth ob) cosh ay]

fcosh ab + (ab/sinh b)) cot ax de
r b coth ab sin / )]
= -y [aycosh ay — abcothabsinhay] . .
€ = f F(a) [cosh b + (abfsinh ab)] sin ax da

3. Numerical solution

57

(15)

(16)

an

Stress components at any point in the semi-infinite strip, can be determined using
eqns. (16) where the values of 4,s are determined from eqn. (13). Eqn. (13) forms
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the necessary condition to be satisfied by 4,s such that all the boundary conditions are
identically satisfied. However, eqn. (13) leads to an infinite set of simultaneous equa-
tions in A,s. By considering only 2 finite number of terms in the series in the evaluation
of stresses, the biharmonic equation is still exactly satisfied whereas the boundaty condi-
tions are approximately satisfied. However, it may be shown by determining the stresses
with different number of terms that the boundary conditions have been satisfied to
sufficient accuracy.

Theoretical treatment on the convergence aspects of such infinite series is given by
Teoderescu® and Gupta® and in the book by Kantorovich and Krylov. The details of
calculations together with numerical method of finding the infinite integrals, etc., are
given inref. 1. It may be mentioned here that for the evaluation of the infinite integrals
five point formula in a numerical integration scheme has been used.

4. Numerical results

Numerical results have been obtained for various values of k = (¢/b) = 1-0, 0.8, 0-6,
0.5, 0-4,0-2 and 0-1 using the TBM 360/44 computer. For each k. stress components
are evaluated along various horizontal and vertical sections of the strip. While evaluat.
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Fig, 2. Distribution of (‘“T') for various. values of along (/6"
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ing the stresses, 1t has been found, that the number of terms to be consideied in the
series fo1 a good convergence decteases with mncreasirg value of x  Corvergerce 15
quite fast m the case of tiansverse and shea:r stiesses when compaied 1b that of the

longitudmal stress

The number of terms considered for vatious ranges of x ale given below
For

() x/bz 1, 8 terms
() 0-3< x/b < 1-0, 10 terms
() 0-2< x/b < 0:3, 14 terms

and
(v) 0 < x/b <02, 18 teims

The exact shear stress bhoundary valpes are obtamned automatically Iongitudinal
boundaty values of ¢,, obtaired with fimte number of terms ir the series, aie m good
agieement with the actnal values Conveigence of the series for o, along x = 0 15 very
slow and large number of terms should be considered to get 1csufts comparable to that

of actual values \ L
v/

Distribution of ¢, along 3 = 0 for varying k 1s shown in Fig. 2 Vanation of g, over
the depth for vaiying x/b values 13 shown m Fig 3, for k=10, 0-8 and 0:6 The
transverse stress distiibution along y/b =0, 0:25, Q 50 ard 0 75 for 7 values of k 15
presented 1 Figs 4, 5, 6 and 7 respectively 1, distribution along y/b =0 50 is shown

m Fig 8

Higuchi” has given o, and o, disttibutions for a & value of 2-0  He has evaluaied the
mfinite integrals using the Cauchy theorem of 1esidues in determining the stresses  Using
the procedure wndicated i the present paper the same distributions have been obtained
and presented i1 Figs. 9 and 10 Both the results aie found to be m very good agree-

ment

Bay?, solving the same problem for concentrated load P using finite difference tech-
nique, has obtaned o, distitbution along y = 0 as shown in Fig. 11  This distribution
1s compared with that obtaned for k = 0-001 by the present procedure in Fig 11. Since
the total load P 1s distributed over a very small length, 1t could be approximated to a
concentrated load According to Bay, o, becomes zero at x = 0-8 b whereas this value

equals 0-96b 1n the piresent method

The transverse siress 15 compressive in natuie initially over some distance greater than
2¢ and then charges to tenstle in mature before 1eachuig negligiply small value. The
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FiG, 5, Distuibution of (—::‘-’) for different values of k along (y/b) = 0-25,
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Fic, 6. Dastribution of (%’L) for different values of k along (y/6) = 0-50.
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Fic 7. Distribution of (_‘_71) for different values of & along (y/b} = 0-75,
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3r
7 For a concentrated P(by Bay)
1} For k=0 001
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Fa 11 (%‘,’—) distribution along (y/b) = 0.

value of this tensile st1ess 1s not greater than 0 04 g in any case  Thus type of distribution
can be effectively combined with that due 1o noimal compressive loadings on the trans-
verse edge of a semu-infimite strip to achieve a zone {ree of temsile stiesses neat the end
In case of piestressed post-tensioned beams becanse of longitudnal prestress, transverse
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tensile stresses are developed m the end block®. If compressive loading can be applieg
1 the anchorage zone i the transverse direction, these tensile stresses can be nujlified
or reduced as it can be seent by combining the transverse stress distributions due to botj
the loadings.
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