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Experimental and Analytical Investigations of the actions
taking place in a Synchronous machine during the
starting period when the starting 1s effected
by means of alternating current.

By A. Hay, p. sc., M. 1. E. E., and F. N. Mowd awalla, . 4., B.8C.

INTRODUCTION.

The literature on the subject of the present investiga-
tion is somewhat meagre. A rotary converter or synchronous
motor not provided with any special starting devices forms, when
started from the alternating current side, a type of induction
motor whose stator is provided with a polyphase winding, and
whose rotor has a single-phase (or single magnetic axis) winding.
The earliest reference to this type of motor which the authors
have been able to find occurs in a paper published in 1896 by
H. Gorges,* who describes the peculiar behaviour of such a motor
in the neighbourhood of half-synchronous speed, without, iow-
ever, attempting any explanation of the effects observed. Such
an explanation was given in 1898 by F. Eichberg.** Nothing
further of importance appears to have been published on this
subject until comparatively recent times. In 1912, C. J.
Fechheimer read a paper before the American Institute of Blec-
trical Engineers on self-starting synchronous motors,t in which
some attention is given to the occurrences dnring the starting
period ; both the paper itself and the discussion thereon serve to
emphasise the unsatisfactory state of our knowledge of the oc-
currences during the starting period. The subject is again cealt
with, though in a somewhat cursory manner, by E. Rosenberg, in
a paper on self-synchronising machines read in 1913 before the
Institution of Electrical Engineers. ]

* H. Gorges: Ueber Drehstrommotoren mit verminderter Tourenzahl.
Elektrotechnische Zeitschrift, Vol. 17, p. 517 (1896).

** §  Richberg, Zeitschrift fur Blekirotechnik (Wien), Vol. 16, p. 578
(1898).

t-C. J. Fechheimer, Proceedings of the American Institute of Electrical
Engincers, Vol. 31, pp. 305 and 1942 (19!2).

1 E. Rosenberg : Self-synchronising Machines. Journal of the Institution
of EBlectrical Engineers, Vol. 51, p. 62 (1913).

The latest contribution to the subject is a paper by
F. D. Newbury on “The Behaviour of Synchronous Motors
during Starting” read before the American Institute of Elec-
trical Engineers in June 1913.*+ This paper contains a large
number of interesting oscillograms taken during the starting period;
the method of investigation is, however, totally different from
that adopted in the present paper.

*+Transactions of the American Instilute of Dlect ical Engincers Vol. 32, p. 1509.
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I. GENERAL METHOD OF CONDUCTING EXPERIMENTS.

The investigations about to be described have for their
object the determination of the stator, p. d. or current, the power
supplied to the stator, the e. m. f. induced in the rotor winding
when on open ecircuit, and the current in the rotor when its
winding is closed — all expressed as functions of the rotor
speed, when the current or p. d.-— as the case may be — supplied
to the stator is maintained at a constant value. Incidentally, an
investigation was carried out of the effect of eddy-currents in the
solid portions of the rotor on the magnetic flux distribution in

the pole-cores.

Two machines were experimented on. One of these
was a 50 kw., 25-cycle, three-phase alternator, whose magnetic
circuit is shown in Fig. 1. The machine is designed for a ter-
minal voltage of 130 and a speed of 500 r. p. m. The armature
is star-connected. Each phase consists of 36 conductors. The
field winding is intended to be supplied at 50 volts; each field
coil contains 390 turns.

The other machine was a three-phase, 100-volf, 50-cycle,
74 b. h. p. induction motor designed for a speed of 1450 r. p. m.,
and having a wound rotor. Its magnetic circuit is shown in
Fig. 2. Both stator and rotor windings are star-connected; each
stator phase contains 20 conductors, and each rotor phase 21 con-
ductors. The object of choosing an induction motor for some of
the experiments was to eliminate the complications which arise
on account of eddy-currents in the solid cores of the synchronous
machine.

In all the experiments, the power supplied to the stator
was such that at no speed was it sufficient to provide a torque
which would enable the rotor to run against the reststances to its
motion, so that additional mechanical power was necessary in
order to keep the rotor running. This additional power was
supplied by a continuous current motor coupled to the rotor. In
this way, stability of running could be secured at all speeds.

The power supplied to the stator was measured by a
Drysdale standard polyphase wattmeter. Weston instruments
were employed for the measurement of voltages and currents.
Speeds considerably removed from cither half-synchronism or
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full synchronism were measured by a speed counter, while in the
immediate neighbourhood of either half or full synchronism the
measurement was carried out by a stroboscopic method, a suit-
able disc being mounted for this purpose on the alternator shaft.

2. EXPERIMENTS WITH SYNCHRONOUS MACHINE,

The arrangement of connections employed in the experi-
ments with the synchronous machine is shown in Iig. 3, which
is self-explanatory.

_A. Eazperiments at constant stalor current. Several
sets of experiments were carried out with the stator current
maintained at a constant value. The results of these experi-
ments are shown graphically in the accompanying curves. In
Fig. 4 are given curves showing the variations of the p. d. across
the stator terminals, the total power supplied to the stator,
and the e. m. f. induced in the rotor or field winding when the
stator current is maintained at a constant value, the frequency
(25) being the normal frequency of the machine. There is, it
will be noticed, a slight humpin the stator p.d. curve, which,
however, keeps fairly level until not far from the speed of

- synchronism, when it begins to rise somewhat steeply. The
variations in the stator power curve are more pronounced, there
being a very decided hump before the speed of half-synchronism
is reached, and the curve continuing on its downward course
beyond half-synchronism, passing through a minimum and then
rising fairly rapidly to a maximum, beyond which there occurs a
very steep drop as synchronism is approached. The e. m. f.
induced in the field winding also exhibits remarkable variations,
passing through a minimum near half-synchronism and a maxi-
mum between half and full synchronism, to drop to a value which
closely approaches zero at full synchronism.

In the curves of Fig. 4, the speed was not allowed to
exceed the normal speed of synchronism (500 r p. m.). Asit
was thought desirable to extend the investigation to hypersyn-
chronous speeds, and as such an extension presented difficulties
on account of considerations of mechanical safety so long as the
frequency was maintained at its normal value, a new set of read-
ings was obtained at half the normal frequency. The results are
exhibited in Fig. 5. The speed was carried up to a negative slip
of 100 per cent. The general shape of the curves below the new
speed of synchronism (250) is the same as that of the curves of
Fig. 4. Tt will be immediately noticed that the curves exhibit
a marked dissymmetry about the ordinate of synchronous
speed. The least departure from symmetry is exhibited by the
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stator p. d. curve. The discontinuity (shown by a dotted line) in
the power curve at synchronism is due to the sudden reversal of
the hysteresis torque as the rotor passes through synchronism —
a.well-known effect in induction motors The field e. m. f. curve
exhibits the same depression as before in the neighbourhood of
half-synchronism, though this depression is not quite so strongly
marked as in the case of the higher frequency curve of Fig. 4.

In Fig. 6 are shown curves obtained at the lower fre-
quency of 12.5, but with the field circuit closed. As might have
been anticipated, owing to the more powerful reaction due to
the closed field circuit, all the curves are more highly distorted
than those obtained by running with the field circuit open.

B. FHxperiments at constant stator p.d. In Fig. 7.
are given curves obtained at the normal frequency of 25, the
terminal stator p. d. being maintained at the constant value of
15 volts. The general shape of the curves is similar to that
obtained by maintaining the stator current constant, but the
humps on the curves are more strongly marked.

C. Experiments on the effect of eddy-currents in the
solid portions of the magnetic circuit in modifying the flux di:-
tribution in the poles. Owing to the demagnetising effect of the
eddy-currents induced in the poles and in the steel hub on which
they are mounted, the magnetic flux which enters the poles from
the armature is more or less thrust aside as it passes down the
pole, crossing the interpolar spaces and giving rise to considerable
variations in the total flux distributed over the cross-section of
the pole at different depths, as we proceed down its axis. In
order to investigate this effect quantitatively, a series of search
coils of thin wire were wound round one of the poles of the
machine at different depths, and the e. m. f. s. induced in the
coils were determined. 'The arrangement of the search coils is
shown in Fig. 8. By temporarily disconnecting the slip-rings
from the field winding, and connecting them to the ends of any
search coil, the e. m. f, in that coil could be determined. The
results of one such set of measurements are shown in Fig. 8.
All the curves exhibit the characteristic depression in the neigh-
bourhood of half-synchronous speed, and it will be noticed that
the falling off in the total flux as we proceed down the pole is
quite appreciable.

The e. m. f. induced in an exploring coil surrounding
the pole core is a measure of the maximum value of the surface
integral of the magnetic induction over the cross-section of the
pole corresponding to the position of the exploring coil. It takes
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no account of the instantaneous distribution of the flux, which
must be one of great complexity, owing to the phase differences
which must exist between the inductions in successive tubular
layers surrounding the axis of the pole core and situated at
different distances from it.

3. EXPERIMENTS WITH INDUCTION MOTOR.

The eddy currents in the solid poles of the synchronous
machine giving rise to disturbances of a somewhat complicated
nature, it was thought desirable to carry out some experiments
with a simpler fype of motor having a polyphase stator winding
and a single-phase rotor winding. For this purpose, the induec-
tion motor already alluded to was employed. The arrangement
of connections is shown in Fig. 9, and the results of the experi-
ments are given in Figs. 10 to 14.

Fig. 10 shows the results obtained by keeping the rotor
entirely open-circuited. The stator current was maintained at a
constant value of 14 amps., the frequency being 25 (this corres-
ponds to a synchronous speed of 750 r p. m.). The slight rise in
the stator p. d. with increasing speed is accidental, and is due to
a slight rise of frequency durmg the period of test. The rotor
e. m. f. curve is — as might have been expected — symmetrical
about the ordinate of synchronous speed.

The curves of Fig. 11 were obtained by eclosing the
circuits of the three rotor phasvs through an external noninduc-
tive three-phase resistance. The stator p. d, and rotor current

curves are roughly symmetrical about the ordinate of synchronous
speed.

Figs. 12, 13 and 14 have reference to a single-phase 01'
single magnetic axis rotor winding. In the case of Fig.
two rotor phases connected in series were closed throucvh an
external resistance of 884 ohms; in the case of Fig. 1%, this
resistance was reduced to 1-84 ohms; while Fig. 14 rofers to a
dead short-circuit of the two phases in series. In all three cases,
the appearance of a hump on the curve of rotor current is
noticeable; and the hump becomes more marked as the condi-
tion of dead short-circuit is approached. The rotor current curves
are scen to resemble, in general appearance, the field current
curves of the synchronous machine when the field is kept short-
circuited, and the most striking feature of such curves is the
presence of a hump on the portion of the curve lying to the left of
the point of synchronous speed, and its absence in the portion of
the curve lying to the right of that point. The hump in the
induced current curve correqponds to the hump in the indu-ed
e. m. f curve, such as that shown in Fig. 4
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4. STuDpY OF STATOR POWER CURVES.

The stator power curves are of very considerable interest
as throwing light on the behaviour of the machine in the neigh-
bourhood of half-synchronism. An examination of these curves
shows that, wherecas there is ulways a discontinuity at the point
of synchronism, no such discontinuity occwurs at half-cynchronism.
This remark is equally applicable to the synchronous and to the
induction machine, and its significance will appear presently. A
discontinuity in the stator power curve could only result from a
sudden change of votor torgque. Such a change occurs at syn-
chronism. At half-synchronism, however, the power curve
changes in a perfectly continuous manner, and the steady
decrease and ultimate reversal of the rotor torque as half-syn-
chronism is passed also take place in a correspondingly con-
tinuous manner. This conclusion is also fully borne out by the
behaviour of the machines in the course of the experiments, no
difficulty whatever being experienced in running either machine
in the immediate neighbourhood of half-synchronous speed.
The experiments therefore show conclusively that during the
starting period a synchronous machine does not show any ten-
dency to becone locked inlo half-synchronism.

Special attention is drawn to this point, as some com-
paratively recent statements* show that entirely erroneous notion-
prevail on this subject. It has been asserted that a synchronous
machine does tend to lock into half-synchronism, and attempts
have even been made to account for this behaviour. Such states
ments obviously arise from the fact that in the immediate neigh-
bourhood of half-synchronism there is a rapid (but perfectly
continuous) decrease and, in some cases, actual reversal of the
rotor torque which tends to make the machine run somewhere in
the neighbourhood of (but by no means necessarily at) the speed
of half-synchronlsm

PaArr II—AWALYTICAL.
By Alfre! Hay, p. sc., M. I E. E.

The experimental results described in Part I of the
present paper—especially the peculiar shape of the curves in the
neighbourhood of half-synchronism—are by no mecans easy to
account for. The following is a complete analytical investiga-
tion of the problem by a method which does not appear to have
been previously used in connection with alternating current
problems.

* See Discussion on Fechheimer’s Paper, loc. cat.
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Owing to the extreme complexity of the problem, it
becomes necessary to make the following simplifying assump-
tions :—

(1) We shall suppose that the armature winding of
the machine is so arranged that each phase when traversed by a
current gives rise to a simple sine distribution of magnetic flux
In space.

(2) We shall neglect the effect of variations in the
permeability.

(8) We shall assume that the effeet due to eddy-
currents in the solid portions of the magnetic circuit may be
regarded as equivalent to that of a simple closed single-phase
secondary circuit. This equivalent secondary may be conveni-
ently referred to as the ““secondary” simply. The field winding
forms a tertiary circuit which may be either open or closed. We
shall suppose that it is kept open.

(4) The time-variations of certain of the quantities
concerned will be supposed to follow the sine law.

It is obvious that during the rotation of the machine
the mutual inductance of the secondary with any one phase of
the armature winding will undergo periodic fluctuations, and
from supposition (1) it follows—as can easily be shown—that
such fluctuations will obey the sine law if the speed of rotation is
constant. Let M, denote the maximum value of the mutual .in-
ductance of the secondary and a phase of the armature winding.
Then if m,, m,, and m, denote the instantaneous mutual induct-
ances of the three phases and the secondary at time ¢, we may
write, since the space displacement of the three oscillating mag-
netic flux waves due to the armature current is 120 eleetrical
degrees,

m, =M, sin [(1-8) wt+ @]
m,=M, sin [(l—s) wl+a+ —2%]

=M sin [(1-33 of -+ n+%],

where » = 2= X frequency of armature current, and s=slip of
rotor (= synchronous speed — rotor speed
synchronous speed.
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Let the currents in the three armature phases be re-
presented by

i,=1,, sin of.

t,=1_ sin (mt +231 '
i, =I,, sin (wt +§’§

If we provisionally assume that the secondary circuit
which is supposed to be the equivalent of the solid portions of
the magnetic circuit is open, so that it is incapable of reacting
on the primary or armature circuits, then in order to maintain
the currents 7,, ¢, and 7, in the three phases of the armature we
must provide impressed e. m. f. s. which are given by

e,=z I, sin (of + 9))
2
e,=2, 1 /sin (ot + 3 +6)

.=z 1, sin ( of + ?%91)

In the above expressions, z, denotes the equivalent im-
pedance of each phase when the three windings are supplied with
currents differing 120° in phase. If »,=resistance of each
phase, and L,=true self-inductance of each phase (i. e., flux
linkage with phase when unit current is flowing through it and
when remaining two phases are devoid of current), then

The fact that the equivalent reactance of a phase is §
times its true reactance is due to mutual inductance between
phases, and is a consequence of the assumption that the flux dis-
tribution in space due to any one phase follows the sine law.*

The angle ¢, in the above expressions is such that

The total instantaneous flux linked with the secendary
due to the armature currents i, é,, and 7, is

Fs‘a:m. ?:u + my /'ib + m, ‘iczg Mo Im cos (Rmf——'{t)
This flux gives rise to an e. m. f. in the secondary of
dF,

amount e, = —— =2 soM_I, sin (sul — a).

* Hay, Alternating Currents, p. 47 (4th edition).

340 Journal of the Indian Institute of Science | VOL 88:3 | July-Sept 2008 | journal.library.iisc.ernet.in



Experimental and Analytical Investigations of the actions....... alternating Current

We shall now assume that the secondary is qlosed, and
that the e. m. f. ¢, is allowed to produce a current in it.

Let 7, L, be the resistance and self-inductance res-
pectively of the secondary. Its impedance is then

2 =~/1:§;_+ (.'@(.,]:as‘\;ig

and the e. m. f. ¢, gives rise to a secondary current

Swlig

. 3 .
tg =—-— 8uM_I sin (sot—a—9,), where tan 0= —
2z, 7y

% s“’Mo

For the sake of simplicity, we shall put %, =

Z,

so that we may write i,=k,T,, sin (8ot—a—7,)

The secondary current reacts on the inducing primary
or armature circuits, and gives rise to magnetic fluxes linked
with them. The flux linkage with the first phase, whose in-
stantaneous mutual inductance with the secondary is m,, is given
by .4, and the e. m. f. to which this flux gives rise is

"'“'_tj—t('mfig)' = __Cr;_rt" { Mo Sin [(I—S)wt-l—(}-]. k% I.. Sin(&.-t--a-—eg) >

=(3—s8)uM,k,I,, sin[(1—2+)ut+2a+0,]— oM, A,L,, sin(wt—~F,)

Similar expressions (with suitable changes of time-
phase) hold good for the remaining two phases.

It will be noticed that each of these e. m f. s. consists of
two components of different frequency. 1f we wished to main-
tain the original currents i,, 4, and ¢, unaltered, then in addition
to the original impressed e. m. f. s. e, ¢,, and e, we should have
to provide e. m. f. s. equal and opposite in phase to those induced
in the primaries by the secondary current é,, Now since these
latter e. m. f. s. consist of two components,
one [such as — % oM kL, sin (wt—#,) in the first phase of the
primary | of fundamental frequency, and
the other [such as (3—s) oMk,k,, sin [(1—8) ot +2a + 6,]in the
first phase] of a frequency which is a function of the slip, the source
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of impressed e. m. . would have to be capable of a continuous
variation of wave-shape in order that the currents ¢,, 4, and i,
might remain unaltered. It is needless to point out that such
special continuous variation of wave-shape could not be secured
in practice. We shall therefore make an assumption which is
much more likely to conform to actual conditions. We shall
suppose that the source of impressed e. m. f. continues to supply
a pure sine wave, but that the excitation of this source is varied
8o that it not only provides the original e. m. f. s. e,, ¢, and e,
but, in addition, any other sine-wave components of furdamental
frequency which may be necessary to balance fundamental fre-
quency e. m. f. 8. [such as the e. m. f. —} oM,k,],, sin (o/—6,) in
the first phase] induced in the primaries by the secondary. The
remaining components in the induced e. m. f. s., whose frequency
differs from the fundamental, and which are not balanced by
corresponding components in the impressed e. m. f. waves, give
rise to additional primary currents whose magnitude we proceed
to determine.

For the sake of simplicity, we shall assume the im-
pedance of the source of impressed e. m. f. to be negligible in
comparison with the impedance of the primaries of the machine
under consideration, so that the tetal impedance of the circuits on
which the induced e. m. f. s. of frequency other than the funda-
mental act will be represented by the impedance of the primaries.
The equivalent reactance of cach phase of the primary correspond-
ing to e. m. f. s. such as (}—:) wMok,1,, sin [(1—28) wt+ 2a-+9,]
in the first phase, is § (1—2s8) oL, Hence the corresponding
current in the first phase is given by

v (=) oMk, T,
VR[50 —28)u L,

. sin [(1—28) ot + 203 9,—6,].

1
If for the sake of simplicity we put kl____b 33 oM o
3

then ¢/, =k k, 1, sin [(1—25) of 4+2a+06,—5;]

Similar expressions hold good, with suitable changes of
time-phase, for the corresponding currents in the remaining two
phases.

Before. proceeding further, it will be convenient to collect
all the results so far obtained.
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In the first phase of the primary, we have the following
components of impressed e. m. f. :—-

e,=z,1,, sin(wt+40,)... ... (1)
and e, =%}oMyk,l,, sin(oft—90;) .. .. (2)
where z,= v’ + (§ oLy)® ..o (3)
3
tan 61_—__13_1_‘_1_ ... (4)
1

3
_"f_“'“'MO 3
k= z:_ ... (h)
Rg=— "/J'g;"-‘!- (8&1)2)2 el sia (6)
L ()

Ty

Next, in the first phase of the primary we have the cur-
rent components

i,=1,, sin of ... ... (8)
and &', =k k&I, sin[(1—2s)ut+2a+40%—5b,] ... (9)
l_
where Iclz(t' 8) oM, .. (10)
%3
z,= vVr? + [3(1—2s) oL ... ... (11)
3(1—2¢) o
tan ‘93=__2_(_1_rg_)__}_‘_1. .. (12)
1

Again, considering the secondary, we have in it the
induced e. m. f.

82=% PmMOI“ sin (ﬂo:t'—al) aiia S (13)
which gives rise to the secondary current

t,=Fk, 1, sin (8wt —a—¥,) .. (1%)

We may now proceed with our investigation.

In addition to the e. m. f. e, in the secondary, ‘which is
due to the original currents i,, i, and ¢, in the primaries, and
which produces the current 4, we now have another e. m..f., due
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to currents of the type i, in the primaries. Thi¢ second e. m. f.,
in the case of ¢, may be shown to be

e'y=3%8,M kk, I, sin (cut—a— 0y 0y) (15)

If we were to provide an e. m. f. in the seeondary equal
and opposite to ¢, this latter e. m. f. would be neutralised, and
the only currents in the primaries and the secondary would be
those already considered and given by (8), (9), and (14).

Since, however, no such neutralisation actually tak'es
P]n.np the a. m. f, e’ﬁ is free to act, and giVﬂR rise to a current In

s ATy waals a2 WAF Ly 2L ooy L

the secondary
i =kk,T, sin (sot—o—26,+6) ... ... (16)
This current, in turn, reacts on the primary, and, pro-

ceeding as before, we can show that it induces in the first phase
of the primary an e. m. f. given by

(G—s)oM, £A2,T,, sin [(1—28) ot+24+2 0,— 0,]—F oM EA, T, X
sin (of—20,+4,).

This e. m. f. is seen to consist of two terms of different
frequency. We shall assume, as before, that the term of
fundamental frequency is balanced by an equal and opposite
component

e .= LoMok k% T, sin (of —2 6,+ 6,) . (17)

in the impressed e. m. f. wave of the primary, while the other term,
being unbalanced, gives rise to a current in the first phase of the
primary

i," =k k1, sin [(1—2s) wt+2a+2 6,—26,] ... (18)

" "m

Again, the current ¢”,, like i, and ¢’,, induces an e. m. f.
in the secondary, given by

¢’y =3% saMok,*k,> T, sin (sof—a—26,+24;) ... (19)
The e. m. f. ¢”, gives rise to a secondary current
i =k k51, sin (suf—a—3 b, +2 6,) .. (20)

The current ", in its turn, reacts on the primary, in-
ducing in the first phase an e. m. f.

1 s) WM 8,1, sin [(1—25) of +2a-+38 0,—2 6]
—} oM & %,°L, sin (wt—3 6,42 6,),

the fundamental frequency component of which we shall assume,
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as before, to be balanced by a component in the impressed e. m. f
equal to

e, =% oM k2k3L,, sin (ot-—3 0,42 6;) . (21)

while the other component is left free to produce in the first
phase of the primary a current

i k3k31, sin [(1—28)wt+2a+3 ¢,— 36, .. (22)

Proceeding in this way, we ultimately obtain, for each
of the quantities under consideration —primary impressed e. m. f.,
primary current, secondary induced e.m. f., and secondary current
an infinite series of terms.

For the sake of simplicity, we shall put

k=kk, ... (23)
and 0=#6_ —0, .. (24)

Considering first the primary impressed e. m. f. in the
first phase, we see from (1), (2), (17) and (21), that this is given

by
zllm Sin(u:t—l-ﬂl)—!'%mMol'g Im [Sin (wf_gg)-i-k SiI}. (mt——92 —-—9)+
+ & sin (wf—06,—20)+ % sin (of-—0,—30) 4 ...] sow (28)

Similar expressions, with suitable time-phase differences,
hold good for the impressed e. m. f. s. in the other two phases.

Taking next the primary current in the first phase, and

using (8), (9), (18) and {22), we find that this current is given by
the infinite series

I, sin ot +£kI,, 4 sin [ (1—25) ..t 4+2a+6] + k& sin [(1—25)ut+ 2a
+26] +&* sin [(1—28)ut+2a-+36]+... b . (26)

Similarly, using (13), (15) and (19), we find for the
secondary induced e. m. f.

§ sM_I,, [sin (sof—a)+k sin (sut—a—0]+ &*sin (suf—a—20)+...]
.. (27)

Lastly, using (14), (16) and (20), we obtain the second-
ary current

kyL,[sin (sot—a—0,)+% sin (swt—0,—0)4
K sin (sot—a—06,—26) 4 ... sov [(28)
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Each of the four expressions (25), (:26) (27) and (28)
involves an infinite series of the type

s =sin ¢ +ksin (p+60) 4% sin (¢ +26)44’sin (¢ +306)+ ...
This series may be summed as follows.

Putting sin ¢= }3( Ttﬁ—-—e-"ﬁb), and sin (¢ +nf)
1 rietr0) “J(¢+n9)
25 [ ]
where ;> = —1, we may write

1 ' +46 +256 + 3j
- 2—?- {eﬂb (l +I;:e_j +kPe™ - + ke i + )

— F jo 26
—e “ﬂ“;b(l-l-]«ce-H + K’e d + )}

Jjé
é e

y (w0~ T

which, after a number of transformations, may be reduced to the
sim ple form

___sing —ksin (¢+9)
~ (1--"% cos 6)*+ (k sin ¢)*

1f we put
a= v (1—%k cos 6)" 4 (k& sin #)® ... (29)
_ksing .
and tan B -—m {30)

then, after a further transformation, we may write
2:31,; sin(¢ + P) .. (31)

Primary P, D, Applying this result to (25), we find
for the primary impressed e m. f in the first phase

o .
z;1,, sin (ot 4 91)—}-&-:}—&?—3-&" sin(ef— 0,— P ).
This may be thrown into the form

E sin( wf+) . (39)
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where
1,Mk 2
=L, {[n+ 1 oo (0,4 P) ]
& LMk, . I 3
+ [% oLy — 2222 sin (6, 4P )] }2 - (33)
and
3 le_.Mq"_ﬂ_ i 0, = B |
tan \ = . .. (34)
JQLOMOkQ b
ry 220 cos (0, +F)

Primary Current. Similarly, using (31) and (26), we
obtain for the primary current in the first phase

L. {sin ol + %sin [(1—2¢) of + 24 404 ]3]} ... (356)

It will be noticed that, with a pure sine wave of im-
pressed e. m. f,, the primary current wave is a distorted one.

Sccondary Current. Proceeding in a similar manner
with (27) and (28), we obtain the following expressions for the
secondary induced e. m. f. and secondary current :—

3
Secondary induced e. m. f. = I”—ﬂ%‘y—“— sin (sut—a—P) (36)

Secondary current ::I‘,,,!-';Fi sin (sol—a— ¢,—P) .. (37)

Both the above waves are pure sine waves.

Tertiary E. M. F, We next proceed to determine the
e. m. f. induced in the open field winding, which we may term
the tertiary circuit. This e. m. f. is the resultant of the two
e. m. f.s. induced by the primary and secondary currents. Let
w',, w’, and m’,, denote the instantaneous mutual inductances
between the tertiary and the three phases of the primary. Then
we may write

m , =M, sin [(l—s) ot4a]
m'y=M, sin [(1—s)ot+a+ _2315_ ]

. 4
' =M, [sin (1~ 8)of+a+ 5|
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The total instantaneous flux linkage with the tertiary due
to the joint action of the currents in the three phase of the pri-
mary is

ML, sin [ (1—s) of + a] {sin ol +~k— sin [ (1—28)wt +2a+ P ]}
+ M1, sin [(1—8)ut +a + 3 1 {sm (of 4+ 3)
—|-~;sin [(1—25) ot +3—""+ %24 + P ]}
+M,I, sin [(1—8) of + @ +?] { sin (mtk"l'é?"[“)
+%sin [(1—2s) wf + ijéi+ 2a+4 P ] }
This, after simple transformations, is reducible to the form

2 M,I,, cos (suf—a) + & Tk M,I,, cos (sut—a—P),
and the tertiary e. m. f. due to this flux is

3 9oM, I, sin (sof —a)+3 suM, I, — sm (sot—=a—P)

Next, if we denote by M, the mutual inductance bet-
ween the tertiary and the seconda,ry, the flux linkage with the
tertiary due to the current in the secondary is

MgIm?:—sin(smt—aﬂ— 6.—P ),
and the tertiary e. m. f. due to it is
—soM, 1, sin I—ffcos (sut—a—0,—PB ).
Thus the total tertiary e. m. f. is given by
sul, { IM, sin (8uf —a) + 3 M, —gsin (80t —a—P)
— M, %—cos (8t —a—0, —P )}
This may be exhibited in the form
e,=E, sin(sof—a— Q) ... (38),
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where

E3=Im Sw { [% Ml(l —|—% COSB) ——Mﬂl—';isin ( Gg + B )]?

1
+[%Ml—f;—sin+BM2 k{; cos.(ffi,,-J,-]E%)]”}2 v I(B8)

and
tan Y = &l% kM, sin B +%,M, cos ( b, + F’)] ... (40)

ML (14 cosB)—M, Erin (0, 4 p)

Primary Power. ~We shall next consider the power
impressed on the primary. Since the variable frequency com-
ponent in the primary current wave (35) is incapable of contri-
buting to the power, the only effective component is that of
fundamental frequency, and this yields an amount of power in
the first phase give by

sEI,, cosy,
so that the total primary power in all three phases is
3 E£1, cosy ... (40)
Power Factor. The r.m. s. value of the primary current,

(35) being
Im k 2 ‘3‘
J2~-[1 + () :l

the volt-amperes per phase are given by
k2%
1 = 12
EL4[1+()]

so that the power factor of the primary is
o .. (42)

[1 + (%)“]%

Mechanical Power. We shall now consider the total
mechanical power transmitted to the rotor of the machine. In
the preceding investigation, we have supposed the resistance and
self-inductance of the equivalent secondary to have been so
chosen that the values of the primary currents for given impressed
primary e. m. f. s. are identical with those obtaining in the
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actual machine. The losses due to hysteresis and eddy-currents
are therefore represented by the copper losses in the equivalent
secondary. If, then, we subtract the primary and secondary
copper losses from the total primary power, the balance gives us
the mechanical power available A consideration of the mech-
anical power is, it is needlesss to point out, of very great interest
in connection with the self-starting qualities of the machine.

Torque. The value of the torque exerted by the rotor is
easily determined from the mechanical power by dividing the
latter by the angular velocity.

Up tothe present, we have supposed the tertiary to be
on open circuit. If now we imagine it to be closed, tertiary
currents will appear which will react on both primaries and
secondary. The same general principle as that already used
might be employed for investigating the reactions of the various
circuits on each other. But if we are concerned only with the
general nature of the results obtained, it is simpler to suppose the
qecondaly and tertiary circuits replaced by a single equivalent
secondary. Thus the general law of variation of the tertiary
current will be the same as that of the secondary, which we have
already investigated

The method used in the above investigation is, it will he
observed, identical in principle with Lord Kelvin’s method of
electrical images as applied to problems in electrostatics. Tt
may possibly be found to be of great use in connection with
certain types of alternating current problems.

The results obtaincd above have been applied to a parti-
cular case which corresponds approximately to the synchronous
machine experimented on. 'The following numerical values
(at a frequency of 12:'5) have been assumed for the various
constants :—

'?'_1: '006 l‘2= .0’04' u1L10= .04:3 O}M;=4!2
oL,= 0513  ,L,= 046 1,=48'3 ,M,=23

By the aid of the formulae established above, values of
the primary p. d., primary current, secondary current, tertiary
e. m. f., primary power, mechanical power, torque, power factor
and phase angle were calculated for various values of s and a
constant value of 483 for I,. Since all the variables involving
L, are directly proportional to it, we can immediately find their
values for any other value of I,,. Accordingly, we can find the
values corresponding to those values of I, for various values of s
which yield a constant value for the primary current. This will
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give us the variations of the quantities with ¢ when the primary
current is maintained constant. The values so calculated are
given in Table 1, and some of them are plotted in Fig. 15.
Similarly, we may obtain the values of the variables for different
values of s when the values of I,, are so chosen as to yield 2 con-
stant value of the primary p. d. We thus obtain the results
given in Table LI., which corresponds to a constant primary line
P. D. of 10 volts. and from which the curves of Fig. 16 have
been plotted.

The theoretical curves of Iigs. 15 and 16 may be
compared with the experimental curves given in Part I. It will
be noticed that the general shapes of the curves correspond in the
two cases, and that the peculiarities of shape are satisfactorily
accounted for by theory. The experimental curves, however, do
not exhibit such very pronounced peaks and valleys as do the
theoretical ones. In this connection it must be remembered that
the theoretical curves are based on a number assumptions which
are not quite realised in praotice. Among others, the assumption
has been made that the primary p. d. retains its pure sine wave
form, and remains unaffected by the variable frequency com-
ponent of the primary current. In the actual experiments, the
generator was a machine of smaller output than the synchronous
motor, and its . m. f would certainly suffer distortion.

¥rom a practical point of view, the most interesting re-
sult is the revevsal of torque which occurs in the neighbourhood
of half-synchronism. This effect has been well known for a long
time, and the tendency of synchronous machines to “stick at half-
synchronism ” has frequently been noticed by operators.

‘When starting up a synchronous machine by applying
an alternating voltage to its terminals, the field winding may be
left open or closed. If the torque at half-synchronism due to the
squirrel-cage winding is less than the peak of the negative torque
which the closed field winding would, in accordance with the
above investigations, develop in the neighbourhood of half-syn-
chronous speed, then closing the field winding will prevent the
machine from running up to synchronous speed, and the final
speed reached by the machine will not much exceed that of half-
synchronism ; if now the field winding be opened, the negative
torque due to the field winding will be eliminated, and the
machine will be enabled to run up to full synchronism. Thus in
certain cases closing the field winding may result in the impossi-
bility of running the machine up to synchronous speed, although
the initial starting torque may thereby be increased. It is well
to remember in this connection that in the case of a solid field
structure the eddy current paths practically form a single-phase
winding, and are capable of giving rise to effects similar to those
ohtained with the single-axis field winding.
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TABLE 1.
r,="006; wL;="0513; r,="004; ol,="046; oM =043 ; oM =425 oM,=33;
frequency=12'5.
Primary current maintained constant at 48:3 amperes.
P Torque, in
mek | B et | B D) Rn | e W
nt Pr.mary units
0 231 922 125 759 388 o7 | 0
25 242 918 13 828 405 665 | 66 2505
0 | 260 910 | 100 925 4% 64547 | 1774 832
75 278 2 | ses | 1087 446 6331 | 208 T
100 32 843 w6 124 451 e [ sae sUa
105 | 847 819 657 128 441 0549 | 594 50
10 | 870 785 602 | 131 422 653 | 641 556
115 396 787 558 | 127 ‘384 o724 | 636 | bus
120 316 683 599 | 1085 812 T4 | 418 | 880
1925 | 418 | 667 | 679 959 275 wy | 361 P
125 10 067 T e | 26 w55 | 178 136
1275 | 392 68'8 861 597 182 w0 | — 12 — 93
130 367 72:3 91-2 457 *149 81°26' | - 172 —12°6
135 313 800 934 354 185 814 | —321 —227
140 2475 852 912 411 179 942 | —209 | —204
145 256 879 | 881 520 ‘243 S| —209 —13'8
150 2:50 893 85'1 634 803 e | —104 — 66
T ae2s | 26l 808 s 881 08 | e | 198 &1
5 286 887 692 110 457 6248 | 861 197
T ars 393 86-4 609 181 483 61°5 588 199
200 371 823 | 524 158 492 60°31 835 399
025 | 48 9 431 173 474 61°42° 1083 487
220 85 679 367 181 445 6383’ 120-3 522
225 521 | 618 319 181 415 65707 1285 524
230 558 530 264 174 278 68°" 1208 501
235 | 593 | 426 203 157 317 71°81 1082 440
210 623 209 w5 | 120 | eas 7539 | 836 333
45 | 642 | 155 &5 892 166 88 | 42 | 180 |
250 645 o 0 21 | o8 a8 | 0 '
235 633 158 | 55 — 52 | —0098 9034 | — 481 | —180 |
260 608 92 | o7 —456 | — ogo7 959 | — 910 =T
25 574 412 129 756 | —157 008 | —144 —448
10 587 510 154 —o¢1 | —am 0210 | —1471 | —520
075 | 500 se% | 177 —105 | a1 043¢ | —1610 | —s59 |
280 466 650 198 —109 | —.281 106°18° | —1682 | —574
T osrs 420 718 22'9 —108 —-308 10758 | —1710 —568 |
300 | 862 792 283 —983 | —%5 10857 | —1654 | —b26 |
325 282 861 398 —113 | —308 | 1079r | 1429 | —sgo
T 80 255 02 | 515 —547 | —256 10450 | —1285 | —850
400 221 914 761 —309 | —167 99°36' | —1064 —254
450 200 | 9238 1005 —171 | —-008 9588 | — o082 —19'8
500 203 927 1248 — 84 | —os | owsr — 818 —162

*Angle of lag of primary current behind primary p. d.
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7="006; wL,="0518; r,='004; wL,='046; sM,="0483; ,M,=4 2; \M,=2 3;

TABLE 11I.

frequency=12'5

Primary P. D. maintained constant at 10 volts.

Speed, Primary | Secondary | Tertiary Power Power Phase I Mechanical Tﬁ“’_ﬁ
r.p. m. current current | E. M. F. 4 :l?r};};iiy Factor angle® Power nnii!tf.n.

0 206 394 534 1385 %8 | 67 | o

25 199 378'5 465 1400 405 66" fiz | 4z

50 186 350'5 386 1870 -426 447 28 | 498
5 174 521 812 1840 M6 | esBr 386 | 402
100 147 256 214 1146 451 | 681 496 | 474
105 189 236 189 1060 ‘441 63°49" 492 | 448
110 1804 212 163 952 422 | 653 a7 | 408
115 122 186 141 812 884 | 6724 405 | a7
120 116 164 144 625 812 | T4y 2 | 219
1225 1156 160 163 550 s e 07 | 181
125 118 168 190 462 226 76°5 | 106 81
1275 128 176 220 889 (182 7980 5 gt
130 132 197 249 340 149 B1°26' —128 —93'9
135 154 255 298 861 185 | s —3827 —281°5
140 176 310 332 545 179 79°42 —395 —20 |
145 189 343 344 793 243 7557 —319 —210
150 193 357 340 1013 803 79%90! —166 —106
1635 185 s | 206 1260 408 66°14 208 119
175 169 310 | o4 1385 451 | 6248 240
187'5 150 %75 | 189 1250 -483 61°5' 563 267
200 130 2 | 14 110 492 60°81' 290
2125 m | o1 | g 910°5 474 61°42" 571 256
220 996 W 76 769 445 63°33' 512 222
225 928 | 118 | 61 666 415 6580’ 456 194
230 86'5 9% | 41 559 373 68°' 388 161
235 814 7 34 “7 317 1°81 307 125
240 5| a8 217 882 ‘948 75°39 215 85:6
245 ! w2 1| 10°2 217 166 80°26' 112 438
20 | 4B 0 0 101 078 85°82' 0 0
255 [ 763 241 87 —18 —0098 90°84' —120 —45
%0 | 794 8 | 1 —128 —0897 | 959 —246 —904
265 841 "7 22'5 —229 —157 99°3' —37 —136
270 899 919 287 —328 —211 102°10° —509 —180
275 965 118 85'3 —420 —51 104°84 ~-644 —993
280 104 139°5 424 —504 — 281 1068 —T775 —264
%05 115 171 55 | —el4 —308 |, 10758 | —969 a2 |
300 1335 219 782 —750 —-325 108°57 | —1260 —402
325 m 306 141 —898 —208 0737 | —1800 —59
350 189 349 202 —838 —256 ;  10450° | —1970 —537
400 | a8 413 344 —630 —167 | 986" | —2170 —518
450 231 442 481 —398 —o098 | o598 —£140 —454
500 238 456 i 614 —204 —050 | 95l | —2085 —392

*Angle of lag of primary current behind primary p. d.
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Fig. 1.—Magnetic circuit of synchronous machine.
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Fig, 2,—Magnetic circuit of induction motor.
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Fig. 4—Stator p. d., stator power and rotor e.m. f. curves for a constant value of
the stator current=48'3 amps., at a frequency of 25.
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to a constant stator current=48'3 amps., at a frequency of 12:5,
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Fig. 6.—Stator p. d., stator power and rotor current curves corresponding
to a constant stator current=48'3 amps.. at a frequency of 12-5.
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Fig. 7.—Stator current, stator power and rotor e. m. f. curves corresponding
to a constant value of the_stator p- d.=15 volts, at a frequency of 5.
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Fig. 8.—Curves showing variations of e. m. f. s induced in seurch coils.
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Fig. 9.—Arrangement of connections in induetion motor tests.
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Fig. 10.—Results of induction motor tests with rotor open-circuited.
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Fig. 11.—Results of induction motor tests with three phases of rotor closed
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Fig. 12.—Results of induction motor tests with two rotor phases in series
vilused thronghextermal resistance.
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Fig. 15.—Curves connecting primary p. d., primary power, secondary current,
tertiary e. m. f. and torque with speed when the primary current
is maintained at a constant value.
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Fig. 16.—Curves connecting primary current, primary power, secondary
current, tertiary e. m. f. and torque with speed when the primary
p. d. is maintained constant.
For primary current curve, multiply vertical scale readings by 2
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